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PREFACE. 


THE immediate incentive to the present work was the hope of explaining by 
gravitational theory the observed variations in the mean longitude of the Moon, 
shown by more than two centuries of observation to exist, but not yet satisfactorily 
accounted for. ‘The author has published a number of papers and memoirs on this 
subject during the last forty years, terminating with a summary of the case, which 
appeared in the Monthly Notices of the Royal Astronomical Society for March, 
1904. The deviations in question offer the greatest enigma yet encountered in 
explaining the motions of the heavenly bodies, and the present paper may be 
regarded as a contribution to the study of the problem thus offered. 

While the work was in progress the completing chapter of Professor Brown’s 
Theory of the Moon’s Motion appeared. The actual work being based on De- 
launay’s theory, it seemed to be desirable to revise and correct it by Brown’s 
results. In doing this the imperfections of Delaunay’s theory as a basis became so 
evident, and the later theory proved to be so much better adapted to the purpose 
of the investigation, that the completed work gradually became step by step prac- 
tically based upon Brown’s theory, except in those parts requiring derivatives 
which could not be readily obtained except from Delaunay’s literal expressions. 
Acknowledgment is due to Professor Brown for courteous advice and assistance 
which facilitated the use of his work for the purpose. 

The theory of the action of the planets on the Moon being, in several points, the 
most intricate with which the mathematical astronomer has to deal, it is important 
that its development should be presented in a form to render as easy as possible the 
detection of errors or imperfections. In the arrangement of the work this end has 
been kept constantly in view. It is hoped that any investigator desiring to test the 
processes will find few difficulties except those necessarily inherent in the nature 
of the work. 

To form a general conception of the arrangement it may be stated that the work 
naturally divides itself into four parts. One of these treats of the theory of the 
subject, including under this head not only the general equations, but the numerical 
details on which all the computations are based. In this part the fundamental 
quantities are reduced to products of two factors, one of which depends upon the 
- coordinates of the planet; the other upon the geocentric coordinates of the Moon. 
The first factors, termed planetary, are numerically developed in Part II. This 
development falls into two parts, one treating the direct action of the planet, the 
other the indirect action through the Sun. In Part III is found the numerical 
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development of the factors depending upon the Moon alone, and of their partial 
derivatives as to the lunar elements. In Part IV is presented the combinations of 
these two factors and the final results of the work. 

A more complete summary in detail is found in the table of contents. An effort 
has been made to lessen the trouble of finding the definitions of the symbols used 
by collecting in the introduction definitions or references to these symbols as to 
the meaning of which doubt might be felt. 

A word may be added as to the part taken by the author’s assistant. At an 
early stage in the work Dr. Ross made a practically independent computation of 
the principal periodic inequalities, using the methods of Hill and Radau. In doing 
this he discovered the error of the Jovian evection as computed by them, which 
arose from the omission of what we may call the side-terms in the indirect action. 
His result for the coefficient was 1.16, in exact agreement with that originally 
found by Mr. Neville. In this early stage of the work the writer did not intend to 
do much more than revise these computations, and make a thorough investigation 
of the terms of long period. But he found the theory of the subject so interesting, 
and the opportunity for recasting the methods so attractive, that he was led to 
carry the work through, with Dr. Ross’s assistance, on the basis of his own 
developments. 

The next step in logical order is the rediscussion of the moon’s mean longitude 
since 1650, as derived from occultations of stars, with a view of learning what 
modifications will be produced by the use of the more rigorous data now available, 
and the addition of thirty years to the period of available observations. This redis- 
cussion will, the writer hopes, be his next contribution to the subject of the motion 
of the Moon. 

It remains to add that the work has been prosecuted under the auspices of the 
Carnegie Institution of Washington, without the help of which it could not have 
been undertaken. 


SIMON NEwcoms. 
WASHINGTON, May, 1907. 
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INTRODUCTION. 


More than thirty years ago the author proposed to treat the action of the 
planets on the Moon by using the Lagrangian differential equations for the variation 
of the elements by considering as simultaneously variable, not only what are com- 
monly called the elements of the Moon, but those of the orbit of the centre of mass 
of the Earth-Moon around the Sun also.* Twelve elements would thus come in, 
and the coordinates both of the Moon and of the Sun would be expressed in terms 
of the osculating values of all these elements. 

Notwithstanding the favorable opinion of this method expressed at the time by 
Professor Cayley, and later, as to some of its processes, by Professor E. W. Brown, 
the author found that, in applying it unmodified, which he did during the years 
1872-77, very long and complex computations were required in its application. 
The result was that the work, so far as it was carried, remained unpublished for 
nearly twenty years. Hoping that the general developments of the work and some 
of the details might be of use to subsequent investigators, the incomplete work 
was finally published in 1895. 

About the same time with the publication of this work appeared the very elabo- 
rate one of Radau.t ‘This work contains a seemingly exhaustive enumeration of 
possible inequalities of long period, and the numerical computation of a great num- 
ber of lunar inequalities due to the action of the planets which had not previously 
been suspected. 

On recommencing the work in 1904 it became very clear to the author that its 
completion by his former method, unmodified, would be impracticable, and that 
satisfactory results could best be reached by regarding the solar elements as con- 
stants, or known variables from the beginning. In the present investigation, there- 
fore, the method has been modified so that the final values of the codrdinates of 
the Moon, instead of being expressed as functions of the instantaneous elements 
of the Earth’s disturbed motion, are expressed as functions of the mean elements. 
As thus modified it is substantially a continuation of that of Delaunay, as applied 


* Liouville, Journal des Mathématiques, 1871, March. 
t Annales de l’ Observatoire de Paris, Mémoires, yol. xx1. 
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first by Hill and then by Radau. In this method the coordinates of the Sun, 
relative to the centre of gravity of the Earth and Moon, are regarded as known 
functions of the time. Then, when the action of the Sun alone is considered, 
the codrdinates of the Moon relative to the Earth are found by the method of 
Delaunay, completed if necessary, as functions of six purely arbitrary constants. 

This solution of the problem of three bodies is supposed to be complete in 
advance. When the action of the planets is then taken into consideration, the 
only elements whose variations are to be determined by the Lagrangian equations 
are the six final elements of the Moon’s motion. The variations in the coordinates 
of the Sun, due to the same action, are derived with great ease, and enter into the 
differential equations. In this way a system of six differential equations for the 
determination of the changes in the lunar elements is all that is necessary. 

In setting forth the subject it is deemed unnecessary to repeat the derivation of 
the equations already found in astronomical literature. For this branch of the 
subject, reference may be had to Hill’s paper in the American Journal of Mathe- 
matics, Vol. VI, and to Chapter XIII of the Treatise on the Lunar Theory by 
E. W. Brown. It is deemed necessary only to explain fully, at each point, the 
application of the method, and the meaning of the symbols introduced. 


PART 1g 2 


DEVELOPMENT OF THE THEORY. 


CHAPTER L 


FUNDAMENTAL DIFFERENTIAL EQUATIONS. 


§ 1. Motation. The tollowing notation is mostly used in this work: 


G, when designating a point, centre of mass of Earth and Moon; m’, mass of the 
Sun; #,, mass of the Earth; m;, mass of the Moon; m,, mass of the Planet. 


H=m,+m, wm +p 


X,Y, Z, 7, geocentric coordinates and radius vector of the Moon, referred 
to the moving ecliptic; 

x’, y’, 2’, r’, coordinates and radius vector of the Sun, referred to the point 
G and the moving ecliptic; 

£, yn, ¢, and p, the ratios of x, y, z, and + of the Moon to the mean dis- 
tance of the latter: ~ = a€, etc. When unmarked the codrdinates 
are referred to a moving X-axis directed toward the mean Sun; 

*1, yi, Moon coordinates referred to the mean Moon as the X-axis; 

A, distance of the Planet from G; 

S, cosine of angle between 7 and 7’; 

‘S”, cosine of angle between 7 and A; 

Ff, potential function of mutual action of Earth and Moon; 

0, potential function for action of Sun on Moon; 

fF, potential function for action of Planet on Moon; 

Z, +, #, mean longitude, longitude of perigee, longitude of node of Moon; 

m7, 9,, motions of 7 and @ in unit of time (quantities of dimensions 7); 

N, motion of argument in unit of time; 

n, ratio of motion of an argument to z, the mean motion of the Moon; 

v, the integrating factor, generally =/N; 

a, e, g, defined in (43), § 223 

kk, C, D, planetary coefficients for the direct action, defined in § 20; 

PD) 7 Ky lunar coefficients, § 20 Eq. (36); 

G, J, J, planetary coefficients for the indirect action, defined in § 24; 

G is also used for a combined lunar and planetary argument; 

a, logarithm of a, the Moon’s mean distance; 

Vv, M, J, S, the mean longitudes of the respective planets, Venus, Mars, 
Jupiter, and Saturn measured, in each case, from the Earth’s peri- 
helion: a’ for 1800=99.°5. 
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The abbreviation “ Action” has been used to designate the previous work of 
the author on this subject — “ Theory of the Inequalities in the motion of the Moon 
produced by the Action of the Planets”; forming Part III of Astronomical Papers 
of the American Ephemeris, Vol. V. 


§ 2. Dimensions of quantities. In this subject it will be found helpful to the 
reader and investigator to have, in the case of the principal equations, a statement 
of their dimensions in terms of the fundamental units of Mass, Time, and Length. 
In strictness an independent unit of mass is not necessary in gravitational astronomy, 
because the most convenient unit is that mass which, on an equal mass at unit 
distance, exerts a unit force of gravitation. But it is still sometimes convenient to 
use this unit in the equations, although it is a derived one. 

In the case of each system of equations which are regarded as fundamental will 
be found the dimensions of the terms which form its members, the signification 


being as follows: 
7, Time; L, Length; M, Mass. 


The definition of the unit of mass just given leads to the relation 
Mali T= 


In this way it will be much easier than it would be without this help to appreciate 
the degree of magnitude of small quantities. Considered by itself, no concrete 
quantity can be regarded as small or great; it is so only when compared with other 
quantities of the same kind, or, to speak more accurately, of the same dimensions 
in fundamental quantities. The ratios of two fundamental quantities of the same 
kind are pure numbers, and these may be large or small to any extent. 


§ 3. Fundamental differential equations. 
Putting 


X14) Vi, 21, the geocentric coordinates of the Moon referred to any system 
of fixed axes, 
P, the total potential 


the differential equations to be integrated may be written 


oP oP OF : 2 
Ox, eB hs i= By, De = az, [Dimensions = MZ-? = LT-*] (1) 


D? ge 

$4. Transformation to the moving ecliptic. In the preceding equations the 

coordinates are referred to fixed axes. In astronomical practice the codrdinates 

of the heavenly bodies are referred to the moving ecliptic. The latter carries the 

plane of the Moon’s orbit with it in its motion. It therefore seems desirable to 
refer the motion, in the first place, to the moving ecliptic. 
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To do this let us put 
x,y, z, coordinates referred to the moving ecliptic; 
x, the speed of motion of the plane of the ecliptic; 


II, the longitude of the ascending node of the moving on the fixed ecliptic, 
or of the instantaneous axis of rotation of the ecliptic. At the 
present time we have II = 173°, nearly. 


Then, regarding «é as infinitesimal, the expression for the moving coordinates in 
terms of the fixed ones will be 


w= 4, — z,t« sin II 
y=, +2,t« cos II 


Z=2,+ %,t« sin II — y,t« cos II 
Putting for brevity 


p=x«sin Il g =« cos Il [Dim. of Z, 7, and«=T7—'], 
these expressions become 
X= Hx, — p2t 
P= I Gat (2) 
=2,+ put— qt 


Differentiating them twice as to the time, regarding # and ¢ as constant, we have 
Dx = Dx, — ptDjz,— 2pDz, 
Diy = D? it gtDi2, 2 2gD 2, (3) 
Diz = Dz, + ptDix, — UtD?y, + Dx, — 2gD,y, 
Regarding P, originally a function of ,, y,, and z,, as becoming a function of », y, 
and z through the substitution (2) we have 


ere OF GP) OF aP AST TEES 
ax, ~ Ox + PY Sz By, — By — Ube dz, — 2 Pax + Pay 


Substituting these expressions for D?x,, Diy,, and Dz, in (3) and dropping terms 
of the second order in f¢ and g¢t we find 


oP 
2 OM ae 2pD Zz, 
er 
Diy = ae 2gDZ, (4) 
a) 
PB iy = ot 2pD x, ball 2gD,¥, 


Equations of this form were used by Hill for the same purpose.* 


* Annals of Mathematics, vol. 1, 1890. 
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It follows that if we add to P the terms 
AR = 20(2De, — «Dz,) + 29(yD4, — 2D.) (5) 


so that the potential shall become 
P+AR [Dim. = MZ3 = L*T-*] 


the fundamental differential equations in », y, and z, will retain the form (1) 
unchanged, and the codrdinates referred to the moving ecliptic will be determined 
by the general equations 
oP oP oP 
Din = ane PITY ce ne D3 = (6) 
In AR the symbols », y,, and z, have the same meanings as x, y, and z, but they 
are to be regarded as constant when AP is differentiated as to the lunar elements. 


§5. Preliminary form of the potential function. 
We put © for the part of the potential P due to the action of the Sun. This 
part is developed in a series proceeding according to the powers of 7/7’ in the 


well-known form 
m! 7? m'r? m,— Mm, 


Ot yee 
(3 a) te tas 


(55'— 3S) +--- (7) 


ar? 


where |S, the cosine of the angle between the radii vectores of the Moon and Sun 
from the point G, is determined by the equation 


rr! S = «x! + yy! + zz! 


When we assign to x’, y’, z’, and / their elliptic values, we have what may be 
called the Delaunay part of the potential. We put 


, the Delaunay part of 0. 
0, the increment of Q) produced by the action of the planets on the Earth. 


The part # of P, due to the direct action of the planet in changing the codrdi- 
nates of the Earth relative to the Moon, may be formed from Q in (7) by replacing 


a ae a WC 8 id 
by 

im, A, A, ¥, and Z 
where m, is the mass of the planet, and A, X, Y, and Z its distance and coordi- 
nates relative to the point G. Putting # for this part we have for its principal term 


R= Fay (3S — 1) (74) 
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where S’ is determined by the equation 
TAS! = (x! + we + (9! + yy + (2' + 2,)2 


4X4, V4, and z, being the heliocentric codrdinates of the planet. 

We have thus separated the potential of all the actions changing the coordinates 
of the Moon relative to the Earth into the following five parts. 

A. The part generated by the mutual action of the Earth and Moon, Py = p/7, 
which taken alone would give rise to an undisturbed elliptic motion of the Moon 
around the Earth. 

B. The part \) generated by the action of the Sun, assuming the point G to move 
in an elliptic orbit. 

C. The part 0,, the increment of 0) due to the action of the planets on the 
point G. 

D. The part 7 due to the direct action of the planet. Developed in the same 
way as the highest term of © the principal term of this part is formed from 0 by 
replacing m’, x’, y’, and z’ by the mass and G-coordinates of the planet. The value 
of its principal term is given in (7a). 

E. The part AA arising from the reference of the codrdinates to the moving 
ecliptic. 

The complete value of P thus becomes 


P=P,+9,+9,4+R+AR (8) 
and we are to consider this expression as replacing P in the equations (6). 


§ 6. Reduction of the terms of the potential function for the indirect action. 

By substituting tor S' in (7) its value, the first and principal term of 2 becomes a 
linear tunction of the six squares and products of the lunar codrdinates x, y, and z, 
which we may write 


= Tye? + Thy + Te + 2T xy + 2T we + 27, y2 (9) 


Moreover, since we form the part 0, of the potential by assigning increments to 
T, and the part R by making 7 a function of the elements of the planet, it follows 
that both of these parts as well as Q are of this same form. 

For the first and principal term of 9) in which the higher powers of 7/7’ are 
dropped we have 


, / / 
Yet Sap See 7 aT de led 
ices 2 (Ger | Reems ‘= PF 
, pr , ysl 
fie ea eee [Dim. = M@Z-*] (10) 
2~TB\ 2 pF 2 b= gr ee 
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The study of the second term, which it may be advisable to examine for sensible 
results, is postponed, and OQ is taken as equal to its principal part. The value of 0, 
is then found by adding to the preceding values of 7; their increments produced 
by the action of the planets upon the coOrdinates x’, y’, and z’ of the Sun. If we 
put 

v', the longitude of the Sun 


and take the moving ecliptic as the plane of reference, we may regard 2’, the 
periodic perturbations of the latitude, as infinitesimal and write 


a! =r! cos v’ y! = 7" sine! 2 = 7 sin p’ 


where f’ is the Sun’s latitude, a minute purely periodic quantity. 
Substituting these values in (10), the expressions for the coefficients 7 become 


m! m! m! 
T, = a(t + # cos 20") oP heater ht Baek til 40, fies. 
(10a) 
3m’ , : 3m’ sin B’ cos v! 3m’ sin 8’ sin v! 
=~ Sin 2v te 4 7,= F 
47’ 2 r! 2 r 


If we assign to these quantities their elliptic values, (7) will become ) for which 
the integration is assumed in advance. We have now to assign to v’ and 7’ the 
increments 6v’ and 7’8p’, p’ being the Naperian logarithm of 7’. The resulting 
increments of the coefficients are 


/ , 
SF = re —2 sin 2v’dv’!—3 cos 2v/8p’—8p’} 8 Ti= A {2 sin 2v’dv' +3 cos 2v/dp! — bp’ } 
(11) 
t t 
Bee S Sp! ific a {2 cos 2v/8v! —3 sin 20'8p"} 


The values ot 67; and 87, will be the original values (9) of 7; and Z;, as they 
are due wholly to the action of the planet. With them the expression for 0, 
derived from (g) becomes 


O, = 87x? + 8Thy? + 872 + 2T wy + 27 xz + 2T,yz (12) 


§ 7. Reduction of R, the potential of direct action. 
By substituting for S’ in the principal term (7@) of # its expression in terms of 
the G-coordinates of the planet we shall have 


ER — 3m, (13) 
where 
R,= Ax? + By? + C2 4+ 2Dey + 2Hxz + 2Fyz [Dim. = Z-] 
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the values of the coefficients being 


ae i) (x? +) (9 +9) 
eae ey * t D= a ‘ 
Ab 32 Ab 
UA AN | ES abe a Pa 
feed fe ae at “oh + 2,) [Dim. = Z-3] (14) 
geey fs _" z’+2 
peepee pq Ftd +0) 


It should be noted that these coefficients require the factor } to make them directly 
comparable with 7;, 7}, etc., in (10). 


§ 8. Complete form of the fundamental equations. 

Comparing the expressions (12) to (14) we see that 0, and A are of the 
same form, and that the principal terms of each are products of two factors, of 
which one depends solely on the heliocentric codrdinates of the Sun and planet, 
and the other is a square or product of the codrdinates of the Moon. Moreover, if 


we put, for brevity, 
P.=0,+R+AR (15) 


the fundamental differential equations may be written 


AP, +0) aP, AP, +9), oP, OP, +0.) , oP, 
Seta! Dy= +5 Diem + 


ba iw : oy y : Oz Oz (16) 


where x, y,and z are coordinates referred to the moving ecliptic as the fundamental 
plane. 

We shall now consider these differential equations as solved for the case when 
FP, is diopped from the second members. The problem will then be that of the 
solution when /, is included; and this problem will be attacked by the Lagrangian 
method of variation of elements. 


CHAPTER? If: 


DEVELOPMENT AND INTEGRATION OF THE DIFFERENTIAL EQUATIONS 
FOR THE VARIATION OF THE ELEMENTS. 


§ 9. The problem being to integrate equations (16), we shall regard as known 
quantities the coordinates x’, y’, z’ of the Sun, which enter implicitly into the equa- 
tions, as well as those of the planets relative to the Sun. The problem then is to 
express the values of x, y, and z in terms of the fundamental constants implicitly 
contained in the differential equations, and six other arbitrary constants which we 
regard as elements of the Moon’s motion. 

The solution of the equations is separated into two parts by applying the La- 
grangian method of the variation of elements. We have first the Delaunay solu- 
tion, in which /, is dropped. This solution gives the orbit of the Moon around 
the Earth under the influence of the Sun’s and Earth’s attraction alone. From it 
we are to pass, by the method of variation of elements, to a solution when FP, is 
taken account of. 

We accept the results of Delaunay, as found in his work, as forming the basis of 
the first solution, the results needing only certain modifications in the terms depend- 
ing on the Sun’s parallax, arising from the tact that he did not take into account 
the mass of the Moon, and certain reductions, to reduce them to the required form. 
This being done we have values of the Moon’s coérdinates satisfying the differential 
equations in the case P=p/r+Q, and expressed as functions of six arbitrary 
constants 

9 Os Ys bys Tes 9, 


and of the time 7. The latter enters only through the quantities 7, 7, and 6, named 
and defined thus 


Mean longitude: 7/=,+n¢ Long. of perigee: t=7,+7,¢ Long. of node: 06=6,+0,¢ (17) 


where 2, 7, and @, are functions of a, e, and y. 

I use the quantities 7, 7, and @ instead of Delaunay’s /, 2, and 2, which are the 
mean anomaly, the angle node to perigee, and the longitude of the node. The 
expressions for the symbols used here in terms of those used by Delaunay are 
therefore . 


/= Delaunay’sh+g4+/ m= Delaunaysh+ge 6 = Delaunay’s h (18) 
13 
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The fundamental idea of the Lagrangian method, which we propose to apply 
to the present problem, is that the six arbitrary elements are to become such 
functions of the time that the solution which satisfies (16) when P, =o shall still. 
satisfy it when the variable values of the elements are substituted for the constant 
values in the expressions for the codrdinates. The derivatives of the elements as to 
the time may be formed by known processes, but the details of these processes are 
unnecessary, because Delaunay gives their results in a form most convenient for 
our purpose. 


§ 10. Canontcal form of the differential equations. 


We see from (5), (12), (13), and (15) that P, is a function of given quantities and of 
the Moon’s coérdinates. By substituting for the latter their expressions in terms of 
the six arbitrary constants of the first integration, P, becomes a function of a, e, y, Z, 
a,and 6. The differential variations of the elements are then expressed in the most 
condensed form by replacing a, e, and y by three other quantities c,, c,, and c,, func- 
tions of a, e, y, so chosen that the differential equations to be solved shall be 


Dp; = ar HENS = ee 
7) oP. 
Dera of Dr,=- Eh [Dim.=MZ—] (19) 
0 0 
De, = ah Do, = — = 


The variable elements c,, c., and c, are functions of Delaunay’s Z, G, H. 


6h 6£=GCG—L c.=H-G (20) 
(Dim. = 23M? = L?T—] 


$11. Zransformation of the canonical elements. 


The canonical elements c,, c,, and c; can not be used explicitly in the processes 
of solution. We have therefore to express them in terms ofa,e,andy. The 
values of Z, G, and / are not given by Delaunay in terms of the final a, e, and y, 
but of preliminary ones from which the required expressions are to be derived as 
follows: 

1. In Vol. II, pp. 235-236, Delaunay gives the expressions for Z, G, and # in 
terms of the a, e, and y which resulted immediately from his processes of 
integration. 

2. On p. 800 he gives the transformation of these a, e, y, into the final values of 
these quantities which appear in the expression for the Moon’s codrdinates, which 
are those we are to use. 


‘ 
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To find from these data the expressions for the derivatives of Z, G, W in terms 
of the final a, e, y, I shall write a, e, g, n, for the quantities a, e, y, 2, as found on 
pp- 235-236 of Delaunay, Vol. II, and shall also put 


The forms which we have to use are: 


day, G, fi f(a, €, g,.m) a, €, g = / (a, €, ¥, m) (21) 


Noticing that m is a function of a and m of a, we shall then have 


aL (aL aL dm\a OL de aL og 
da ~\ da t dm da )dat de dat dg Ga 


with similar forms for G and H. 


$12. Form of the partial derivatives. ‘Two points in the use of the partial 
derivatives are these: 

a. In taking the partial derivatives I use the logarithm of a and of a@ instead of 
these quantities as the variables with respect to which derivatives are to be formed. 
Homogeneity in the equations is thus secured, the variables being all pure numbers, 
or quantities of dimensions 0. We put 


a= loga whence a= e 


B. The quantities n and ~# are defined as functions of a and of @ respectively by 


the equations 


abn? = a°n* = p 


It follows that if we have an expression J/ developed in powers of m or m, 


M=a'(M,+ Mm + My? + ---) 
we shall have 


om ee : . 

Fy EM, + + PM on + (+P) Mt ++) (23) 
§ 13. Mumerical values of the fundamental quantities. 
Instead of effecting the preceding transformations analytically, to put the equa- 


tions (21) into numbers, we use the numerical values of e, y, and m given by 
Delaunay in his Vol. II, pp, 801-802, namely 


€ = .054 8993 y = .044 8866 m = .074 8013 (24) 
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We then find from his expressions on p. 800 
a = 0.996 4932 = [9.998 474]¢ 
an = 1.001 758an = [0.000 763] an 
a’n = 0.998 245a°” = [9.999 237] an 
Mm = 0.994 743m = [9.997 711]m =0.074 4082 
e = 0.054 867 g = 0.044 993 


We also find, from these numbers, the following values of the required partial 
derivatives for the numerical transformation 


é 8 | 
Bs = 0.986 6914 = = — 0.007 37¢€ = — 0.000 404 = = + 0.006 85 = 0.000 308 
da de dg 
Je =~ 0:001 3754 a, = + 0.999 61 de = + 0,000 202 
ea pee, = 6 oe 
ae 40/001 3530) |g a= 0,005 226 earn One 7 Ne + 1.002 324 
Then, from Delaunay, II, p. 236, we find 

ZL = 1.000 197a’n G = 0.998 586a’n H = 0.994 549a°n © 

OL OG OH 

a5, = 0-500 158a’n a, = 0-499 697a’n a5, = 0-497 696a’n 

a) 0G oH 

Be = — 2-000 o88a’n Ge =~ 0:052 410a’n Ge =~ 0-052 185a’n 

OL A 0G ‘ OH : 

oa ee oe en eee — 0.000 035a’n dg 0194 


§ 14. Formation of the transformed differential equations. 


Let us now return to the equations (19), in which we have to replace c, cy, 
and c; by a, e, and y. We have, for any c, 


dc _ de da dcde_. dc dg 
di ~ da di * de dt + dg dt 


and 
dc B dc da de de de dg 
da da da ate da" dg da 


In the case of c, we have from (20) 
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so that the numerical expressions need not be repeated. For the derivatives of 
C, and c, we find 


oc, ; Oc, fi oc, 

— «<= s i — a 2 
as = — 0.000 461a n aig 0.052 322a’n og = 0.000 028a7n 
Oc, : oc, OC, 6a? 
a5, = — 0.002 oora'n De = + 0.000 225a7n dg = — 0.179 436a’n 


By substitution in the form (22) we now find 


1 


oe 2 se Bae a5 a bee 2 
= 0.494 369a°” Je =~ 01000 7774'n ee 0.000 671a* 
oc, oc, , oc, : 
a = — 0.000 435a Be =~ 01052 2090" oy =—0.000025a% (25) 
Oc, a Oc, “ oc, ‘ 
aa = = — 0.002 033a7” Ae = 01000 Ig1a*n Bony 0.179 538a°n 


We now have the data for transforming the equations (19), p. 14, so as to express 
the differential variations of a, e, and y instead of c,, c,, and c;, and to express those 
of Z,, m, and @ in terms of the partial derivatives of 7 as to a, e, and y. For this 
purpose we need the nine partial derivatives of a, e, and y as to c, ¢, and c;. We 
shall express these nine derivatives by means of the nine numerical factors 

sy Ey Vy 0° (@ = 12233) 
defined by the equations 


2, Oa Oe ne, Ory 
a, = an = 6, = ana Y= ena 


‘ ‘ i 


The numerical values of these coefficients are most expeditiously found in the 
following way. Multiplying the first three equations (19) in order by the respective 


tactors 
0a Oa. Oa. 
ac? ac? and ae, 
we have 
d@-or, 0¢.0P, Oa oF, 


MES op, BENG. Ge P98" 30 


with similar equations in zs e and mia From the same three equations we have 


oP 
CC, cq q, 1 
gD eee De e+ 5 Da= 3 


7 
_ oP, 

CC, Cy 
qe a+ 54 De “ Oh = a 
a oP, 
os Da a+ ai De e+ 5! Day = 59 


It follows that if we solve these three equations for D,a, De, and Dyy the nine 
partial derivatives required will be the coefficients of the second members in the 
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solution. Replacing the coefficients of the unknowns by their numerical values 
(25), we may reduce the solution to that of three numerical equations 
0.494369. — .000777 Y + .000671Z = P 
— .000435.X — .052209Y — .000025Z = Q 
— .002033X + .ooo1g1 Y— .179538Z= RA 
The solution of these equations so as to express Y, Y,and Z as linear functions 


of P, Q, and # gives the following values of the factors which we seek. Along 


with these values is given for comparison the values found in Action of Planets, 
an 


p- 196, where the numbers are the coefficients of The two determinations 


2oMls 
are completely independent, in that the earlier one is derived from the analytic 
expressions for the codrdinates of the Moon, while these last have been obtained 


from Delaunay’s expressions of the canonical elements LZ G Hin terms of @, é, y. 


a, = + 2.0228 Former value: + 2.0225 
a, = — 0.0301 — 0.0293 
a, = + 0.0075 + 0.0075 
é, = — 0.0168 — 0.0169 
€, = — 19.1534 — 19.151 (26) 
€, = + 0.0026 + 0.0017 
Y, = — 0.0229 — 0.0233 
Y, = — 0.0200 — 0.0216 
SA hag aati GW hc! — 5:5704 


The fundamental differential equations for the variations of the elements now 


become 
OP Cee Pr iEor 


Cuda = a, an Seren Cer. 
27. 
@nDi,=— a, =<, ee ab "Ge 


ap owes! 
Oa % Ge — 1? Oy 
or oP, oP, 
—%s Ga 8 ee 7s Ory 
[Dim. = MZ-"] 


2 — 
a nDr, =—4, 


2 <3 
a4D 0, = 
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In order that we may, so far as possible, handle only pure numbers, with speci- 
fications of the units as concrete quantities, we shall substitute Z, the total motion 
of the Moon in mean longitude, and therefore a pure number, as the independent 
variable. The first numbers will then take the form a’n?D,,a, etc. 


Since 
an? = “ad 
a 
the equations will now give 
a oP, oP. oP, 
Dae (a, Gp + 155 +4159 | (28) 


[Dim. =o] 


with five others formed in the same way from (27) which need not be written. 


§ 15. Hlimination of t from the partial derivatives of 1, 7, and 6. 


An important remark at this point is that since P, is a function of 7, 7, and 6, 
the three quantities a,e, and y enter into P; not only explicitly but implicitly 
through z, 7, and @, so that the complete differential variations of these functions 
are 


di di, ; dn dr a dm, am dO e a0, 9 : d6, 
ea a ee tt ar ia | wag alae) 
FP, being a function of the six quantities 


a, ¢, ¥, L+nt, 7, +72, 8,4 42 


its complete derivatives as to a, e, and y are 


OP, (oF, P oP, On ie St) 
Oa ~=s« \ Oa ol Oa Or 0a 06 Oa 


with similar expressions for @P,/e and 0P,/oy. Thus we have for any canonical 
element c 


- @P. (aP, @P on aP.or, oP, <a) 
ée = a) al ac t Gr dc + 80 oc 
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The complete derivatives of Z, 7, and @ are therefore 


dl dl, dn OP.0n OP, On, OP, 06 
ae eee 20 gt aS 1 = 1 ay pt 1 
dt dt di 1 &c,— Om dc, 00 ae, 


dx dm, dr, OP.én @P. om, OP, 06, 
— = 4m, t+ t( — = 
fe dee dt Ol 8c, Om 6c, 00 Oc, 


do dd, dé, OP.én OP,0r, OP, 06, 
= + 6, + 2( 4 — a - 
Gin ibe dt €l Sc, Om dc, 00 ac, 


It is a fundamental theorem of the development of the planetary coordinates in 


periodic series that the terms of these equations containing ¢ as a factor all vanish.* 
The values of 7, 7, and @ are therefore 


T= 1,+ fndt ram, + fade 0=0,+ f0,dt (29) 


* A demonstration of this theorem in the most general case is found in the author’s paper Ox the General Inte- 
grals of Planetary Motion: Smtthsontan Contributions to Knowledge, 1874. 


CHAPTER III. 


DEFINITIVE FORM OF THE DIFFERENTIAL VARIATIONS 
OF THE ELEMENTS. 


§ 16. The differential equations (27) in the form (28) are the fundamental ones 
of our problem, the integration of which is to be effected. This need be done only 
to terms of the first order as to the disturbing function. This amounts to saying that 
we regard the second members of the equation as known functions of the time, and 
that the required integration is to be performed by simple quadrature. 

We begin by studying the general form of the function P,. Besides AR, this 
function consists of two parts, one, 7, arising from the direct action shown in § 7, 
and the other Q, arising from the indirect action. We have reduced both these 
parts to the general form 


Ax’? + By + C24 2Dxy + 2Exz + 2F yz 


The coefficients, A, B, etc., are functions of the heliocentric codrdinates of two 
points: the centre of gravity G of the Earth and Moon, and that of the planet. 
They are, therefore, regarded as independent of the elements of the Moon’s orbit. 
The variables x’, y’, etc., being functions of the geocentric codrdinates of the Moon, 
are independent of the position of the planet, and contain, besides the six lunar ele- 
ments proper, the major axis and eccentricity of the Earth’s orbit around the Sun. 
The arguments on which the coefficients A, B, etc., depend are g, and 9’. The 
coordinates x’, y’, etc., depend on the four arguments /, 7, 0, and o’. It follows 
that the terms of /, depend on the five arguments 


i, TT; 6, ae PA 


Although the two actions, the direct and indirect, admit of being treated together 
by combining the corresponding coefficients of x’, y’, etc., yet the coefficients are 
so different in their form and origin that it will be better to treat them separately. 


§17. Reduction of the equations for the direct action. 
We begin with the development of 7, as given by (13) and (14). Since 


x7, y*, etc., each = a pure number x @ 


3 
A, B, C, etc., each = a pure number + @’ 
21 
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it follows that R may be developed in the form 


a? 
= rn Peg (30) 
Hf being a pure number. 
When the fundamental equations are taken in the form (28), and P, is replaced 
by # expressed in terms of 4, the second members will all take the common 
constant numerical factor 


tes) 


m, @ 

2 & a! 

This factor may be simplified by the fundamental relations 
an? = pb an” =m! +p 


where p and m’ are the respective masses of Earth + Moon and of the Sun. 
Owing to the minuteness of p relative to m’ (1:330000 +) we may drop it from 
the quotient, thus obtaining 


The factor thus reduces to the pure number 


3 m™, 2 


2 m! 


The ratio 7,4: m’ is what is commonly taken as the numerical expression of the 
mass of the planet. We shall write 


Mm ™m 
M a3 nt = 0.008 392 864 
2m ™m 


The numerical values of JZ for the four planets whose action is to be determined 
are as follows: 


m! 

m* M 
Venus 408 000 0/’.004 242 
Mars 3 093 500 © .000 560 
Jupiter 1047.35 T GO53 
Saturn 3500 O .4947 


We have next to consider # and its derivatives. As this quantity has been 
above introduced we have 


3 x 3 y 3 bas wy 
H =a" A+ a" B+ a" C7 + 2a"D— (31) 


The terms in & and Fare omitted here, owing to their minuteness. 
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We have now to deal with two sets of factors: 


1. The planetary factors, a’ A, a’ B, ete. 
2. The lunar factors 


for which we use 
&, 7’, &°, 2&, respectively 


§ 18. Wotation of the Planetary Factors. The development of these requires 
numerical processes which, owing to their length and their distinctive character, 
are given in Part II. We shall therefore assume this development to be effected, 
referring to Part II for the methods and numerical results. Considering the latter 
in their general form, we remark that these coefficients being of dimensions Z~, 
if we compute their values, taking the Earth’s mean distance as unity, the numbers 
obtained for the several coefficients A, B, etc., will readily be the values of a" A, 
a’ B, etc. We shall therefore put 


a” A= (A, cos NV, + A, sin V,) 
a” B= %(B,cos N,+ B, sin N,) (33) 
a” C= (C,cos V, + C.sin V,) 


where each argument is of the general form 
NV, = Bl, + Bg 


7, being the mean longitude of the planet, measured from a point which we shall 
take as that corresponding to the earth’s perihelion. 


§ 19. Wotation of the lunar factors. We have shown in Action, Chapter II, 
how, from Delaunay’s results, the squares and products of the Moon’s coordinates 
may be developed in the general form 


2 


2 
,= P= re, cos V 4 = 1 = 24, cos V 5 = 6? = Ze, cos VV (34) 


a 
2&n = Z«, sin V 2&¢ = 2x, sin VV anf = ZK, cos VV 
Here the « are functions of a, e, y, a’, and e’, and the arguments VV may be 
expressed in the general form 
N=l+i'n+7"0+4 je! 


These developments comprise all the quantities necessary to the formation of & 
and its derivatives. 
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§ 20. Mumerical form of the fundamental coefficients. The condition 
A+B+C=0 


enables us to reduce by one the number of terms in H/, and at the same time to 
simplify the computation. We have the identity 


AP + BP =3(At+ BE +7) +4 A-BE- 71) 
Replacing A + B by — C there results 
AP + Bi + CP =1(A— BYE — 17) — 3 CE + 1° — 20°) 
Putting, for brevity, 


ge ay ea ee Cima Pea F 47 + D. =e 


which will make A, C\, and D, pure numbers, we shall have 
H= K(P — 7?) —4C(p? — 36?) + 2D, En 


The planetary factors, A, C,, and D, are taken as developed in a double trigo- 
nometric series from the equations (33), by putting 


K,= (A, — B) K, = (A, — B)) 
We shall then have for /7 the double trigonometric series 
H=(K,cos V,+ K,sin N,)(«, — «,) cos V 
— (EC, cos V, + $C, sin W)(, +, — 2") cos V (35) 
+ 2(D, cos V,+ D, sin V,)«, sin V 
Introducing, for brevity, 
P= (K-44) g=3le +6) (36) 
the terms of the lunar factors will be expressed by 
(& — 7’) = 2p cos V p? — 36° = 2g cos V 2&n = x, sin JV. 


Every combination of a planetary argument /V, with a lunar argument JV will give 
rise to a set of terms in // of the form 


H=h,cos(V+ NM) +h,sin(V+ WV, +2,! cos (V—M,) +2, sin(V—M,) (37) 
where 
h,= Kp —3Cq —3D«, Pi agi Melt OF aes 2A) 
(38) 
h,= Kp — 30,9 + Dx, h)=—K,p+iCg+3Dx, 
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The partial derivatives of {7 as to a, e, and y are to be found from 


Dh, me K Dp Sarg 4CDq <F 3D Dk, 


Oh, op og OK, 
Ce Se £C.a Tp 4D, Oe (39) 
oh op og OK, 
Pe ee ey 2 By 


with three other sets formed by replacing 7, g,and x, in (38) by their partial deriva- 
tives. These derivatives of h,, 2, ,, and h, being substituted in (37) give the 
required partial derivatives of H. In forming the derivatives as to /, 7, and 6 we 
note that these quantities enter only through the arguments JV, in which they have 


the respective coefficients 
Deg Le 


Their formation is therefore a simple algebraic process after 7 is developed. 
The elements e and y also enter 7? only through HT, But a appears both in H, 
which is a function of m, and in the factor a?/a”. We therefore have from (30) 


OR _ am (ee) 


For consistency in form and notation we shall put 


DH = 2H + 3 sed (40) 


It may be remarked that the formation of D’H may be effected by the general 
operation indicated in (23), by supposing developed in powers of m and putting 


M=aH 
so that 
7=2 
We then have 
H=M,+ Mm+ My’ +--- 
and 
Sem Mh + pM? 
The sum of this +27 gives D’H as above expressed. In forming this sum we 
need not use the analytic development of 2/7, which is necessary to form 0///da, 
but may use the numerical development when it is more accurate. 


The partial derivatives of /¢ as to a, e, and y are 


8m, sn ges Sate DP es ae —— = 8m, 5—- 
é a 
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§ 21. The fundamental equations in the form (28) for the direct action now 
become 


on OH. on 
Dya=U (a5 + se + 456 ) 


DD. t= M(« wie ke me a 56) (41) 
Donate erates ot) 
—-Dfi, = u( a, D! H + poe 4 %; =) 
—-D 7,= u( aD! H+ + "> ms) (42) 
— DO, = M( D'H + at Ys =) 


§ 22. We have next to show how the second members of these equations may be 
most readily reduced to numbers. There being a certain number of lunar argu- 
ments /V and also a certain number of planetary arguments /V,, it will conduce to 
simplicity to carry forward the quantities depending on the argument of each class 
as far as possible before making the combination. 4 

Each lunar argument being of the general form 

Na=d+iar +764 7e' 
and each planetary one of the form 
NV, = kR! fis +f Rl, 
it follows that by putting G for the general value of the combined final argument, 


NEN, 
Gailtiat 04 (seh) g' +h, 


the general torm (37) of 4 may be written 
H = (h, cos G + h, sin G) 


The derivatives of Has to /,7, and @ are 


oO O 
ses =(— zh, sin G + th, cos G) foe =(— hk, sin G + 2’h, cos G) 


39 = =(— 2h, sin G + 2h, cos G) 
Substituting these values in (41) and putting 


a=7a,+2’a,+ 2a, e= 2, + 2’¢,+ 2, g=ty, +29, + 0%, (43): 
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the equations (41) become 
D,a= Mah, cos G — ah, sin G) 
D_¢= M(eh, cos G — eh, sin G) (44) 
D. y= M(gh,cos G — gh,sin G) 


Every combination of a lunar argument /V with a planetary argument JV, gives 
rise in each derivative of an element to four terms, which we shall express in the 
form 


Diae=h,,,cos(V+ V,) + #,,,sin(V+ VV) + h,,,/ cos (V— NV) +2,’ sin(V—M,) (45) 
Replacing 2, and #, in (44) by their values (38) we have for each combination 
hae= + MK ap —A1MC aq + 4MD.ax, 
hy, = — MK ap + 4MC ag + 4MD ak, 
h.= — MK ap + 4MCaq +4MDae, (49) 
hy, = — MK ap + 4MC ag — 3 MD ak, 
h,.= + MK ep —34MCeg + 4MD ex, 
h,..' =— MK ep + sMC eg + 4£MD. ex, 
h,,, = — MK ep + 45MCeq + }MDex, ue 
h,, =—MK ep + 4MCeg —4MDex, 
hye= + ME gp —3MC gq + 4MD ge, 
hy, = — ME gp + 3MC gq + -MD ge, 
h,,=— MK gp +4MCgq4+ 4MD ge, oS 
h,,,' = — ME gp + {MC gg — MD ge, 


§ 23. We now reduce in a similar way the group (42). We have for each 
argument, 


O (a) 
MP cosG i DihsingG “2% ee 


oh, . f oh, . 
Be = Fe COS G+ Gy sinG Bdge Page 


Replacing 4, and ’, by their values (38) and substituting the resulting partial 
derivatives in (42) we have results which we may write in the form 


— D,f,= h,,, cos (V+ WV,) + 4, , sin (V+ WV,) + %,,,' cos (MV — WV) + %,,,’ sin (WV — ,) 
—D, m= h,,.cos(V+ V,)+4,,,sin(V + 1) + %,,.' cos (V—WN,)+4,,,/ sin(V—W,) (49) 


~D,,9, = hy... 08 (W + N,) + hy,. sin (W+.M,) +1y,,/ cos (W—M,) + hes! sin (W— ™,) 
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where the values of the coefficients are found by the following computation. For 
each lunar argument we form 


O O O O 
L'i=aDipte ti 2 Li 0,Diqte, s+ 15 =a De +e 


13e +N Gry oy y ee 
a) 0 oO OK, 
Plz a1) p+ é, ] + Y, Z Plse a I G4 é, ae ed P= 4,D'k,+€, i ft y= (50) 
a) ) a) OK 
i = 4,1" + €, Dae Z Rim a,D'+eynn + %a5e Rem aDieteagi + woe 


Then for each pair of arguments 
h,, = MK L' —3MCL" —4MD L, h, | = + MK L' —4MCL" +34MDL, 
h,,= MK,L' —3MCL" +4MDL, h, ) =— MK L'+34MCL"+4MDL, 


hae = ME,P' — MCP" ry 4MD,P, Sard — ate MK P' ar 4MCP" + 4MD,P, 
h, = MEP! —4MC.P"+3MD,P, hh, =—MKP' +4MCP" +4MDP, (51) 


hyp = MKB! —34MCR"-4MDR, hy! = + MER! —4MCR" +4MDR, 
hy, = UK,R'-4MCR"+4MDR, My! =— MK.R' +4MCR" + MD R, 


§ 24. Development of the indirect action. 

The fundamental equations for the indirect action are found from (28) by replac- 
ing P, by the function Q, defined in (12). We first replace the coefficients 87 by 
the following: 

A! =a! 5T. Bl =a’ 8T,, etc. 


9) 


Taking, as we do throughout this work, the mean Sun as the origin of longi- 
tudes, the true longitude, v’, will be replaced by the Sun’s equation of the centre 
= £. Wealso put 


r 
y= Z 
1 a' 


With these substitutions the equations (11) will be replaced by others which may 
be written thus: Put 


G = 8r,* sin 24 bv’ + $7,-* cos 2 Sp’ 


J = ir,*Sp' (52) 
[= 3r,* cos 22 bv! —$r,> sin 2 bp’ 
Then 
A'=—-G—/ B=G-—/J Clea ff D=T 


£!' = 3r,* cos E sin f’ fF’ = 3r,* sin E£ sin ’ (53) 
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These substitutions lead to the replacement of expression (12) by 


m! a? 


Q, he id fT’ (54) 


where 
HM =AE + B+ Cl 4+ 2D'int+.-. (5) 


This tunction 7’, a pure number in dimensions, will hereafter be used as a fun- 
damental quantity instead of Or. 
By replacing P, by this value of 0, in (27) the second members in the form (28) 
take the common factor 
m’ ae 


3 m? 
ba 


and the difterential variations of the elements become 


D poe’ 0H’ oH! 
Sie (+ es aoe) 
oH’ OH! oH’ ; 
De = nt (6 ol €, On é, FT) ) (56) 
F Off’ OH’ oH! 
ck (x ar + ae + aca) 
OH’ dH! 
— Duby = t(D! +6 S403, ) 
0H’ oH! 
— 2 Cid. 
= Digry= nt ( DIH + 6 Be Fa By ) (57) 
oH’ oH! 
a 2 , , 
—D,$,=m («0 1 UE eee ) 


We have next to develop the values (52) of G,/, and / in terms of the mean 
anomaly g’. This may be done by means of Cayley’s tables in the Memozrs of 
the Royal Astronomical Society, Vol. XXIX, or the development given by 
Leverrier in Annales de [ Observatotre de Paris, Vol. 1. Dropping unnecessary 
terms and powers of e’ we have 


r cos 2F = 1 — Se” + (3e/ — Se!) cos g’ + Ile!” cos 297 
r,* sin 2E = (4e’ — 3e") sin g/ + Ale” sin 29” 
2 3 2 
r= 1 + Ze! + (3e’ + 4%e") cos g’ + $e" cos 28 (58) 
r,*cos # = 1 + 3e’ cos g” 


3 gj ee I aj , 
r,* sin & = 2e' sing 
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The expressions for G, , and 7 thus become 
G = {(6e’ — 93!) sing’ + Sie! sin 297} 8v’ 
+ {2 —4Be!” 4 (Ble! — 5429¢!") cos g’ + 153!" cos 29°} 8p! 
T= — (Et $e £(he’ + $he?) cos.’ + Sle! cos 2g} 8p! (59) 
I= {3- Lbe” + (fe! — 188¢/*) cos g/ + Se” cos 29°} 8v! 
— {(ge’ — At Ge") sin go’ 4+ 183!" sin 29} 8p! 


In reducing these expressions to numbers I take, with Delaunay and Broy™ the 
value of e’ for 1850 
= .016 771 


With this datum the expressions for G, /, etc., become 
= (0.10058 sin g’ + 0.00359 sin 29°’)8v’ 
+ (2.24842 + 0.11313 cos g’ + 0.00538 cos 22°’) 8p’ 
J = (0.75032 + 0.03775 cos g’ + 0.00095 cos 29°’)8p! (60) 
I =(1.49895 + 0.07542 cos g’ + 0.00359 cos 29°’)dv’ 
— (0.15087 sin g’ + 0.00538 sin 29°’)dp’ 
§ 25. Abbreviated coefficients for the indirect action. Since 


A’ + B8'+C'=0 
we have, as in the direct action, 


Hf! =} (Al — B’)(% —0') —3C' (& + 9° — 26°) + 2D Ey 
Replacing A’, B’, and C’ by their values (53) 
HM! = — GP — 1) — JE +1 20°) + 2769 + eee oP Ae 


As the last two terms of #’ are important only in some exceptional cases, we 
postpone their development to Part IV. 
With the notation of (36), we have for each lunar argument 


f' =(—2Gp cos V— 2J¢ cos V+ Le, sin VV) (61) 


The planetary factors, G, J, and Z are to be developed in a periodic series of the 
same form as that for A, B, and C, so that, for each planetary argument JV, we 
shall have 


G=G,cosN,+G,sinNV, /J=/,cosN,4+/, sind, I=T,cos V,+ 7/,sin NV, (62) 
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With these values we shall have H/’ developed in a double series in which for 
each pair of arguments V and J,, #7’ will have the four terms 


FT’ =h,cos(V + N,) +h cos(V— W,) + 2, sin(V+ M,) +4) sin(V—M) (63) 
where 


h, eta Gp —JjS9 a 41K, h’ = Gp as SI ae 41k, 


Expressing the difterential variations of the elements in the same form as before 
we shall find 


hig = m'(— Gap—Jagt ilar) he! = m'(Gap + Jag t/ax,) 


(64) 
h,, =m? (Gap + Jag + $Zax,) h,,' =m (Gap +t Jaq —4ZLax,) 


with two other sets of equations found by replacing a and a by e and e for the set 
in e, and by y and g for the set in y. Also, 


ew Gl ofJL"-4L) hf =a(—-GL'-JL" +31L,) 
(65) 
Peer —GI—-JL' +l) b= (EL + JL" +UL) 


with two other sets formed by replacing 7 and Z by 7 and /, for the set in a, and 
by 6 and # for the set in 0. 

Comparing these with the corresponding coefficients (51) for the direct action 
we see that the equations for the indirect action may be formed from those of the 
direct action by replacing 


K, 4C and D by —G, /, and 7; and also M/ by m7? 


It also follows that the two actions may be combined by replacing in the expressions 
tor the coefficients 4, given in (46), (47), (48) and (51), 


ME by MK —m’'G; 4MC by 4$MC 4+ mJ; MD by MD+mJ (66) 


We shall make this combination to save labor in the formation of the products, but 
shall give the separate parts of the coefficients, so that the parts of each term due 
to the respective actions may be readily found. 


§ 26. Integration of the equations. The integration is effected by multiplying 
each coefficient by the quotient of the mean motion of the Moon by the motion of 
the argument itself, which factor is 


aS ae 67) 
a cad + 2'a,+0"6+(7 + k')n' + kn, (o7 
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The reciprocal of this factor, which we may use as a divisor, is 
I T 0 n! n 
—=7 spp laa 7 y ae 4 
v dat pk a ae be 


a form most convenient for numerical computation. 
We shall thus have for the perturbations of the elements corresponding to each 
pair of lunar and planetary arguments 


da = vh,, sin(V+ V,) — vh,, cos(V+ JW, ) 
de = vh,, sin (V+ WV,) — vh,,, cos(V+ MV, ) (68) 
dy = vh,,, sin (V+ WV, ) — vh,,, cos (V+ WV,) 
8, = — vh,,, sin( V+ WV,) + vh,,, cos (V+ J, ) 
dr, = — vh,,sin(V+ V,) + vh,, cos(V+ NV, ) (69) 
50, = — vk, sin( V+ WV) + vhy, cos (V+ WM, ) 


Practically we use the perturbation of 7, the mean motion, instead of a. From 


the relation of § 12, B, we have 
Dn = — 3nDe 


Thus the first equation (68) is replaced by 


du = — 8unh, sin (V+ V,) + 3vnh,,, cos(V+ I,) (70) 
§ 27. We pass next to the inequalities of the actual mean longitude, Z, and of the 
perigee and node, wand @. Taking the equations (29) for these quantities 
l=1,+4 fudt T= 7, + fd 6=0,+ fede 
the complete expressions are 
81 = 8/, + f dude Sa = br, + fSr,dt 50 = 80, + f80,d¢ (71) 


The motions #, 7,, and 0, are functions of the elements a@ (or a), e, and y. # is 
given by the relation a*z? = p, while 7, and 0, have been developed by Delaunay, 
whose results are found in Comptes Rendus, Vol. LX XIV, 1872, I, and are repro- 
duced in part in Action, p. 190. 


On On On 06 00 06 
or, = ar bn + ae de + By dy 80, = aa bn + Ae be + By dy 


From (70) and (71) we thus have, in the variation of 7, the terms 


Dbl = — gvh,,,sin(V+ MV,) + 8vh,,, cos (V+ M,) (72) 
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arising from the variation of z. Integrating and including the value of 82, we 
shall have for the complete perturbation of the mean longitude 


87 = J, cos(V+ N,) + 1, sin(V+ M,) 


where 
é — 3h, + vhy a v(3vh, , Ss h,, A l, —s Shs <> vhy , = v(3vh,, — hy, A (73) 
From the Delaunay developments in powers of m are found 
TT, Or, Or, 
“ry =— -01480 ee = — .0010427 Oy = — .00433127 
74) 
06, 00, 06, 
ee + 00377 Be =~ 0012920 ge + .0006657 


Substituting these values and the values (68) and (70) we find that by putting 


T1,¢ = 022204, ,— .00104h, , — .00433%,,, 71,, = .022204, , — .00104h, , — .00433h,, 


(75) 
6; -=— -00566h, ,— .00129h%,,,+ .00066h,,, 9,,,=—.00566h, ,—.00129h%, ,+.00066/, , 


we shall have 
or, = vn{r, sin (V+ /V,) —7,, cos (V+ ,)} 
80, = wm {0, ,sin(V+ J,) — 4, cos(V+ M,)} 
Then by integrating we have the terms 
da = — vr, ,cos(V+ V,) — v’m,, sin(V+ J,) 
60 = — v0, , cos (V+ MV,) — v8, , sin(V+ ,) (7°) 


Adding the values (69) we have the complete periodic perturbations of w and 0 
expressed in the form 


da = 7_cos (V+ V,) + 7, sin (V+ ,) 50 = 9. cos(V+ V,) + 9, sin (V+ IV,) 
where 
ee vk, = VT, ¢ = “(Ans — VT; ¢) i ae Ve = Voss <p ae a = VT, «) 
(77) 
6 = vh,,— VO, , = (4y,, — V,,.) 6, = —vh,,— VO, ,= — (Ag, + V1, 5) 


§ 28. Treatment of the non-pertodic terms in R. 
In the preceding integration we have supposed all the arguments to be of the 
form G,-+-N¢. We have now to consider the special case in which N vanishes. 


In the case of the direct action this occurs when, in the pair of arguments which 


form G 
é : t=2'=2'=kh=0 faak = 6 


We shall then have in H a term, H=h,, which we shall call 4, simply. It will 
be affected by a minute secular variation which we need not consider at present. 
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In the case of the indirect action we note that the coefficients of dv’, dp’, and 68’, 
as found in (59), are developed in the general form £; sin 7g’ or &; cos 7g’, in 
which &, being a function of the eccentricity of the Earth’s orbit, is a function 
of the time. The coefficients of all the terms arising from the indirect action are 
therefore aftected by a secular variation. 

The perturbations $v’ and dp’ contain terms independent of the mean longitude 
of the disturbing planet, which may be treated separately, namely: 


(1) A constant term in $p’. 
(2) Terms of the form c & zg’ in 6v’ and dp’. 
(3) The secular variation of e’ and of p’. 


Omitting for the present the powers of ¢ above the first, we shall have in 6v’ and 
dp’ terms of the general form 
(c+ came’ 
The product of these into (59) gives rise to terms of G, /, and J of the same form. 
When we form the products of these terms by €’, yn’, etc., we shall have in /7’ terms 


of the form 
h+ hint +'.-. 


Substituting the derivatives of the non-periodic direct term in (41) and (42), and of 
the indirect term in (56) and (57), omitting terms in ¢, and putting for brevity 


P, = Mh, + neh 
we find 
De Sa De a Diy Se 


oP. OP. 


— Dy = 1D + ath oy = hy 
oP, oP Ve 
—D, 7, = a,’ F, + €, eos oh ay = h,! 
oP. oP. 
a D§, = why Oo ah + é, =o + Ys ay = hy” 
Adding in the terms multiplied by z/, these three equations may be written 
Df, = — hy, — hynt Dm, = —h! — kh, nt D,8,=—h' —hl'nt  (78’) 
The integration of (78) and (78’) will give 
Sa = 5,4; 81, = 8,4, — Ant — fh wl? 
d¢.= b,c; bx, = 6,7, — hunt — th wt? (78”’) 
by = 5 86, = 8,4, — h,{ nt os bh wt 


5, designating, in each case, the arbitrary constant of integration. 
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The completed expressions tor /, 7, and @ are to be found by the equations 


On Or Or Or es 0@ 00 
on = ag 8a. on, = a 6a + Pa de + Oy. by 80, == a OF a+ oe be a Aron — #OM) (79) 
82 = 81, + f dude ba = br, + f drr,dt 80 = 86, + f 80,d¢ (80) 


In these equations the perturbations (78”) are to be substituted. In doing this 
the arbitrary constants 84, 8)7, and 8), being merely constant corrections to J, z, 


and @, may be dropped as unimportant to the theory. We shall then have from 
(78”) and (80) 


0; 
B= (Se Ba hn) e— Pinte 


é7r 


(5. ay het wp by — ha ‘n) (= Maint (81) 


a6 
20 = (5) = doa + Fd¢ + So Bay — hyn) t= ht 


§ 29. Adjustment of the arbitrary constants. Values are next to be assigned to 
the arbitrary constants 6,a, de, and dyy. We shall do this so as to satisfy the condi- 
tions that the coefficient of ¢ in 67, of sin g@ in the mean longitude, and of sin (2—8) 
in the latitude, shall all remain unchanged. The first of these conditions gives 


sey — eae eee 
3nd,a = hn or ba = — 2h 


3/49 (82) 
We thus have 
v= — thw? 


The determination of d and d.y must await the computation of the periodic 
terms depending on the arguments » and 7—@, which is found in Part IV. The 
increments in the motions of 7 and # now become 


Or Or Or 
br, = (FA, — hy) ay Be ee + By Fy 

fale) 6, fale) sy 
20, = 0 (Shy — A!) + 58 Ot ay 


§ 30. Opposite secular effects of the direct and indirect action of a planet 
near the Sun. 

_ An important theorem of the planetary action on the Moon is that as the planet 
is nearer the Sun, not only does each form of action become smaller, but the two 
forms tend to cancel each other, so that when the mass of the planet can be con- 
sidered as simply added to that of the Sun, the non-parallactic perturbations vanish. 
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To find the effect of the direct action in this case, let the values of #4, y4, and 2, 
in (14) be so small that they may be neglected in comparison with x’, y’, and 2’. 
Then A will merge into 7’ and we shall have 


2 
R=™2(35'-1) 


ar! 


For the indirect action we remark that the only effect of the action of the planet 
on the position of the Earth, after so adjusting the constants of integration that the 
mean motion shall remain unaltered, is to increase the mean distance, so that 


instead of 
3,2 
an! =m! 
we shall have 
pt ! 
an =m +m, 


This gives, for the perturbation of @’ 
3a’'n'*8a! = m, 


and the eccentricity e’ being unaltered 
M1, 


home 
3m 


~ 


The corresponding part of , is found from (7) by assigning the increment 8p’ 
to vr’. We thus have 


QO. = 


Pp 


mr? 


ar! 


gm! r°6p! 


Sues 3 aie 


ar? (3S? a 1) 


This cancels the value of A found above. 


PART II. 


~ 


L DEVELOPMENT OF THE PLANETARY 


COrrriciENts: 


CHAPTER TV. 
COEFFICIENTS FOR THE DIRECT ACTION. 


§ 31. Inorder to complete the expression for the disturbing forces, it is necessary 
to determine the numerical values of the coefficients A, B, etc., found in equation 
(14). I shall hereafter term these planetary coefficients. In all the investigations 
of the subject heretofore made the codrdinates of the Sun and planets used in form- 
ing these coefficients have been taken as equal to their elliptic values, the effect 
of perturbations being neglected. In this case the methods of numerical devel- 
opment worked out by Hansen are in principle complete and satisfactory so far 
as purely elliptical values are concerned. They require the development of the 
inverse odd powers of the distance of the planet from the centre G, in a series pro- 
ceeding according to the sines and cosines of multiples of the two mean longitudes. 
This being done, the formation of the powers and products of the planetary codrdi- 
nates and their multiplication into the quantities A~*, A~, etc., are mere matters of 
mechanical computation. It was in this way that the developments given in my 
tormer papcr on the “ Action of the Planets on the Moon” was effected. 

A serious practical difficulty was, however, found in the fact that in the case of 
Venus and Mars the numerical products of the higher orders whose sums express 
A, B, etc., are far smaller than those which express A~, etc. Thus the final values 
of the quantities required come out as small differences between large numbers. 
An example is given on page 263 of the work referred to, where it is shown that 
the numerical sums of the positive and negative quantities, which form the coeffi- 
cients tor the planetary coefficients in the term of long period due to the action of 
Venus are more than 4oo times as large as their difference, which is the coefficient 
finally to be used. The result is that long and intricate computations with large 
numbers have to be carried through in order to obtain a comparatively minute 
result. 

The difficulty is lessened when, with Delaunay and Radau, the coefficients are 
found by algebraic formule through a development in powers of the eccentricities 
and inclination. But it is difficult to make sure that such a development is carried 
tar enough, unless by the employment of very complex formule. 

The difficulty is magnified many fold, in forming these perturbations, if account 
is taken of the mutual perturbations of the planets. While it might seem at first 
sight that these must be too small to aftect the result, I showed in the former paper 

39 
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that we could not be sure of this point without actual computation. In the case 
of the Hansenian inequality of long period due to the action of Venus it was shown 
that the perturbations in question, considered individually, were nearly of the 
same order of magnitude as the coefficients to be determined. This proceeded 
from the fact that, even when we consider only the formule of the elliptic motion, 
the coefficients of the term in question are in the nature of minute residual differences 
of large quantities. In view of the undoubted fact of some apparent inequalities 
of long period in the motion of the Moon of which theory has yet given no expla- 
nation, it seems necessary to exhaustively discuss every possible mode of action 
which might affect the result. 

The most eftective and certain way which the author could devise to over- 
come this difficulty was to employ the purely numerical development sometimes 
called “ mechanical quadratures,” but, more exactly, that of induction of general 
formule from special values. It is true that the numerical computations required 
by this method would be very voluminous, possibly more so than those by other 
methods. But the use of the method has the great advantage that the computations 
are made ona simple and uniform plan, which can be executed by routine com- 
puters, and in which the complexity incident to the analytic treatment does not enter 
at all. Another important advantage of this purely numerical method is that the 
mutual periodic perturbations of Venus and the Earth can be taken account of from 
the beginning. This will readily be seen by a statement of the method. 

The values of the planetary coefficients A, B, etc., being functions of the geocen- 
tric coordinates of Venus, can be computed for any assigned mean longitude of the 
Earth and Venus. ‘They are therefore to be computed for a certain number of equi- 
distant values of the mean longitude of each planet. For each of these values 
there will be a definite perturbation of the codrdinates of each planet, which may 
be computed and applied in advance. Thus the first computation gives at once 
numerical values of the coefficients in which the eftect of periodic perturbation is 
included. From these are developed by well-known formule the coefficients of the 
sines and cosines of the multiples of the mean longitudes. 

The perturbations of Mars are so small that it was assumed that undisturbed 
values of the coefficients would suffice. But the same method was used owing to 
its simplicity in theory. 

In the case of Jupiter the analytic development would not have involved the 
difficulty which I have pointed out. But it was so convenient to apply the numer- 
ical method that it was adopted for this planet also. 

The action of Saturn is so minute that a very simple development suffices. It 
was therefore unnecessary to employ the numerical method in this case. 
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A. ACTION OF VENUS. 


§ 32. We shall now show how the computations were arranged in the case of 
Venus. Let us first suppose that the orbits of both planets are circular. Then 
assume the Earth to be in zero of longitude. We assign in succession 60 equidistant 
longitudes to Venus, 6° apart. For each of these positions we compute the values 
of the four principal coefficients. Numerical induction from these special values 
will then give the values of A, B, etc., ina series proceeding according to the cosines 
of the multiples of the differences of the mean longitudes. 

Now assign to the Earth a mean 
longitude equal to any multiple of 6°. 

If we start with Venus at inferior con- 
junction we shall have the same series 

of values of the coefficients as before, 
provided that we now take the line 
joining the Sun and Earth as the axis of 

X. Supposing all our codrdinates re- 7 
ferred to this axis we should then have 

A, B, etc., developed according to 
cosines of multiples of the difference 

of the mean longitudes. 

It follows that in the actual case of 
the two orbits having a small eccen- 
tricity and inclination the other terms A*rangement of nape ae in Systems 0, 1, etc., 
which we require will be of the order of ce ii 
magnitude of these quantities and will therefore be smaller than these principal 
terms. It is therefore not necessary to divide the circle into so many parts in order 
to obtain them. 

The actual process was to take the direction of the solar perigee for 1800 as the 
initial line, or axis of Y. The way in which the codrdinates were defined will then 
be seen by the diagram. Here on the left, 7’ marks the position of the Earth’s 
perihelion. The positive direction of Y passes through the Sun and is therefore 
directed toward the solar perigee. The Earth being in this (fixed position, the 
coordinates of Venus are computed for 60 equidistant values of the mean longitude 
of Venus differing by increments of 6°. The initial or zero value corresponds to 
the mean inferior conjunction of Venus, marked o in the figure, which determines 
all the other values; a few of the others are numbered in order. 

For each of these mean longitudes, the actual coordinates of Venus, including 
the effect of perturbations by the Earth, were computed. The position of the Earth 
at m’, corresponding to the 6° positions of Venus, was then corrected in each of the 
60 cases by the periodic perturbations due to each position of Venus. With 
these codrdinates 60 numerical values of the A-coefficients are computed. I 


orbit of the Ears, 


orbit of Very 
$s 
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designate this system of 60 values, corresponding, perturbations aside, to one 
position of the Earth, by the number 0; and I distinguish the values by 60 indices 
oe iy See Aes 

In the next system, called system 1, the Earth has moved through 30° of mean 
longitude, or mean anomaly, to the position Z,. The set of 60 heliocentric codrdi- 
nates of Venus to be used will be the same as before, except tor the perturbations, 
which will now be those for 4, or for g=30°. But the position corresponding 
to the inferior conjunction in this system will be that corresponding to the index 5 
in system o. A new axis of Y is now adopted, again passing through the mean 
Sun, and therefore making an angle of 30° with the initial axis. The coordinates 
of Venus are all transformed to this axis, and another set of 60 values of the 
A-coefficients are computed. | 

The remainder of the process consists in assigning to the mean longitude of the 
Earth successive increments of 30° until it is brought around to the position 4 
in mean anomaly 330°. In each case the axis of XY is taken to pass through the 
mean Sun. 

From these 720 special values of the A-coefficients the general values are sepa- 
rately developed tor each of the 12 systems. Then the general development for any 
system is effected by a second quadrature. The final result will be the values of 
A, B, etc., referred to an axis always passing through the mean Sun. 

Were we to adopt a fixed system of codrdinate axes, it would now be necessary 
to transform these values referred to the moving axis, to the adopted fixed system. 
But the necessity of this transformation is avoided by referring all the coordinates, 
those of the Moon as well as of the planet, to the mean Sun from the beginning. 
This is fully as simple as, perhaps even simpler than, referring them to a fixed axis. 
The ease of doing it is all the greater from the fact that, in the actual computation of 
the lunar coordinates, they are first referred to the mean Moon. The transformation 
{rom the mean Moon to the mean Sun is probably simpler than the transformation 
to a fixed axis. 


§ 33. Development of the A-coefficients for Venus. 

The computations relating to Venus are shown in tabular form in Tables I-VIII, 
and will now be explained. To obtain the 12 undisturbed values of the Sun’s 
coordinates, we derive the equation of the centre and the logarithm of the radius 
vector from the tables of the Sun found in Astronomical Papers, Vol. VI. 

For the argument of mean anomaly of the Sun the initial value is 

M, = 5.37018 
corresponding to g’ = 0°. The increment for each 30° is 
AM =30.43830 


resulting in the value 188.0000 for 9°’ = 180°. 
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With the 12 values of 4/7 thus found are taken the equation of the centre, Z, for 
1800, and log rv’. Then 
«' =r! cos E yy =r sin & 
The resulting values of x’ and y’ are shown in Table I. 
For Venus, we have 
Initial mean longitude = 99° 30’ 7”” 


this being the longitude of the Earth’s perihelion for 1800. For the same epoch 
we have 
Longitude of perihelion of Venus = 128° 45/17/’.4 


Initial mean anomaly of Venus = 330° 44’50/’.2 


To find the tabular argument corresponding to this mean anomaly we proceed thus: 
Adding 5 increments of 6°, we have 


Mean anomaly of Venus for index 5 = 0° 44’ 50/’.25 
For this mean anomaly the precepts of Zadb/les of Venus, pp. 278-279, give 


Tabular Arg. A ; A,=1.11601 
Increment of A for 6° = 3.745014 


We now add one period to A and subtract 5 increments 


Hives “1.11601 
P= 224.70084 
225.81685 


5 increments 18.72507 
Initial XH, — 207.09178 
which corresponds to the inferior conjunction of Venus in system o, 

The resulting values of A are found in Table II]. With the values of A thus 
formed the equation of the centre and log ~ in the elliptic orbit of 1800 are taken 
from the tables. 

The data for the rectangular coordinates are: 


Node of Venus, 1800 Qe 74°52" 4895 
Perihelion of Earth w= 99 30 7 .6 
Node referred to Perihelion 0= 335 22 41 .2 
Inclination for 1800 Y=) 3 23 33 -45 


The values of the coérdinates x, y, and z in the initial system are now computed 
by the formulz 


u = Eq. Cent. + 24° 37’ 18.80 m sin M = cos y sin 6 m cos M = cos 8 
m! sin MZ’ = sin 6 m! cos M' = cos y cos 8 
leading to 
M = 24° 35/1".84 M' = 24° 39/ 35"".91 
log m = 9.9998680 log m’ = 9.9993706 


«= mr cos (M+ u) y =m'r sin (M’ + 2) z=rsinysin uw 
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Designating the systems by suffixes, and putting c = cos 30°, these coordinates 
were transformed to the axes of the other 11 systems by the formule 


Hy = CX, + Ho dD = CV) — $4, 
Hy = HX + CV, V2 = BY — OX 
vo Yeo 
vey BLS IT 
. ah AA D5 ams 
and then, in general, 
Cp ee leah) eg 


§ 34. Explanation of the tables. ‘The periodic perturbations of the longitudes 
of the Earth and Venus, and of the logarithms of their radii vectores, omitting 
terms of long period, are now to be found. 

TABLE III: Mutual periodic perturbations. 

For the perturbations of Venus by the Earth, 6 and dp, the arguments of the 
double entry Tables VIII and XVII are: 


Hor. Arg. g = K — 07.650 = 2067.44 + 3.7452 
Vert. Arg. II for System o and 7=0, 104.35 
Increment of II for each system AII = 20 

as <6 eee 66 index Ol ee 2.4 Ot 


For the single entry Tables XI and XX we have 
Arg. A = 1.62203(2'— g”) 
For the index 7 2 = 330°.75 + 6° 
For the 7th system g’ = 30°7 
Hence, for ¢ = 0,°7 = 0, Arg 7A =536-40 


Increment for each unit of 7, AA = + 9.732 
66 ‘6 66 ie 53 Ys WANE: [ese 48.661 


With the values of the arguments thus formed the periodic perturbations of Venus 
by the Earth are taken from the Tables VIII, XVII, XI, and XX. 
For the corresponding perturbations of the Earth by Venus, we have 


Hor. Arg. ¢ = 30.43837 
Vert. Arg. II for 7=0; ¢=0)--- 165.375 
Increment for each unit of 7; }Ag = 3 

(73 66 66 ce OK as on 24.383 


Argument A has the same value as in the Zadles of Venus. 
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The perturbations of the longitude and log. radius vector of the Earth found with 
these values of the arguments are given in the columns 6v’ and 8p’. 

TaBLE [Va anv IV. The perturbations in Table III are transformed into 
increments of the rectangular coordinates of Venus and the Earth. 

Neglecting the cosine of the inclination we have for Venus when referred to the 
initial system of axes 


Ax, = — y sin 13a + dp Ay, =~ sin 1/8¢ + yp 


the tabular 5p being multiplied by the modulus of logarithms. For the other 
systems the transformation is made by the formule for the transformation of the 
coordinates themselves. The results are given in full, in units of the 8th place of 
decimals, in Table IV. Applying them to the undisturbed coordinates, we have 
the codrdinates of Venus for each position of the two bodies. 

TaBLE V. The values of the solar coordinates in Table I, of the Venus coor- 
dinates in Table II, after being transformed to the axis of the system, and of the 
increments in Table IV, are added so as to form the disturbed geocentric coordi- 
nates of Venus in each system for each position of Venus. 

TaBLe VI. With the perturbations of latitude in the different systems the dis- 
turbed geocentric coordinate Z was computed and tabulated. 

With these geocentric codrdinates are computed the 720 values of the four 


coefiicients A, B, C, and D defined in § 7. Since 
A+B+C=0 


the computation of C might have been dispensed with. It was, however, carried 
through as an additional check on the accuracy of the work. The latter was, how- 
ever, done in duplicate, the check being incomplete. 

TABLE VII gives the values of the coefficients thus computed. 

The coefficients # and / lead to appreciable inequalities only in the case of the 
argument 0, and have been treated separately. Their special values were computed 
for six systems and thirty indices only, and are found in Table VIII. 


§ 35. The process of developing the general value of each coefficient in a periodic 
series is given by Briinnow in his Sphdrischen Astronomie. Taking A as an 
example we first develop the value for each system in the form 


A, = (a, cos 7Z + b, sin 7L) 


where & is the number of the system and Z the difference of the mean longitudes 


of Venus and the Earth, 
L=v— ge” 


We thus have 12 values of each of the coefficients a, and 0,, one corresponding 
_ to each value of g’’. - These values are then again developed in the form 


a, = =X (a, ; cos 7g’ + b, ; sing’) b, = (a, ,/ cos ig’ + 4, ,! sin 7g"’) 
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These being substituted in the general expression given above for A; gives the 
value of A itself in the form 


A = 3 [acos (¢‘L + jg’) + bsin (“ZL + 7¢’)] 


The development was effected in this way up to z = 8 only, this being the limit 
for possible sensible terms other than the Hansenian term of long period depending 
on the argument 

18ZL + 29/ —g¢ 


§ 36. Zhe Hansentan Venus-term of long period. The computation of this 
inequality requires the determination of the coefficients for 2 = 18, which we obtain 
trom the general formule thus. Putting,in any one system, | 


A, Axe A 


59 
for the 60 values of A, and 
A,cos 18Z + A, sin 18L 


for the pair of terms depending on the argument 18Z, the general formule give 


30A, = A, + A, cos 108° + A, cos 216° + --- 
30A, = A, sin 108° + A, sin 216° + --- 
the angles increasing by 108° in each term. The fifth angle will be 180° + 27, 


so that the only numerically different values of the coefficients which enter into 
the series besides 1 and o are 


sin 18°, cos 18°, sin 36°, and cos 36° 
For example, we have 
30A, = A, — A, sin 18° — A, cos 36° + A, cos 36° + A, sin 18° + --- 
30A, = A, cos 18° — A, sin 36° — A, sin 36° + A, cos 18° + --- 


From the cyclic order of the coefficients the method of computing A, and A, 
is as follows: 


With the 60 values of any one coefficient, say A, in any one system, 
Ay A; A, or Avg 


compute 
Aj! = A, + Ay + Ay t+ tt As 


A! =A,+4,+4A,+-:-+ Ay, 
Aj =A,+A,+A,++>-+A, 


A! =A,+A, +A. ay 
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Next: 
Mf As—A!l Ala A’—-Al Af=A/—-Af A=A/—-A! A= A!—A! 
Next: 
ee 44 A, Ao A AP dee AV AG Ae AA 
We then have, in each system 
304, = A,” + A, , sin 18° + A, . cos 36° 30A, = A, , cos 18° — A, , sin 36° 


with similar values for B, C, and D. 
The numerical results of these processes for each system are shown in Table IX. 
The next step is to develop each set of numerical values of any one pair of coeffi- 


cients, say A,, and A, in the form 
30A, = a, + a, cos g’ + a, cos 22” + B, sing’ + B, sin 22” es 
a 
30A, =a,’ + a,’ cos g’ + 4,/ cos 2g’ + 8! sing’ + B,/ sin 2g’ 


These are to be substituted in the general form 
A= A,cos 18Z + A, sin 18Z ' 
Retaining only terms which may be wanted for our purpose, we shall have 
30A =a, cos 18L + a,’ sin 182 
+ $(4, — B,') cos (18Z + g’) + 4(a/ + B,) sin (18Z 4+ 2’) 
+ 3(4, — B,’) cos (18Z + 22°) + 4(a,’ + B,) sin (18L + 22”) (2) 
+ 3(a; — B,’) cos (18Z + 3g) + 4(a,’ + 8,) sin (18Z + 3g”) 


TABLE I. 


Sun’s GEOcENTRIC COORDINATES IN THE MEAN ORBIT OF 1800, 
REFERRED TO MEAN Sun as DirEcTION oF AXIS OF X. 


/ 


bs 


+0.983 2075 0.000 0000 
+0.985 3853 +0.016 8542 
0.991 3807 0.029 1452 
-++-0.999 7183 -+0.033 5823 
+1.008 1877 +0.029 0233 
+1.014 4741 -+-0.016 7321 
+1.016 7929 0.000 0000 
+1.014 4741 —0.016 7321 


+-1.008 1877 —0.029 0233 
+0.999 7183 —0.033 5823 
+0.991 3807 —0.029 1452 
+0.985 3853 —0.016 8542 


o 
I 
2 
cs 
4 
5 
6 
7 
8 
9 
to) 
i 


— 
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COMPUTATION OF RECTANGULAR COORDINATES OF VENUS IN THE ELLIPTIC ORBIT OF 
1800, REFERRED TO SOLAR PERIGEE AS AXIS OF X. 


ACTION OF THE PLANETS ON THE MOON. 


TABLE II. 


z Arg. K. Eq. Cent. log. 7 log. ¥ log. Y log. 2 
0 | 207.0918 —23 15.02 9.856 7321 —0.856 5920 +-7.726 9130 +8.242 1742 
I | 210.8368 —I8 47.49 9.856 5014 —09.854 2870 —8.849 OGol -+8.331 7492 
2 | 214.5818 —I4 7.30 9.856 4812 —9.847 0688 —9.163 8652 +8.401 8640 
3 218.3268 — 9 17.60 9.856 4028 —9.834 7638 —9.341 2292 +8.457 9729 
Apa) 2220718 — 4 21.63 9.856 3570 —9.817 0717 —9.463 1513 +8.503 3027 
si 1.1160 +0 37.28 9.856 3445 —9.793 5309 —9.554 3215 +8.539 9034 
6.) 4.8610 + 5 35.76 9.856 3053 —9.703 4657 —9.625 5304 8.569 1404 
Tim 8.6060 +10 30.48 9.856 4193 —9.725 9000 —9.682 4522 +8.591 9480 
Sa 12.3510 +15 18.10 9.850 5057 —9.679 4042 —09.728 4252 +8.608 9752 
9 16.0C61 +19 55.43 9.856 6236 —09.621 8221 —9.765 5624 +8.620 6617 
Io | 19.8411 +24 19.34 9.856 7717 —9.549 7350 —9.795 2086 +8.627 2034 
it) 23-5861 +28 26.93 9.856 9481 —9.457 3022 —9.818 5057 +8.629 0280 
12 | 27.3311 +32 15.39 9.857 1509 —9.333 3365 —9.835 9401 +8.625 9108 
13 31.0761 +35 42.20 0.857 3778 —9.151 9096 —9.848 0289 +8.617 8781 
14 34.8211 +38 45.20 9.857 6261 —8.824 3320 —9.855 0707 +8.604 7511 
15 38.5661 +41 22.44 9.857 8931 -+7.901 5592 —9.857 2356 +8.586 2104 
16} 42.3112 +43 32.07 9.858 1756 -+8.929 0946 —9.854 5813 +8.561 8070 
17 46.0562 +45 12.78 9.858 4706 +9.203 5288 —9.847 0574 +8.530 8192 
18.0 49.8012 +46 23.54 9.858 7747 +9.367 1085 —9.834 5015 +8.492 2492 
10: 53.5462 +47 3 9.859 0846 -++-9.482 0030 —9.816 6224 +8.444 6187 
20 57.2912 47 1248 9.859 3968 +9.568 8886 —09.702 9712 +8.385 6881 
OT wil 61.0362 +46 50.89 9.859 7079 +9.637 2113 —9.762 +8.311 8851 
22 64.7812 +45 58.290 9.860 0146 -+-9.692 0696 —9.725 4250 +8.217 O551 
23 68.5263 +44 35.65 9.860 3134 +9.736 5149 —9.679 1841 +8.089 2497 
24 72.2713 +42 43.92 9.860 6011 +9.772 5022 —9.622 0601 -+-7.900 1224 
25 76.0163 +40 24.44 9.860 8748 +9.801 3428 —9.550 7049 +-7.546 9461 
26 79.7613 +37 38.73 9.861 1314 +9.823 9406 —9.459 6400 —6.971 8246 
27 83.5063 +34 28.65 9.861 3684 +9.840 9243 —9.338 OooI —7.731 3881 
28 87.2513 +30 56.31 9.861 5830 +09.852 7264 —9.161 4423 —7.990 3231 
29 90.9963 +27 4.01 9.861 7733 +9.859 6204 —8.849 5051 —8.148 1795 
30 04.7414 +22 54.28 9.861 9370 +9.861 7033 +7.639 3795 —8.260 1046 
31 098.4864 +18 29.84 9.862 0726 +9.859 2710 +8.890 7388 —8.345 I900 
32 102.2314 +13 53.52 9.862 1786 +0.852 o116 9.186 2719 —8.412 3233 
33 105.9704 +9 8.29 9.862 2540 +09.839 8567 +9.354 2638 —8.466 3544 
34 109.7214 +4 17.10 9.862 2779 +9.822 5254 +0.471 5502 —8.510 2060 
35 113.4664 — 0 36.64 9.862 3099 +9.799 5863 +9.560 0170 —8.545 7583 
36 117.2114 — 5 30.07 9.862 2809 +9.770 4104 +09.629 5228 —8.574 2757 
37 120.9564 —I0 20.01 9.862 2381 +9.734 0928 +9.685 3431 —8.506 6294 
38 124.7015 —I5 3.20 9.862 1550 -+9.689 3188 +9.730 6171 —8.613 4244 
39 128.4465 —19 36.93 9.862 0415 +9.634 1256 +9.767 3464 —8.625 0747 
40 132.1915 —23 57.98 9.861 8988 +9.565 4464 +9.706 8687 —8.631 8465 
41 135.9305 —28 3. 9.861 7283 +9.478 1499 +9.820 1022 —8.633 8851 
42 139.6815 —3I 51.16 9.861 5318 9.362 7126 +9.837 6839 —8.631 2325 
43 143.4265 —35 18.17 9.861 3113 -+9.198 2317 -+9.850 0500 —8.623 8210 
44 147.1715 —38 22.35 9.861 0693 +8.92I 4921 +9.857 4837 —8.611 4784 
45 150.9166 —4I 41.70 9.860 8081 +7.912 5788 +9.860 1443 —8.593 9051 
46 154.6616 —43 14.42 9.860 5307 —8.827 3540 +09.858 0817 —8.570 6520 
47 158.4066 —44 58.90 9.860 2308 —9.151 8035 +09.851 2413 —8.541 0580 
48 162.1516 —40 14.23 9.859 9388 —9.332 3188 +9.839 4597 —8.504 1837 
49 165.8006 —46 50.22 9.859 6307 —9.455 9020 +9.822 4495 —8.458 6539 
50 169.6416 —47 13.42 9.859 3190 —9.548 1734 +9.799 7714 —8.402 4145 
5I 173.3866 —46 56.56 9.859 0071 —9.620 2216 +9.770 78590 —8.332 2360 
52 177.1317 —46 8.76 9.858 6083 —9.677 8438 +9.734 5737 —8.242 6677 
53 180.8767 —44 50.45 9.858 3062 —9.724 4363 +-9.689 7990 —8.123 4525 
54 184.6217 —43 2.43 9.858 1040 —9.762 1421 -++-9.634 4660 —7.951 5304 
55 188.3667 —40 45.82 9.857 8250 —9.792 3808 +9.565 4503 —746 
56 192.1117 —38 2, 0.857 5624 —9.816 1217 +9.477 5085 me ee 
57 195.8567 —34 52.90 9.857 3192 —9.834 0339 +9.360 8616 +7.651 6300 
58 199.6017 —3I 20.43 9.857 0981 —9.846 5740 +9.193 8645 +7.950 6732 
50 203.3468 —27 26.04 9.856 9016 —9.854 0381 +8.909 8324 +8.122 8613 
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TABLE III. 


MuTuAL PERIODIC PERTURBATIONS OF VENUS AND THE EARTH. 
The term of long period is omitted. The tabular unit is 0”.01 in du and dv’, and 10—8 in dp and dp’. 


System 1. System 2. 
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TABLE JIIl.—Continued. 


MuTuAL PERIODIC PERTURBATIONS OF VENUS AND THE EARTH. 


The term of long period is omitted. The tabular unit is 07.01 in d# and dv’, and 10-8 in dp and dp’. 


System 3. System 4. System 5. 
: i 
Ou dv! dp do! Ou dv! dp dp! Ou dv! 0p do! 
o | + 301 | — 205 | + 106 | +630 | + 249 | — 104 | — 20 | +749 | + 110 | — 87 | — I21 | +839 
1} + 452 | — 431 | + 220 | +555 | + 326 | — 337 | + 80 | +660 | + 223 | — 253 | — 31 | 4777 
2| + 456 | — 543 | + 424 | +419 | + 349 | — 457 | + 203 | +533 | + 273 | — 301 | + 170 | +649 
3 | + 375 | — 619 | + 667 | +251 | + 200 | — 548 | + 547 | +357 | + 245 | — 493 | + 424 | +477 
4| + 197 | — 647 | + 803 | + 66 | + 170 | — 604 | + 802 | +156 | + 128 | — 556 | + 665 | +277 
5 | — 68 | — 623 | +1059 | —118 | — 38 | — 621 | +1008 | — 53 | — 65 | — 579 | + 903 | + 66 
6 | — 303 | — 551 | +1132 | —287 | — 310 | — 506 | +1132 | —251 | — 314 | — 568 | +1053 | —144 
7 | — 744 | — 435 | +1106 | —436 | — 614 | — 520 | +1145 | —430 | — 505 | — 524 | 4-ERiE ee 
8 | —1097 | — 283 | + 977 | —557 | — 924 | — 421 | +1042 | —576 | — 882 | — 447 | +1062 | —523 
9 | —I424 | — 103 | + 760 | —646 | —1208 | — 278 | + 838 | — —1148 | — 339 | + 902 | —672 
10 | —1690 | + 97 | + 463 | —7or | —144r | — 108 | + 547 | —761 | —1362 | — 202 | + 637 | —781 
11 | —1876 | + 305 | + 109 | —720 | —1604)|=p7e | 4-200 | —709 | —I409 | — + 203 | —845 
12 | —1958 | + 507 | — 271 | —7o2 | —1688 | + 276 | — 180 | —799 | —1545 | + 126 | — 95 | —863 
13 | —191I9 | + 602 | — 647 | —654 | —1681 | + 476.| — 563 | —765 | —I501 | + 303 | — 480 | —844 
14 | —1761 | + 843 | — 977 | —578 | —1582 | + 667 | — 921 | —605 | —1372 | + 478 | — 850 | —788 
15 | —1505 | + 952 | —1226 | —487 | —1303 | + 839 | —12190 | —504 | —1174 | + 648 | —2175 | Jor 
16 | —1173 | +1014 | —1378 | —388 | —1120 | + 979 | —1433 | —471 | — 914 | + 805 | —1412 | —588 
17 | — 800 | +1035 | —1458 | —287 | — 787 | +1078 | —1541 | —332 | — 610 | + 944 | —1554 | —440 
18 | — 412 | +1019 | —1448 | —188 | — 429 | +1127 | —1539 | —104 | — 284 | +1051 | —1588 | —201 
19 | — 23 | + 980 | —1366 | — 95 | — 69 | +1129 | —1431 | — 62 | + 45 | +1121 | —1503 | —125 
20 | + 344 | + 922 | —I219 | — 5 | + 260 | +1089 | —1245 | + 56 | + 347 | +1143 | —1313 |. + 37 
21 | + 679 | + 853 | —1014 | + 84 | + 547 | +1021 | — 909 | +162 | + 505 | +1120 | —1036 | +188 
22 | + 967 | + 774 | — 758 | +172 | + 788 | + 931 | — 713 | +254 | + 778 | +1056 | — 706 | +313 
23 | +1195 | + 682 | — 466 | +262 | + 975 | + 827 | — 403 | +340 | + 803 | + 950 | — 356.,| +416 
24 | +1349 | + 582 | — 151 | +353 | +1102 | + 712 | — 81 | +419 | + 942 | + 841 | = | 7s 
25 | +1428 | + 477 | + 171 | +446 | +1161 | + 587 | + 241 | +492 | + 936 | + 710 | + 322 | +557 
26 | +1427 | + 364 | + 480 | +542 | +1148 | + 449 | + 546 | +558 | + 875 | + 560 | + 623 
27 | +1339 | + 248 | + 786 | +635 | +1067 | + 307 | + 817 | +617 | + 765 | + 422 | + 879 | 4-050 
28 | +1164 | + 126 | +1059 | +726 | + 920 | + 163 | +1043 | +674 608 | + 258 | +1086 | +684 
29 |-+ 903 |— 4 | +1273 | +804 | + 719 | + 13 | -\1208 | +720 | + 412 | + 107 | -PI2i6 7a, 
30 | + 562 | — 143 | +1416 | +850 | + 473 | — 138 | +1313 | +770 | + 104 | — 56 | +1278 | +720 
31 | +. 160 | —2 +1454 | +886 | + 186 | — 290 | +1341 | +803 | — 36 | — 219 | +1263 | +726 
32 | — 273 | — 429 | +1370 | +876 | — 137 | — 442 | +1282 | +814 | — 269 | — 379 | +1177 | 4720 
33 | — 692 | — 562 | +1183 | 4829 | — 472 | — sor | +1117 | +7060 | — 401 | — 536 | +1003 | +707 
34 | —1052 | — 675 | + 887 | +743 | — 781 | — 730 | + 854 | +742 | — 602 | — 685 | + 773 676 
35 | —1325 | — 764 | + 514 | +625 | —1038 | — 848 | + 500 | +652 | — 857 | — 824 | + 461 | +624 
36 | —1484 | — 832 | + 95 | +479 | —1206 | — 937 | + 094 | +526 | — 966 | — 048 | + 93 | +540 
37 | —1523 | — 878 | — 334 | +311 | —1269 | — oor | — 320 | +376 | —1002 | —1047 | — 300 | +425 
38 | —1427 | — 902 | — 751 | +129 | —1221 | —1007 | — 740 | +207 | — o45 | —1106 | — 718 | +281 
39 | —1212 | — oo6 | —11I2 | — 590 | —1065 | — 991 | —I095 | + 26 | — 707 | —1124 | —1082 | +114 
40 | — 888 | — 884 | —1302 | —244 | — 800 | — 946 | —1376 | —158 | — 564 | —1005 | —1373 | — 65 
41 | — 482 | — 837 | —1560 | —417 | — 477 | — 880 | —1558 | —3390 | — 267 | —1026 | —1562 | —242 
42) — 44 | — 750 | —1I603 | —567 | — 8 | — 703 | —1622 | —507 | + 61 | — 920 | —-"036 ieee 
43 | + 392 | — 655 | —1524 | —689 | + 322 | — 685 | —1563 | —654 | + 408 | — 7or | —1586 | —564 
44 | + 778 | — 530 | —1338 | —777 | + 715 | — 558 | —1385 | —769 | + 743 | — 643 | —1428 | —696 
45 | +1005 | — 388 | —1067 | —828 | +1054 | — 418 | —1106 | —846 | +1043 | — 484 | —1159 | —800 
46 | +1319 | — 240 | — 749 | —84r | +1304 | — 268 | — 762 | —880 | +1279 | — 319 | — 819 | —860 
47 | +1445 | — 89 | — 302 | —815 | +1453 | — 114 | — 384 | —872 | +1420 | — 151 | — 427 | —806 
48 | +1474 | + 57 | — 33 | —751 | +1405 | + 33 |— 5 | —824 | +1481 | + 12 | — 220 ee 
49 | +1405 | + 104 | + 202 | —651 | +1438 | + 170 | + 338 | —740 | +1430 | ++ 164 | + 349 | —813 
50 | +1256 | + 311 | + 561 | —516 | +1207 | + 202 | + 618 | —620 | +1288 | + 206 | + 661 | —706 
51 | +1048 | + 308 | + 741 | —354 | +1085 | + 302 | + 829 | —467 | +1078 | + 404 886 | —565 
2| + 820 | + 446 | + 825 | —177 | -+ 836 | + 468 | + 930 | —286 | + 829 +1011 | —395 
53 | + 600 | + 452 | + 819 | + 4 | + 575 | + 511 | + 932 | — 87 | + 564 | + 534 | +1031 | —205 
54 | + 432 | + 414 | + 734 | +177 | + 342 | + 511 | + 830 | +110 | + 313 | + SSI |} +> O55 ieee 
55 | + 308 | + 342 | + 600 | +330 | + 150 | + 468 | + 672 | +313 | + 97 | + 534 | + 700 | +206 
50 | + 237 | + 245 | + 451 | +463 | + 51 | + 385 | + 465 | +400 | — 55 | + 470 | + 556 | +411 
57 | + 219 | + 127 | + 292 | +569 | + 26 | + 264 | + 246 | +629 | — 125 | + 384 | + 207 | +507 
58 | =+ 247 | — + 161 | +640 | + 66 | + 119 | + 72 | +726 | — 105 | + 249 | + +742 
50 | + 312 | — 148 | + +6655 | + 151 | — 3 — 2 +768 |— 15 | + 8&7 | — +827 


The term of long period is omitted. The tabular unit is o”.01 in éu and dv’, and 10-8 in dp and dp’. 


COEFFICIENTS FOR DIRECT ACTION. 


TABLE II].—Continued. 


MUTUAL PERIODIC PERTURBATIONS OF VENUS AND THE EARTH. 
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System 6. System 7. System 8. 

Ou dv! 0p Op! Ou dv! 00 do! Ou dv! 00 dp! 
Demet 45 | — 730 | +838 | — 225 | +- 170 | — 33 | +759 | — 422 | + 310 | + 73 | +655 
ieee —i20 |— o4 | +820: | — fio 5 |— 39 | +773 | — 316 | + 156 | + 50 | +682 
+ 166 | — 202 | + 58 | +741 | — 12 | — 155 | + 56 | +726 | — 226 | — 3 | + 134 | +654 
+ 186 | — 426 | + 206 | +506 | + 38 | — 301 | + 231 | +620 | — 177 | — 148 | + 272 | +581 
+ 113 | — 519 | + 558 | +406 | + 21 | — 422 | + 446 | +487 | — 179 | — 273 | + 434 | +471 
— 55 | — 565 | + 704 | +105 | — 82 | — 509 | + 663 | +312 | — 238 | — 375 | + 506 | +334 
— 204 | — 565 | + 961 | — 23 | — 266 | — 552 | + 840 | +115 | — 353 | — 449 | + 733 | +178 
— 573 | — 526 | +1039 | —232 | — 511 | — 547 | + 943 | — 94 | — 522 | — 400 | + 827 | + 5 
— 860 | — 453 | +1017 | —42t | — 790 | — 493 | + 950 | —208 | — 735 | — 400 | + 845 | —175 
—1128 | — 351 | + 802 | —588 | —1066 | — 4oo | + 855 | —483 | — 973 | — 442 | + 776 | —349 
—1349 | — 228 | + 668 | —723 | —1302 | — 275 | + 651 | —639 | —1201 | — 348 | + 605 | —518 
—1496 | — 88 | + 361 | —823 | —1470 | — 131 | + 368 | —758 | —1378 | — 217 | + 343 | —650 
—1549 | + 64 |— 9 | —879 | —1549 | + 23 | + 23 | —836 | —1480 | — 62 |+ 13 | —762 
—1404 | + 223 | — 405 | —803 | —1524 | + 182 | — 352 | —876 | —1481 | + 107 | — 350 | —828 
—1335 | + 381 | — 790 | —860 | —1390 | + 339 | — 732 | —875 | —1378 | + 277 | — 714 | —850 
—r1089 | + 533 | —1125 | —788 | —1150 | + 489 | —1076 | —834 | —1178 | + 44o | —1048 | —831 
— 775 | + 671 | —1382 | —682 | — 815 | + 624 | —1355 | —757 | — 875 | + 588 | —1327 | —774 
— 427 | + 706 | —1541 | —547 | — 419 | + 742 | —1534 | —640 | — 500 | + 718 | —1521 | —680 
— 73 | + 902 | —1502 | —306 | + 2 | + 833 | —1505 | —406 | — 75 | + 821 | —1606 | —555 
+ 266 | + 987 | —1528 | —231 | + 409 | + 901 | —1538 | —328 | + 370 | + 805 | —1567 | —406 
+ 563 | +1046 | —1357 | — 59 | + 750 | + 944 | —1364 | —15r | + 782 | + 934 | —1I402 | —238 
+ 799 | +1073 | —1083 | +114 | +1030 | + 966 | —1008 | + 20 | +1124 | ++ 941 | —1126 | — 58 
+ 957 | +1062 | — 731 | +277 | +1205 | + 967 | — 754 | +203 | +1362 | + 920 | — 766 | +123 
+1023 | +1009 | — 349 | +425 | +1274 | + 943 | — 359 | +366 | +1479 | + 876 | — 356 | +208 
+I00I | + 919 | + 47 | +544 | +1232 | + 800 | + 4o | +512 | +1467 | + 812 | + 70 | +459 
+ 809 | + 801 | + 412 | +632 | +1087 | + 809 | + 461 | +634 | +1333 | + 735 | + 486 | +599 
+ 737 | + 663 | + 726 | +687 | + 842 | + 606 | + 816 | +726 | +1083 | + 641 | + 861 | +713 
+ 540 | + 517 | + 962 | +716 | + 541 | + 565 | +1090 | +784 | + 742 | + 531 | +1165 | +795 
+ 318 | + 366 | +1142 | +729 | + 207 | + 419 | +1206 | +809 | + 340 | + 406 | +1368 | +846 
+ 90 | + 213 | +1251 | +728 | — 121 | + 270 | +1339 | +802 | — or | + 268 | +1457 | +861 
— 130 | + 57 | +1282 | +721 | — 422 | + r2t | +1321 | +772 | — 408 | + 126 | +1428 | +843 
— 359 | — 102 | +1236 | +705 | — 677 | — 23 | +1230 | +727 | — 849 | — 11 | +1204 | +706 
— 562 | — 262 | +1118 | +679 | — 884 | — 164 | +1071 | +673 | —1126 | — 140 | +1084 | +726 
— 731 | — 422 | + 926 | +645 | —1037 | — 300 | + 855 | +615 | —1312 | — 260 | + 813 | +642 
— 852 | — 574 | + 675 | +599 | —1128 | — 445 | + 580 | +553 , —1406 | — 370 | + 510 | +548 
— 923 | — 718 | + 374 | +545 | —1153 | — 579 | + 284 | +487 | —1418 | — 474 | + 187 | +453 
1035.) — 852 | -+ 30 | +4 —1108 | — 709 | — 4o | +414 | —1346 | — 577 | — 136 | +357 
— 886 | — 972 | — 315 | +300 | — oor | — 828 | — 365 | +334 | —1202 | — 676 | — 449 | +265 
— 773 | —i071 | — 683 | +300 | — 803 | — 933 | — 688 | +246 | — 982 | — 767 | — 743 | +177 
— 580 | —1143 | —1024 | +178 | — 558 | —1024 | — 983 | +150 | — 697 | — 850 | — 907 88 
— 335 | —1177 | —1317 | + 33 | — 262 | —1093 | —1240 | + 45 | — 362 | — 920 | —1203 | — 3 
— 28 | —1165 | —1526 | —130 | + 79 | —11390 | —1436 | — 72 | + 12 | — 977 | —1354 | — 96 
+ 313 | —1100 | —1622 | —297 | + 450 | —1147 | —1550 | —201 | + 407 | —1017 | —1438 | —I92 
+ 650 | — 989 | —1509 | —458 | + 825 | —1112 | —1556 | —337 | + 808 | —1036 | —1454 | —291 
+ 950 | — 837 | —1456 | —600 | +1172 | —1024 | —1451 | —473 | +1190 | —1024 | —138I | —393 
+1215 | — 658 | —1207 | —717 | +1462 | — 887 | —1233 | —509 | +1535 | — 974 | —12I13 | —49I 
+1400 | — 466 | — 881 | —8o01 | +1660 | — 709 | — 930 | —703 | +1805 | — 878 | — 961 | —581 
+1505 | — 260 | — 496 | —850 | +1753 | — 502 | — 564 | —773 | +1974 | — 737 | — 629 | —655 
S-1s24|— 77 | — 87 | —863 | +1738 | — 285 | — 167 | —807 | +2021 | — 555 | — 248 | —705 
+1454 | + 106 | + 307 | —837 | +1629 | — 67 | + 222 | —803 | +1041 | — 242 | + 135 | —725 
+1298 | + 270 | + 651 | —760 | +1433 | + 137 | + 576 | —758 | +1741 | — 125 | + 488 | —706 
+1070 | + 407 | + 909 | —653 | +1168 | + 319 | + 866 | —675 | +1450 | + oF | + 785 | —O650 
4+ 802 | + 513 | +1062 | —soo | + 861 | + 471 | +1063 | —556 | +1100 | + 287 | + —555 
e520 | - 562 | +1101 | —316 | + 534 | + 5 +1151 | —403 | + 720 | + 454 | +1118 | —425 
+ 256 | + 610 | +1045 | —117 | + 225 | + 654 | +1129 | —225 | + 346 | + 580 | +1138 | —271 
+ 34 | + 500 | + 800 | +03 | — 43 | + 677 | + 988 |— 27 |+ 7 | + 662 | +1051 | — 97 
— 135 | + 553 | + 671 | +200 | — 230 | + 651 | + 773 | +18 | — 266 | + 603 | + 875 | + 90 
— 224 | + 472 | + 414 | +401 | — 348 | + 570 | + 520 | +379 | — 446 | + 670 | + 639 | +273 
— 237 | + 356 | + 163 | +656 | — 371 | + 467 | + 272 | +552 | — 522 | + 592 | + 302 | +440 
— 174 | + 212 | — 33 | +776 | — 322 | + 328 | + 76 | +683 | — 504 | + 471 | + 188 | +572 
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ACTION OF THE PLANETS ON THE MOON. 


TABLE III]. —Concluded. 


MuTUAL PERIODIC PERTURBATIONS OF VENUS AND THE EARTH. 


The term of long period is omitted. The tabular unit is 0%.01 in dz and dv’, and 10-8 in dp and dp’. 


System 9. System 10. System Ir. 
Ou dv! | do 


O ON OM BRWNHHO 


| 
4 
os) 
OV 
fo} 

| 
i) 
S 
ST 
w 


—1560 | —537 | — 225 
—1402 | —504 | — 544 
—1173 | —645 | — 818 


+1946 | —768 | — 642 
+2089 | —681 | — 322 
SRE | IS |e ey 


COEFFICIENTS FOR DIRECT ACTION. 


TABLE IVa. 


PERTURBATIONS OF THE G-COORDINATE X OF VENUS. 


The tabular unit is 10—8. 


Sys- 
ry 0 I 2 3 4 5 6 7 8 9 10 II 
+57 | +92 | +137 | +181 | +217 | +218 | +184 | +142 | +107 | + 71 | + 52 
+50 | + 8 | +118 | +159 | +197 | +212 | +183 | +140 | + 92 | + 52 | + 30 
+11 | +41 | + 71 | +100 | +1490 | +176 | +158 | +114 | +59 | + 8 | — 23 
ea eA erga Gea Set tke NS-TEE foe 720 (e- O | —= 52.) 97 
—154 | —111 | — 79 | —so | — 14 | + 26 | + 46 | + 14 | — 48 | —122 | —183 
—269 | —217 | —183 | —156 | —122 — 79 | —4t | — 55 | —111 | —Io1 | —268 
—300 | —338 | —200 | —267 | —237 | —107 | —146 | —130 | —179 | —261 | —348 
—519 | —465 | —405 | —380 | —354 | —318 | —263 | —230 | —251 | —326 | —42I 
—628 | —s8 | —s19 | —487 | —468 | —437 | —384 | —331 | —330 | —386 | —482 
—715 | —606 | —620 | —583 | —569 | —546 | —S02 | —437 | —410 | —443 | —530 
—763 | —780 | —718 | —661 | —6s50 | —636 | —soo | —530 | —488 | —494 | —565 
—777 | —827 | —783 | —718 | —609 | —607 | —672 | —6190 | —556 | —534 | —582 
—759 | —828 | —814 | —745 | —714 | —722 | —7I0 | —669 | —606 | —561 | —580 
—710 | —790 | —803 | —745 | —6o —707 | —712 | —682 | —625 | —569 | —560 
—639 | —713 | —749 | —709 | —652 | —652 | —671 | —659 | —610 | —552 | —523 
—s41 | —614 | —6s9 | —64o | —s80 | —564 | —sor | —s06 | —559 | —S07 | —466 
—431 | —495 | —s42 | —s4o | —487 | —452 | —475 | —496 | —476 | —432 | —380 
—308 | —364 | —410 | —417 | —374 | —325 | —337 | —368 | —366 | —331 | —208 
—183 | —231 —273 | —283 | —25I —195 | —187 | —221 —236 | —213 | —187 
— 61 | — 98 | —137 | —149 | —123 — 68 | — 38 | — 66 | —95 | — & | — 64 
+561 +25 | —13|—26|/ — 1/1 +48| +93 | +8 | +46| +41 | + 58 
+160 | +136 | +100 | + 82 | +106 | +151 | +203 | +209 | +170 | +155 | +171 
4253 | +229 | +107 | +174 | +102 | +236 | +288 | +312 | +201 | +262 | +266 
4330 | +305 | +275 | +249 | +250 | +200 | +350 | +384 | +377 | +348 | +342 
+302 | +363 | +333 | +307 | +3 +341 | +387 | +430 | +434 | +412 | +308 
+436 | +407 | +373 | +347 | +338 | +367 | +412 | +451 | +466 | +456 | +437 
4460 | +435 | +400 | +374 | +361 | +378 | +418 | +457 | +475 | +476 | +464 
4471 | +451 | +417 | +388 | +372 | +380 | +418 | +454 | +478 | +483 | +478 
+475 | +459 +304 | +381 | +370 | +411 | +447 | +472 | +481 | +484 
+475 | +463 | +432 | +307 | +381 | +370 | +405 | +440 | +465 | +475 | +485 
+479 | +467 | +438 | +4or | +380 | +380 | +401 | +434 | +459 | +473 | +479 
4484 | +476 | +445 | +406 | +380 | +380 | +307 | +431 | +457 | +470 | +476 
+492 | +483 | +455 | +414 | +380 | +379 | +302 | +426 | +456 | +460 | +473 
4407 | +488 | +460 | +417 | +370 | +375 | +387 | +419 | +451 | +467 | +466 
44o2 | +480 | +463 | +420 | +377 | +362 | +375 | +403 | +437 | +456 | +456 
4468 | +470 | +458 | +414 | +366 | +341 | +354 | +377 | +411 | +432 | +436 
4426 | +448 | +437 | +302 | +342 | +310 | +314 | +338 | +368 | +301 | +399 
+360 | +304 | +306 | +353 | +301 | +262 | +260 | +282 | +311 | +331 | +343 
4270 | +309 | +327 | +203 | +240 | +106 | +184 | +208 | +236 | +255 | +264 
+166 | +1909 | +230 | +211 | +155 +1o9 | + 90 | +112 | +141 | +161 | +166 
Bean | + Go | +107 | +104 | + 5r | + 2) — 20 | — 4) +33) +55 |] + 57 
= S00) —.74 |>— 38 | — 22 | — 67 —i2t | —145 | —127 | —90 | — 50 |] — 58 
—206 | —215 | —188 | —161 | —1092 —254 | —283 | —265 | —222 | —180 | —172 
—328 | —344 | —336 | —306 | —319 | —381 | —420 | —407 | —357 | —304 | —282 
—430 | —4s0 | —464 | —443 | —438 | —a04 | —549 | —543 | —486 | —423 | —385 
—sto | —s45 | —568 | —3557 | —544 | —580 | —656 | —665 | —609 | —534 | —475 
—s60 | —605 | —634 | —638 | —626 | —655 | —720 | —760 | —7I2 —628 | —555 
—578 | —626 | —665 | —681 —678 —604 | —764 | —818 | —7OI —702 | —617 
—s74 | —61r | —660 | —685 | —602 | —703 | —759 | —833 | —833 | —749 | —657 
—s47 | —s66 | —619 | —653 | —668 | —670 | —723 | —805 | —838 | —775 | —675 
—so8 | —s06 | —s49 | —s88 | —609 | —627 | —6s0 | —737 | —796 | —766 | —668 
—437 | —431 | —454 | —499 | —525 | —345.] —571 | —630 | —716 | —723 | —639 
—4o1 | —347 | —330 | —301 | —423 | —447 | —470 | —525 | —605 | —644 | —s89 
—330 | —268 | —248 | —276 | —311 | —333 | —357 | —4ot | —477 | —535 | —518 
—274 | —I193 | —I52 —162 | —107 —222 | —247 | —281 —346 | —414 | —428 
—205 | —122 | — 69 | — 58 | — 88 | —111 | —137 | —167 | —219 —286 | —324 
Sate cee ote = ar ee Ta — T4337) 64 | —106 | —164 | —2II 
meno 45) fo | +101 | +to2 | + 73) + 48 | +20) —- 4) — 60 | —I05 
Meee at) brag | rsa) 4-367 | +144 | +115 | + 85 | + 54 | + 16} — 18 
+ 36 | + 78 | +130 | +179 | +208 | +104 | +161 | +128 | + 94 | +59 | + 36 


54 ACTION OF THE PLANETS ON THE MOON. 
TABLE IV6é. 
PERTURBATIONS OF THE G-COORDINATE Y OF VENUS. 
The tabular unit is 10—®. 

Sys- 

tem 0 I 2 3 4 & 6 7 8 9 10 II 
z 
o | —164 | —370 | —379 | —274 | —176 | — 7 | + 42 | +160 | +300 | +423 | +385 | +146 
I | —100 | —357 | —436 | —365 | —275 | —1909 | — 87 | + 39 | +181 | +337 | +377 | --202 
2 | — 22 | —310 | —454 | —430 | —350 | —200 | —203 | — 77 | + 68 | +230 | 4-348 | =hagE 
3 | +70 | —224 | —424 | —458 | —304 | —345 | —287 | —175 | — 30 | +145 | +304) -=-204 
4 | +172 | —11I | —350 | —438 | —405 | —360 | —330 | —246 | —108 | + 65 | +252 | +324 
5 | +273 | + 22 | —236 | —373 | —378 | —341 | —328 | —281 | —162 | + 3 | +200 | +330 
6 | +355 | +164 | — 97 | —272 | —318 | —2 —289 | —277 | —I190 | — 38 | --154 | =-334 
7 | +410 | +208 | + 53 | —148 | —231 | —228 | —225 | —230 | —193 | — 65 | +115 | +313 
8 +435 | +406 | +202 | — 11 | —124 | —146 —I44 | —I7I | —167 | — 72} + ob 
9 | +436 | +481 | +340 | +131 | — 6 | — 54 | — 59 | — 87 | —114 | — 62 | + 73 | +258 
10 | +415 | +523 | +452 | +267 | +114 | + 46 | + 32 | + 7 | — 38 | — 31 | + 70 | +232 
Ir | +389 | +531 | +533 | +300 | +230 | +146 | +120 | + 68 | + 49 | + 190 | + 78 | +214 
12 | +361 | +519 | +583 | +400 | +330 | +244 | +205 | +185 | +130 | + 86 | +101 | +205 
13, | +339 | +495 | +602 | +571 | +442 | +338 ; +200 | +267 | +227 | +165 | +142 | +207 
14 | +331 | +472 | +600 | +626 | +533 | +420 | +372 | +348 | +315 | +254 | +201 | +229 
15 | +339 | +457 | +590 | +660 | +610 | +515 | +454 | +427 | +300 | +348 | +279 | +268 
16 | +363 | +457 | +579 | +673 | +673 | +507 | +536 | +508 | +484 | +44o | +371 | +329 
17 | +4 +472 | +575 | +679 | +721 | +673 | +615 | +588 | +568 | +534 | +473 | +400 
18 | +469 | +502 | +582 | +678 | +749 | +738 | +600 | +6067 | +650 | +624 | +579 | +505 
19 | +550 | +548 | +602 | +680 | +7 +787 | +757 | +735 | +720 | +710 | +675 | +610 
20 | +639 | +606 | +629 | +685 | +759 | +812 | +809 | +702 | +703 | +786 | +761 | +710 
21 | +729 | +668 | +660 | +602 | +747 | +814 | +837 | +832 | +837 | +845 | +829 | +705 
22 | +804 | +720 | +601 | +608 | +729 | +788 | +835 | +847 | +858 | +877 | +875 | +855 
23 | +848 | +779 | +715 | +606 | +704 | +743 | +709 | +830 | +846 | +875 | +888 |:'+880 
24 | +854 | +801 | +725 | +681 | +671 681 | +720 | +778 | +801 | +833 | +861 | +864 
25 | +812 | +786 | +717 | +653 | +621 | +606 | +630 | +683 | +717 | +752 | +702 | +809 
20 | +723 | +722 | +676 | +602 | +552 | +517 | +510 | +551 | +504 | +632 | +676 | +710 
27 | +504 | + +593 | +531 | +405 | +416 | +383 | +307 | +441 | +478 | +522 | +567 
28 | +428 | +455 | +467 | +428 | +360 | +207 | +248 | +228 | +262 | +301 | +341 | +300 
29 | +237 | +2 +301 | +205 | +230 | +174 | 4113 | + 66 | + 70 | +106 | +138 | +187 
30 + 26 | + 67 | +107 | +132 | +100 | + 4o — 22 | — oo | —116 | — 92 | — 65 | — 27 
31 | —187 | —142 | —099 | — 54 | — 51 | —o8 | —155 | —227 | —280 | —283 | —o6n | eeeee 
32 | —388 | —340 | —300 | —250 | —216 | —237 | —284 | —346 | —416 | —44o | —ago | —a24 
33 | —565 | —523 | —484 | +430 | —380 | —375 | —403 | —451 | —s20 | —s80 | —s8o | —s82 
34 | —702 | —673 | —637 | —6o2z2 | —547 | —505 | —s509 | —538 | —s04 | —667 | —7o2 | —703 
35 | —796 | —785 | —754 | —729 | —685 | —625 | —6or | —6oo | —644 | —711 | —770 | —987 
36 | —846 | —852 | —835 | —814 | —78 | —728 | —670 | —664 | —675 | —723 | —788 | —820 
37 | —857 | —875 | —872 | —860 | —850 | —807 | —743 | —704 | —601 | —712 | —774 | —830 
38 | —832 | —857 | —869 | —867 | —859 | —850 | —7or | —720 | —605 | —688 | —729 | —7o4 
39 | —779 | —810 | —833 | —84o | —8s0 | —858 | —820 | —749 | —600 | —659 | —660 | —7a29 
40 | —704 | —741 | —769 | —787 | —802 | —835 | —827 | —761 | —685 | —631 | —608 | —647 
4t | —613 | —659 | —690 | —713 | —736 | —778 | —810 | —767 | —682 | —6o7 | —ssq | —s6r 
42') —518 | —s68 | —6or1 | —629 | —655 | —704 | —766 | —763 | —680 | —s8 | —si2 | —483 
43 | —428 | —475 | —513 | —539 | —568 | —618 | —7o2.| —743 | —686 | —s82 | —484 | —aar 
44 —350 | —383 | —426 | —452 | —478 | —528 —622 | —705 | —689 | —586 | —468 | —379 
45 | —289 | —209 —341 | —369 | —303 | —435 | —530 | —645 | —681 | —so7 | —460 | —353 
46 —249 | —226 | —260 | —291 | —310 | —344 —432 | —5690 | —6590 | —612 | —480 | —345 
47 | —227 | —168 | —183 | —214 | —229 | —254 | —329 | —472 | —610 | —618 | —400 | —352 
48 —220 | —126 | —11I | —139 | —152 | —166 —223 | —360 | —532 | —606 | —s2r1 | —363 
49 | —227 | —103 | — 47 | — 64 | — 77 | — 70 | —116.| —235 | —425 1 —366 | —sgeujueeees 
50 | 7740 | — 9 | — 3| + 9} — 2):4+ 8 | — 40.) —104 | —2o5 | —8 | Sean 
St | —258 | — 96 | + 25 | +75 | +74 | + 88 | 4+ om | + 30 | —148 | 377 | Sag 
52 —278 | —105 | + 40 | +124 +143 | +163 +192 | +160 | + 8 | —235 | —427 | —427 
53 207 | —124 | +-°35 | 4-151 |'-b200 | -+-226 | 4-270 | 296 | -La6r |. So yy —324 | —407 
54 | —314 | —Iso | + 13 | +151 | +234 | +272 | +327 | +368 | +200 | + 84 | —z04 pees 
535 | 310 | —184 | — 21 | +124 | 4237 | +208 | +358 | +428 | L400 | +235 | = up eeeee 
56 | —31t | —226 | — 68 | + 74 | +205 | +201 | +360 | +440 | +483 | +361 | + o2 | —10e 
3f | 2090 | —273 | —132 | + 8 | +136 | +247 | +320 | +427 | +500 | +448 | borg ergs 
5 —257 | —319 | —212 | — 77 | + 42 | +164 | +264 | 4-365 | +481 | +487 | 4:4cn eee 
59 | —#15 | 355 | 208 | —173 | ~ 66: | +50 | +165 | +274 | +407 | 4477 | bers) 


COEFFICIENTS FOR DIRECT ACTION. 55 


TABLE V. 


RECTANGULAR G-cOORDINATES X AND Y or VENUS, REFERRED, IN EACH 
SYSTEM, TO AN Axis OF X PASSING THROUGH THE MEAN SuN. 


System o. System 


System 1. 


ei 


Wig 


eG 


‘a 


>.< 


r 


WOON AM FWNHHO 


40.264 4388 
+0.268 2411 
-+-0.280 0227 
+0.299 6585 
+0.326 9346 


+0.361 5487 
+0.403 1159 
+0.45I 1712 
0.505 1754 
+0.564 5219 
+0.628 5438 
+0.696 5229 
+0.767 6965 
+0.841 2692 
+0.916 4199 
+0.992 3125 
+1.068 1057 
+1.142 9619 
+1.216 0577 
+1.286 5033 


+1.353 7991 
+1.416 9464 
+1.475 3520 
+1.528 3011 
+1.575 4942 
+1.616 1628 
+1.649 9601 
+1.676 5593 
+1.695 6592 
-++1.707 0734 


+1.710 6894 
+1.706 4775 
+1.604 4891 
+1.674 8587 
+1.647 8008 
+1.613 6080 
+1.572 6476 
+1.525 3583 
+1.472 2450 
+1.413 8753 
+1.350 8731 
+1.283 9122 
+1.213 7108 


+1.141 0227 
-+1.006 6304 


-++0.991 3369 
+0.915 9571 
+0.841 3093 
-++0.768 2082 
0.697 4541 


-+-0.629 8261 
-+-0.566 0715 
+0.506 8987 
0.452 9685 
+0.404 8861 
+0.363 1948 
+0.328 3680 
+-0.300 8042 
+0.280 8207 
+0.268 6504 


-++0.005 3159 
—0.070 6504 
—0.145 8383 
—0.219 3803 
—0.290 4863 


—0.358 3344 
—0.422 1763 
—0.481 2093 
—0.535 0445 
—0.582 8139 


—0.624 0792 
—0.658 3852 
—0.685 3576 
—0.704 7061 
—0.716 2270 


—0.719 8055 
—0.715 4169 
—0.703 1247 
—0.683 o801 
—0.655 5200 


—0.620 7640 
—0.579 2086 
—0.531 3238 
—0.477 6470 
—0.418 7748 


—0.355 3577 
—0.288 0919 
—0.217 7116 
—0.144 9820 
—0.070 6903 


+0.004 3615 
+0.079 3664 
+0.153 5190 
-L0.226 0244 
+0.296 1060 


+0.363 0127 
-++0.426 0265 
+0.484 4604 
+0.537 7122 
-+0.585 1789 
+0.626 3539 
-+0.660 7876 
-+0.688 0905 
-+0.707 9845 
-++0.720 2157 
+0.724 6478 
+0.721 2182 
-+0.709 9494 
-+0.690 94) 

+0.664 4077 


-++0.630 6012 


+0.489 5225 
-++0.430 9573 
+0.367 6314 
-+0.300 2365 
+0.229 5127 
-+0.156 2403 
0.081 2302 


+0.267 8642 
+0.271 9461 
+0.284 0031 
-++0.303 8978 
0.331 4038 
-+-0.366 2082 
-++0.407 9159 
+0.456 0557 
+0.510 0841 
-+0.569 3024 


+0.633 3160 
-+-0.701 1382 
+0.772 1023 
+0.845 4108 
+0.920 2784 


-+0.995 85390 
+1.071 3157 
+1.145 8304 
+1.218 6136 
+1.288 8493 


+1.355 7887 
+1.418 7118 
+1.476 0448 
+1.529 8660 
+1.576 9123 


+ 1.617 5843 
+1.651 4516 
+1.678 1568 
+1.697 4188 
+1.709 0351 


+1.712 8842 
+1.708 9249 


+1.651 0177 


+1.617 0473 
+1.576 2761 
+1.529 1350 
+1.476 1240 
+1.417 8080 


-+1.354 8096 
+-1.287 8040 
+1.217 5124 
+1.144 6940 
--+1.070 1388 


+0.904 65901 
-+-0.919 

+0.844 2332 
-++0.770 9409 
-+-0.700 0152 


+0.632 24390 
-+-0.568 3830 
+-0.509 1472 
-+0.455 2020 
0.407 1576 
+0.365 5549 
--0.330 8664. 
+0.303 4856 
-++0.283 7236 
+0.271 8049 


-+-0.017 2810 
—0.058 8025 
—0.134 0369 
—0.207 5810 
—0.278 6154 


—0.346 3406 
—0.410 0328 
—0.468 9619 
—0.522 4898 
—0.570 0313 
—0o.611 0692 
—0.645 1617 
—0.671 9440 
—0.691 1353 
—0.702 5389 
—0.706 0456 
—0.701 6335 
—0.689 3674 
—0.669 3977 
—0.641 9577 


—0.607 3599 
—0.565 9043 
—0.518 3200 
—0.464 8651 
—0.406 2148 


—0.343 0090 
—0.275 9346 
—0.205 7162 
—0.133 1009 
—0.058 8960 
-+0.016 1297 
+0.091 1628 
+0.165 3988 
--0.238 0408 
+-0.308 3085 


-+0.375 4452 
+0.438 7253 
0.497 4622 
-+0.551 0155 
+0.598 7973 


-+0.640 2802 
--0.675 0020 
+0.702 5721 
++0.722 6753 
+0.735 0768 


+0.739 6239 
+0.736 2498 
-+0.724 9743 
-+0.705 9042 
+0.679 2337 
+0.645 2428 
--0.604 2938 
-40.556 8286 
+0.503 3636 
+0.444 4847 


--0.380 8404 
4-0.313 1351 
+0.242 1210 
-+0.168 5805 
-++0.093 3621 


+0.273 5060 
0.277 8772 
-+-0.290 1029 
+0.310 1265 
0.337 7133 


+0.372 5452 
+0.414 2234 
0.462 2754 
-+0.516 1594 
-++0.575 2710 


+0.638 9518 
+0.706 4955 
+0.777 1506 
+0.850 1572 
-+0.924 6978 


+0.999 9648 
+1.075 1404 
-+-1.149 4106 
+ 1.221 9735 
-+-1.292 0488 


+1.358 8830 
+-1.421 7633 
+1.480 0138 
-+-1.533 0133 
++ 1.580 1954 


+1.621 0558 
+1.655 1564 
+1.682 1302 
+1.701 6857 
+1.713 6087 


+1.717 7659 
+-1.714 1050 
+1.702 6556 
-+1.683 5308 
+1.656 9253 


-+1.623 1144 
-+-1.582 4506 
+1.535 3622 
+1.482 3484 
-+1.423 9759 
--1.360 8720 
-+1.293 7184 
++ 1.223 2454 
-- 1.150 2220 
+1.075 4484 


-++0.999 7488 
0.923 9587 
--0.848 9201 
-+0.775 4674 
+0.704 4196 
+0.636 5703 
-+-0.572 6800 
-+0.513 4653 
0.459 5903 
-+Lo.411 6602 


-++0.370 2130 
+-0.335 7125 
--0.308 5436 
--0.289 0073 
+0.277 3170 


+0.024 1368 


—0.051 8927 
—0.127 0162 
—0.200 3088 
—0.271 2285 


—0.338 7248 
—0.402 1483 
—0.460 8077 
—0.514 0071 
—0.561 3528 


—0.602 1602 
—0.636 0564 
—0.662 6856 
—0.681 7730 
—0.693 1251 
—0.696 6325 
—0.692 2710 


—0.632 9963 


—0.598 5883 
—0.557 4240 
—0.509 9523 
—0.456 6884 
—0.398 2084 
—0.335 1418 
—0.268 1673 
—0.1098 0049 
—0.125 4065 
—0.051 I51I 


+0.023 9652 
-++0.099 1360 
+0.173 5529 
0,246 4124 
+0.316 9261 


+0.384 3260 
+0.447 8781 
-+-0.506 8825 
--0.560 6870 
-++0.608 6059 
-+-0.650 3687 
-+-0.685 2350 
+0.712 8968 
-+-0.733 0331 
+0.745 4066 


0.749 8650 
+0.746 3434 
-+-0.734 8666 
+0.715 5486 
-+0.688 5925 


+0.654 2871 
--0.613 0068 
-+-0.565 2062 
-+-0.511 4133 
+0.452 2270 
-+-0.388 3082 
-L0.320 3708 
+0.249 1751 
+0.175 5176 
-++0.100 2240 
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TABLE V.—Continued. 


RECTANGULAR G-COORDINATES X AND Y OF VENUS, REFERRED, IN EACH 
System, To AN Axis oF X PASSING THROUGH THE MEAN SUN. 


System 3. System 4. System 5. 
xX 1g x4 i fa ra ¥ 6 
fe) -++0.279 8926 +0.024 4020 -++0.285 2603 --o.018 4830 -L0.288 6501 -+-0.008 0878 
I -++0.284 2760 —0.05I 3907 -L0.289 6702 —0.056 9777 0.293 OIQI —0.007 0880 
2 0.296 5601 —0.126 2430 0.301 9208 —0.131 4966 -L0.305 1838 —O.14I 3542 
3 --0.316 5918 —0.199 3308 +0.321 88905 —0.204 2627 +0.325 0091 —0.213 9093 
4 +0.344 1354 —0.269 8527 -+0.349 3160 —0.274 4873 +0.352 2710 —0.283 9728 
5 +0.378 8721 —0.337 0406 +0.383 8974 —0.341 4123 +0.386 6655 —0.350 7037 
6 -0.420 4078 —0.400 1668 +0.425 2457 —0.404 3190 +0.427 8152 —0.413 6573 
7 +0.468 2736 —0.458 5510 -+0.472 9020 —0.462 5340 +0.475 2721 —0.471 8919 
8 -+-0.521 9346 —0.511 5674 +0.526 3418 —0.515 43608 --0.528 5222 —0.524 8756 
9 --0.580 7952 —0.558 6507 +0.584 9803 —0.562 4651 +0.586 9911 —0.572 0427 
10 -+-0.644 2076 —0.599 3022 +0.648 1708 —0.603 1207 -+0.650 0504 —0.612 8887 
II +0.711 4758 —0.633 0942 -+-0.715 2549 —0.636 9740 +0.717 0241 —0.646 9765 
12 -+0.781 8659 —0.659 6737 +0.785 4819 —0.603 6672 0.787 1933 —0.673 9380 
13 +0.854 6132 —0.678 7647 -+-0.858 1036 —0.682 9185 -L0.859 8058 —0.693 
14 +-0.928 9204 —0.690 1730 +0.932 3397 —0.604 5257 | -+0.934 0825 —0.705 3977 
15 +1.004 0113 —0.693 7852 ---1.007 3025 —0.608 3667. | +1.009 2254 —0.709 5459 
16 +1.079 0492 —0.689 5714 +1.082 4565 —0.604 4006 +1.084 4261 —0.705 8750 
17 +1.153 2351 —0.677 5823 +1.156 7246 —0.682 66901 --1.158 8744 —0.604 4182 
18 --1.225 7719 —0.657 9526 +1.229 3083 —0.663 2956 1.231 7646 —0.675 2864 
19 -+1.295 8808 —0.630 8962 -- 1.299 6044 —0.636 4839 +1.302 3064 —0.648 6750 
20 -+1.362 8003 —0.596 7058 +1.366 8546 —0.602 5160 +1.369 7311 —0.614 8635 
21 +1.425 83094 —0.555 7480 +1.430 1522 —0.501 7502 +1.433 3011 —0.574 2026 
22 -+1.484 2031 —0.508 4647 +1.488 9006 —0.514 6175 +1.492 3178 —0.527 1222 
23 ++1.537 5412 —0.455 3593 +1.542 4506 —0.461 6180 +1.546 1296 —0.474 1214 
24 +1.585 0084 —0.307 0007 + 1.590 2425 —0.403 3157 ++ 1.504 1387 —0.415 7061 
25 +1.626 1801 —0.334 O124 +1.631 7225 —0.340 3342 +1.635 8083 —0.352 6827 
26 +1.660 6072 —0.267 0680 +1.666 4388 —0.273 3482 +1.670 6690 —0.285 5523 
27, +1.687 9113 —0.196 8867 +1.694 0012 —0.2030779 | -+1.698 3230 —0.215 1035 
28 +1.707 7882 —0.124 2202 -+1.714 0057 —0.130 2819 re 1.718 4514 —0.142 1049 
20 +1.720 0122 —0.049 8508 +1.726 4883 0.055 7493. | -+1.730 8162 —0.007 3551 
30 +1.724 4388 +0.025 4188 +1.731 0274 0.019 7085 +1.735 2660 -+0.008 3225 
31 +1.721 0059 +0.100 7745 ++1.727 6465 +0.095 2669 | +1.731 7363 -+0.084 0928 
32 +1.709 7359 +0.175 3980 +1.716 3660 +0.1700960 | +1.720 2518 +0.159 I154 
33 +1.690 7351 +0.248 4792 +1.697 2920 +0.243 3714 +1.700 9265 +0.232 5558 
34 -+1.664 I950 --0.319 2167 -+-1.670 6105 +0.314 2840 +1.673 9638 +0.303 5051 
35 -+1.630 3893 +0.386 8336 -+1.636 6271 +0.382 0454 +1.639 6529 -+0.371 4384 
36 +1.589 6721 -+0.450 5830 ++ 1.595 6761 +0.445 9010 +1.508 3674 +0.435 3259 
37 +1.542 4753 -++0.509 7560 +1.548 2079 +0.505 1363 + 1.550 5612 +0.494 5411 
38 +1.489 3032 0.563 6915 +1.494 7388 10.559 0849 +1.496 7627 +0.548 4197 
39 ++ 1.430 7300 0.611 7835 +1.435 8543 +0.607 1386 ++ 1.437 5701 +0.506 3565 
40 +1.367 3923 +0.653 4880 ++ 1.372 2027 -+0.648 7530 +1.373 6443 +0.637 8131 
41 + 1.299 9821 0.688 3306 -++1.304 4890 +0.683 4552 -++1.305 6998 +0.672 3257 
42 +1.229 2412 +0.715 9113 +1.233 4657 +0.710 8508 ++ 1.234 4980 0.699 5075 
43 1.155 9507 0.735 9114 +1.159 9243 +0.730 6274 +1.160 8358 0.719 0571 
44 +1.080 9236 +0.748 0961 ++ 1.084 6868 10.742 5505 +1.085 5389 +0.730 7598 
45 + 1.004 9938 +0.752 3188 ++ 1.008 5958 +0.746 5108 -+ 1.009 4492 +0.734 4915 
46 +0.929 0085 +0.748 5233 +0.932 5029 +0.742 4305 +0.933 4172 +0.730 2183 
47 +0.853 8157 +0.736 7446 -+0.857 2595 +0.730 3837 +0.858 2903 +0.717 9976 
48 -+0.780 2560 -+0.717 1082 10.783 7064 +0.710 4807 -+0.784 9033 +0.697 9763 
49 -L0.709 1529 -+0.689 8295 --0.712 6639 -+0.682 9817 -+0.714 0686 +0.670 3895 
50 -+0.641 3017 +0.655 2115 +0.644 9220 +0.648 1733 +0.646 5668 +0.635 5557 
iy +0.577 4611 --0.613 6402 0.581 2344 0.606 4605 +0.583 1378 +0.5093 8734 
52 -+0.518 3431 +0.565 5804 0.522 3027 +0.558 3153 0.524 4736 +0.545 8162 
53 +0.464 6055 0.511 5714 0.468 7755 -+0.504 2817 -+0.471 2105 +0.491 9264 
54 +0.416 8456 10.452 2194 -+0.421 2379 +0.444 9681 40.423 9224 0.432 8084 
55 -+-0.375 5007 +0.388 1916 0.380 2062 -L0.381 0400 +0.383 1147 +0.369 1218 
56 +0.341 2044 0.320 2069 +0.346 1218 +0.313 2132 -+0.349 2206 +0.301 5727 
57 +0.314 3300 -+0.249 0281 +0.319 3477 +0.242 2440 -++0.322 5052 -++0.230 9071 
58 -+0.294 9887 +0.175 4508 +0.300 1638 --0.168 9220 +0.303 5124 +0.157 9020 
59 +0.283 4712 -+-0.100 2067 +0.288 7653 +0.094 0507 +0.292 1646 +0.083 3577 
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TABLE V.—Continued. 


RECTANGULAR G-COO6RDINATES X AND Y oF VENUS, REFERRED, IN EACH 
SYSTEM, TO AN AxIS OF X PASSING THROUGH THE MEAN SUN. 


System 6, System 7. System 8. 
xX z3 xX Yr AL r 

fo) +0.289 3812 —0.004 3547 -++0.287 0415 —0.015 9849 +0.281 8724 —0.023 8026 

I +0.293 5931 —09.079 3938 -+0.291 0012 —0.09I 0510 -+-0.285 5340 —0.099 0059 

2 ++0.305 5780 —0.153 5781 +0.302 7254 —0.165 3184 ---0.296 9815 —0.173 4542 

ES +0.325 2014 —0.226 1096 +0.322 0914 —0.237 9885 -+-0.316 1026 —0.246 3419 

4 -+-0.352 2490 —0.296 2092 +0.348 8055 —0.308 2783 +0.342 7024 —0.316 8787 

5 0.386 4284 —0.363 1251 -+0.382 8548 —0.375 4207 +0.376 5054 —0.384 2966 

6 +0.427 3728 —0.426 1400 +0.423 6113 —0.438 7161 +0.417 1580 —0.447 8587 

7 +0.474 6443 —0.484 5776 -+0.470 7341 —0.497 4515 +0.464 2316 —0.506 8671 

8 --0.527 7380 —0.537 8098 -++0.523 7240 —0.550 9962 -L0.517 2268 —0.560 6696 

9 --0.586 0872 —0.585 2627 0.582 0178 —0.598 7649 +0.575 5777 —0o.608 6687 
10 +0.649 0603 —0.626 4213 +0.644 9946 —0.640 2315 -+0.638 6584 —0.650 3275 
Il +0.716 0118 —0.660 83690 +0.711 9802 —0.674 9360 +0.705 7897 —0.685 1772 
12 +0.786 1986 —0.688 1308 +0.782 2554 —0.702 4883 +0.776 2436 —0.712 8211 
13 +0.858 8760 —0.707 9983 +0.855 0017 —0.722 5740 +0.849 2528 —0.732 0308 
14 +0.933 2651 —0.720 2135 +0.929 6105 —0.734 9582 +0.924 0172 —0.745 2058 
15 +1.008 5598 —0.724 6313 -+-1.005 0902 —0.739 4890 +0.999 7145 —0.749 7373 
160 -+1.083 9453 —0.721 18905 -+-1.080 6753 —0.736 0995 -+-1.075 5086 —0.746 1991 
17 +-1.158 6020 —0.709 9106 +1.155 5347 —0.724 8102 +41.150 5579 —0.734 7062 
18 +1.231 7142 —o.690 9018 -+1.228 8424 —0.705 7280 -+1.224 0268 —0.715 3728 
19 -+1.302 4807 —0.664 3547 +1.299 7857 —0.679 0484 +1.295 0946 —0.688 4024 
20 -+1.370 I219 —0.630 5443 +1.367 5740 —0.645 0509 +1.362 9645 —0.654 0862 
21 +1.433 8901 —0.589 8264 +1.431 4510 —0.604 0981 +1.426 8752 —0.612 79087 
22 +1.493 0762 —0.542 6339 +1.490 7009 —0.556 6323 +1.486 1086 —0.564 9945 
23 +1.547 0187 —0.489 4723 +1.544 6575 —0.503 1709 +1.539 9087 —0.511 2033 
24 +1.595 1122 —0.430 9158 +1.502 7131 —0.444 2998 +1.587 94c9 —0.452 0237 
25 +1.636 8140 —0.307 6003 +1.634 3252 —0.380 6684 +1.629 3073 —0.388 1167 
20 -+-1.671 6503 —0.300 2166 +1.660 0214 —0.312 9805 +1.663 9048 —0.320 1963 
27 +1.699 2228 —0.229 5034 -+1.696 4089 —0.241 9865 -+1.691 0789 —0.249 0223 
28 +1.719 2138 —0.150 2412 +1.716 1761 —0.168 4765 +1.710 6192 —0.175 3907 
29 +1.731 3808 —0.081 2404 -+-1.728 0986 —0.093 2689 4+-1.722 3122 —0.100 1249 
30 +1.735 6043 —0.005 3345 +1.732 0410 —0.017 2049 +1.726 0340 —0.024 0644 
31 +1.731 8010 +-0.070 6309 +1.727 9580 --0.058 8662 +1.721 7514 -+0.051 9430 
32 +1.720 0145 +0.145 8077 +1.715 8966 +0.134 0034 +1.709 5212 +0.127 O51I 
33 +1.700 3702 +0.219 3560 +1.695 9044 ++0.207 6356 +1.689 4904 0.200 4263 
34 +1.673 0827 +0.290 4526 +1.668 4777 +0.278 6726 +-1.661 8933 +0.271 2560 
35 +1.638 4553 +0.358 3016 +1.633 6597 +0.346 4130 +1.627 0482 +0.338 7587 
36 +1.596 8743 +0.422 1439 +1.591 9353 +0.410 1049 +1.585 3540 +-0.402 1930 
37 +1.548 8048 +0.481 2059 +1.543 7778 +0.469 0434 ++ 1.537 2837 --0.460 8658 
38 +1.4094 7865 -+0.535 0089 +1.489 7309 +0.522 5790 +1.483 3802 0.514 1397 
39 +1.435 4258 +0.582 7755 + 1.430 4045 -+0.570 1266 +1.424 2480 0.561 4397 
40 +1.371 3900 +0.624 0380 +1.3066 4651 +0.611 1675 +1.360 5472 ---0.602 2588 
41 +1.303 3980 +0.658 3431 -+ 1.298 6290 -+0.645 2602 +-1.292 9865 +0.636 1634 
42 +1.232 2125 -+0.685 3171 +1.227 6520 +0.672 0417 1.222 3115 -L0.662 7978 
43 +1.158 6310 -++0.704 6608 +1.154 3266 +0.691 2326 +1.149 3005 -L0.681 8865 
44 + 1.083 4752 -+0.716 1979 +1.079 4622 +0.702 6377 -+1.074 7540 0.693 2381 
45 +1.007 5811 0.719 7864 +1.003 8858 ++0.705 1489 +0.999 4847 -+0.606 7453 
46 +0.931 7909 0.715 4100 +0.928 4277 -+0.701 7444 -+0.924 3115 -+0.692 3855 
47 +0.856 9412 -+0.703 1324 +0.853 9128 +0.689 4805 +0.850 0486 -L0.680 2209 
48 +0.783 8553 +0.683 1047 +0.781 1516 -+-0.669 5340 +0.777 4975 +-0.660 3960 
49 +0.713 3338 +0.655 5634 -+0.710 9317 +0.642 IIII -+0.707 4383 +0.633 1359 
50 +0.646 1446 -+-0.620 8269 -+0.644 0104 -L0.607 5322 --0.640 6223 +0.508 7430 
51 +0.583 0165 +0.579 2912 0.581 1065 +0.565 1862 -+0.577 7638 +0.557 5071 
52 0.524 6297 +0.531 4234 0.522 8920 +0.518 5316 -+0.519 5340 0.510 1441 
53 -+0.471 6110 +0.477 7588 -+-0.469 9907 +0.465 0927 +0.406 5545 +0.456 8979 
54 0.424 5246 ++0.418 8929 0.422 9616 +0.405 4538 +0.419 3902 0.398 4327 
55 -+0.383 8706 +0.355 4747 +-0.382 3050! +0.343 2525 +0.378 5456 +0.335 3763 
50 +0.350 0760 0.288 2002 +0.348 4501} +0.276 1738 +0.344 4581 0.2658 4051 
57 ++0.323 4052 0.217 8039 ++0.321 7545 0.205 9419 +0.317 4043 +0.198 2368 
58 +0.304 4032 +0.145 0512 +0.302 4906, -+0.133 3140 +-0.297 9461 +0.125 6232 
59 0.292 9944 +-0.070 7305 ++0.290 8879. +0.059 0724 -+0.286 0278 +0.051 3438 
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TABLE V.—Concluded. 


RECTANGULAR G-COORDINATES X AND Y OF VENUS, REFERRED, IN EACH 
SysTEM, TO AN AxIS OF X PASSING THROUGH THE MEAN SUN. 


System 9. System 10. System II. 
z 
A. we *g z AG * 

fe) +0.275 0523 —0.025 3633 +0.268 5073 —0.019 7819 +0.264 6365 —0.008 4260 

I +0.278 4844 —0.100 7462 +0.271 9768 —0.095 3562 +0.268 1640 —0.084 2045 

2 0.289 7521 —0.175 4000 +0.283 2537 —0.170 2047 +0.279 6432 —0.159 2301 

3 0.308 7484 —0.248 5086 -L0.302 3220 —0.243 5018 --0.298 9610 —0.232 6860 

4 +0.335 2831 —0.319 2704 0.328 9878 —0.314 4354 0.325 9149 —0.303 7353 

5 -L0.369 0820 —0.386 9062 +0.362 9727 —0.382 2158 -+-0.360 2162 —0.37I 5891 

6 +0.409 7903 —0.450 6682 +0.403 9145 —0.446 0864. 0.401 4913 —0.435 4874 

7 +0.456 9758 —0.509 8485 +0.451 3723 —0.505 3317 -+0.449 2861 —0.404 7126 

8 +0.510 1331 —0.563 7854 +0o.504 8204 —0.559 2848 +0.503 0724 —0.548 5982 

9 -L0.568 6886 —0.611 8737 --0.563 7000 —0.607 3382 -+-0.562 2517 —0.596 5386 
10 --0.632 0062 —0.653 5608 +0.627 3358 —0.648 9481 +0.626 1636 —0.637 9955 
II +0.699 3951 —0.688 4000 +0.695 0320 —0.683 6429 +0.604 0946 —0.672 5042 
12 -+-0.770 1160 —0.715 9656 +0.766 0396 —0.711 0281 +0.765 2841 —0.699 6795 
13 +0.843 3808 —0.735 9488 +0.839 5657 —0.730 7919 +0.838 9356 —0.719 2203 
14 0.918 4056 —0o.748 1159 +0.914 7912 —0.742 7091 +0.914 2243 —0.730 9118 
15 0.994 3301 —0.752 3209 0.990 8753 —0.746 6441 -+0.990 3091 —0.734 6303 
16 +1.070 3171 —0.748 5084 -+-1.066 9676 —0.742 5523 +1.066 3406 —0.730 3419 
17 +1.145 5178 —0.736 7126 +1.142 2168 —0.730 4812 --I.14I 4717 —0.718 1042 
18 ---1.2I9 ogI0 —0.717 0597 +1.215 7813 —0.710 5689 -+1.214 8681 —0.698 0645 
19 -++1.2¢0 2123 —0.689 7649 +1.286 8309 —0.683 0438 +1.285 7175 —0.670 4585 
20 -+1.358 0846 —0.655 1320 +1.354 50900 —0.648 2193 +1.353 2374 —0.635 6060 
25 --1.42I1 9480 —0.613 5482 +1.418 3087 —0.606 4921 -+1.416 6861 —0.593 9072 
22 +1.481 0876 —0.505 4803 +1.477 2619 —0.558 3354 -++1.475 3700 —0.545 8365 
23 +1.534 8440 —0.511 4688 +1.530 8092 —0.504 2948 -+-1.528 65190 —0.49I 9379 
24 +1.582 6192 —0.452 1210 +1.578 3646 —0.444 9805 +1.575 9570 —0.432 8169 
25 +-1.623 8856 —0.388 1040 --1.619 4111 —0.381 0590 +1.616 7795 —0.369 1332 
26 -+1.658 1899 —0.320 1363 +1.653 5054 —0.313 2470 -+1.650 6865 —0.301 5047 
27 +1.685 1508 —0.248 9705 +1.680 2882 —0.242 3001 +1.677 3221 —0.230 9478 
28 + 1.704 5055 —0.175 4284 -+1.699 4769 —0.169 0056 -+1.696 4120 —0.157 9087 
29 + 1.716 0249 —0.100 3034 +1.710 8776 0.004 1744 -+1.707 7640 —0.083 4561 
30 --1.719 6036 —0.024 4386 +1.714 3826 —o.018 6290 +1.711 2608 —0.008 2204 
31 +1.715 2172 0.051 3259 --1.709 9702 +0.056 8022 +1.705 9075 +0.066 9225 
32 +1.702 9292 +0.126 I551 +1.607 7055 -+0.13I 2057 +1.604 7377 +0.141 1607 
33 +1.682 8904 -+0.199 2270 +1.677 7386 +0.204 0425 +1.674 9043 +0.213 6045 
34 -+1.655 3370 0.269 7422 ++ 1.650 3021 0.274 2547 +1.647 6325 +0.283 7444 
35 -+1.620 5873 0.336 9322 +1.615 7077 +0.341 1756 +1.613 2252 +0.350 5588 
36 +1.579 0366 -+0.400 0673 +1.574 3442 +0.404 0865 +1.572 0603 0.413 4229 
37 +1.531 1536 -+0.458 4650 +1.526 6706 +0.462 3116 +1.524 5861 --0.471 6640 
38 +1.477 4737 -+0.511 4975 +1.473 2125 +0.515 2206 +1.471 3167 0.524 6595 
390 +1.418 5026 0.558 5979 ++ 1.414 5550 -+0.562 2757 ++ 1.412 8279 +0.571 8423 
40 -+1.355 1605 -+0.599 2658 +1.351 3371 -+0.602 9494 +1.349 7406 +0.612 7065 
4I +1.287 8735 +0.633 0725 +1.284 2449 -L0.636 8197 +1.282 7505 +0.646 8129 
42 -1.217 4671 +0.659 6638 +1.2T4 0031 0.663 5280 +1.212 5774 -+0.673 7929 
43 +1.144 7074 +0.678 7636 +1.141 36¢0 +0.682 7924 +1.139 9554 +0.693 3538 
44 -+1.070 3837 -L0.6¢0 1770 +1.097 1246 0.604 4103 +1.065 6731 -+-0.705 2806 
45 -+0.995 2985 +0.693 7915 0.992 0676 -+0.698 2589 0.990 5284 -+0.709 4400 
46 ++0.920 2620 +0.689 5775 +0.917 0042 -+0.694 2980 -+0.915 3290 -+0.705 7790 
47 +0.846 0814 +0.677 5884 +0.842 7410 0.682 5604 +0.840 8858 +0.604 3282 
48 +0.773 5541 +0.657 9508 +0.770 0760 +0.663 1965 40.768 0039 +0.675 2018 
49 +0.703 4583 +0.630 9076 -+0.699 7907 +0.636 3845 +0.697 4731 +0.648 5938 
50 +0.636 5464 -++:0.506 7255 -+-0.632 6437 -+-0.602 4170 -+0.630 0613 0.614 7816 
5I +0.573 5356 +0.555 7804 -+0.569 3612 -+0.561 6533 +0.566 5049 ious 1195 
52 +0.515 1027 +0.508 5110 -+-0.510 6269 +0.514 5258 +0.507 5018 +0.527 0362 
53 +0.461 8752 +0.455 4212 -+0.457 0893 +0.461 5341 0.453 7038 +0.474 0329 

4 +0.414 4269 +0.397 0772 +0.409 3243 +0.403 2415 0.405 7084 0.415 6762 
55 +0.373 2719 +0.334 IoI2 -++0.367 8611 -L0.340 2605 -+:0.364 0524 +0.352 5027 
6) +0.338 8588 +0.267 1652 -+0.333 1597 -L0.273 2907 -L0.329 2053 0.285 4627 
57 +0.311 5656 +0.196 9846 0.305 6091 -++0.203 0240 +0.301 5630 +0.215 0136 
58 -++0.291 6964 +0.124 3117 +0.285 5228 -++0.130 2265 -Lo.281 4442 --0.142 0126 
59 -+0.279 4770 -+0.049 9280 +0.273 1348 -+0.055 6874 -+0.269 0848 +0.067 2585 
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TABLE VI. 
G-cOORDINATE Z OF VENUS. 


+.017 4641 +.034 6635 +.042 3808 +.038 5648 -++.024 3031 
+.021 4657 -+.037 0784 +.042 5507 -+.036 4563 -++.020 5041 
+.025 2276 -+.039 0785 +.042 2557 +.033 9453 -+.016 4810 
-+.028 7075 +.040 6417 -+.041 4818 +-.031 0603 -+-.012 2785 
+.031 8665 -+.041 7509 +.040 2471 -+.027 83390 +-.007 9423 


+.034 6689 +.042 3939 +.038 5664 +.024 3022 
+.037 0834 +.042 5642 -L.036 4580 +.020 5043 f —.022 1436 
-+.039 0828 -+.042 2603 +.033 9486 -L.016 4824 : —.025 8445 
-+.040 6450 +.041 4861 -+-.03I 0641 -+-.012 2809 i —.029 2075 
+.041 7527 -+.040 2507 +.027 8378 +.007 9454 : —.032 3763 


-+.042 3043 -+.038 5690 +.024 3057 -+.003 5235 : —.035 1374 
+.042 5630 -+.036 4602 -+.020 5072 —.000 9368 —.037 5214 
-+.042 2570 +.033 9485 +.016 4842 —.005 3871 —.025 8416 —.039 5028 
+.041 4828 -+-.031 0627 -+-.o12 2814 —.009 7708 —.029 2051 —.041 0601 
+.040 2473 +.027 8355 +.007 9446 —.014 0665 —.032 3746 —.042 1764 


+.038 5660 -+.024 3029 -+.003 5218 —.o018 2022 —.035 1366 —.042 8392 
+.036 4580 -+-.020 5046 —.000 93890 —.022 1419 —.037 5215 —.043 0410 
+.033 9476 +.016 4822 —.005 3803 —.025 8434 —.039 5037 —.042 7792 
+.031 0631 --.o12 2804 —.009 7815 —.029 2671 —.041 0620 —.042 0556 
+.027 8370 -++.007 9450 —.014 0675 —.032 3762 —.042 1783 —.040 8775 


-+.024 3054 +.003 5233 —.o18 2021 —.035 1377 —.042 8411 —.039 2568 
-+-.020 5072 —.000 9367 —.022 1407 —.037 5218 —.043 0424 —.037 2103 
+.016 4847 —.005 3866 —.025 8415 —.039 5032 —.042 7800 —.034 7593 
-+L.o12 2824 —.009 7789 —.029 2048 —.041 0604 —.042 0556 —.031 9206 
-+.007 9461 —.014 0654 —.032 3739 —.042 1765 —.040 8769 —.028 7515 


+.003 5237 —.018 2007 —.035 1357 —.042 8391 —.039 2556 —.025 2500 
—.000 9370 —.022 1401 —.037 5204 —.043 0406 —.037 2089 —.021 48090 
—.005 3875 —.025 8415 —.039 5023 —.042 7786 —.034 7578 —.017 4848 
—.009 7709 —.029 26052 —.041 0600 —.042 0548 —.03I 9285 —.013 2876 
—.014 0663 —.032 3746 —.042 1766 —.040 8706 —.028 7508 —.008 9440 


—.o18 2014 —.035 1364 —.042 8305 —.039 2557 —.025 2588 —.004 5014 
—.022 1404 —.037 5209 —.043 O41 —.037 2001 —.021 4900 —.000 0091 
—.025 8416 —.039 5026 —.042 7789 —.034 7581 —.017 4851 -+.004 4833 
—.029 2051 —.041 O601 —.042 0550 —.031 9287 —.013 2878 -L.008 9250 
—.032 3744 —.042 1765 —.040 8765 —.028 7508 —.008 9438 -L.013 2596 


—.035 1363 —.042 8304 —.039 2555 —.025 2585 —.004 5009 +.017 4653 
—.037 5212 —.043 O41 —.037 2089 —.021 4805 —.000 0084 +-.021 4663 
—.039 5032 —.042 7792 —.034 7581 —.017 4846 -+-.004 4842 _+.025 2276 
—.O4I O61I —.042 0556 —.031 9288 —.013 2874 -+-.008 9269 -+-.028 7060 
—.042 1777 —.040 8775 —.028 7513 —.008 9438 -++.013 2702 -+-.031 8651 


—.042 8407 —.039 2567 —.025 2504 —.004 5015 -+-.017 4654 -L.034 6668 
—.043 0424 —.037 2103 —.021 4908 —.000 0095 -L.o2I 4658 --.037 0806 
—.042 7801 —.034 7504 —.017 4861 +.004 4827 +.025 2265 --.039 0797 
—.042 0559 —.031 9300 —.013 28890 -+.008 9251 +.028 7052 -+-.040 6420 
—.040 8771 —.028 7519 —.008 9451 +.013 2684 -+-.031 8631 -L.041 7501 


—.039 2555 —.025 2504 —.004 5022 --.017 4641 +.034 6548 -+.042 39022 
—.037 2085 —.02I 4900 —.000 0095 --.021 4650 -+.037 0791 +.042 5618 
—.034 7572 —.017 4846 -++.004 4835 -+-.025 2265 --.039 0788 -.042 2575 
—.031 9278 : -+.008 9260 -+.028 7061 +.040 6418 -L.o41 4834 
—.028 7504 : -L.013 2707 +.031 8649 -+-.041 7508 -+-.040 2487 


—.025 2588 : -+-.017 4664 -+.034 6672 -++.042 30390 -.038 5680 
—.02I 4907 x --.021 4671 --.037 0818 -+.042 5641 -L.036 4606 
—.017 4867 -++.004 4829 -+.025 2277 -+-.030 0815 -+-.042 2603 -+.033 9503 
—.013 2004 -+-.008 9247 +.028 7061 --.040 6439 -++.041 4862 +.031 0650 
—.008 9473 -+.013 2672 -L.031 8635 +.041 7518 -++.040 2511 +L .027 8306 


—.004 5052 +.017 4621 +.034 6645 +.042 3935 +.038 5697 +.024 3076 
—.000 0130 +.021 4624 -+-.037 0779 -+.042 5624 +036 4611 -+.020 5092 
+.004 4707 -++.025 2232 +.039 0768 -+.042 2573 +.033 9495 +.016 4863 
+.008 9228 --.028 7024 -++.040 6360 -+.041 4822 -+.031 0636 -L.o12 2834 
+.013 2660 -++.031 8610 +.041 7474 -+-.040 2465 +.027 8361 --.007 9465 
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TABLE VI1.—Concluded. 
G-CoOORDINATE Z OF VENUS. 


| 
Sys- | 
tem 6 7 8 9 10 II 
Z | 
: | ue 

fe) —.018 2000 —.035 1342 —.042 8369 —.039 2532 —.025 2572 —.004 5010 
I —.022 I401 —.037 5104 —.043 0386 —.037 2062 —.021 4874 —.000 0076 
2 —.025 8423 —.039 5018 —.042 7767 —.034 7550 —.017 4818 +.004 4858 
3 —.029 2668 —.041 O601 —.042 0532 —.031 9256 —.013 2840 -++.008 92904 
4 —.032 3768 —.042 1773 —.040 8754 —.028 7481 —.008 9400 +.013 2734 
5 —.035 13890 —.042 8410 —.039 2552 —.025 2564 —.004 4976 -+.017 4692 
6 —.037 5236 —.043 0430 —.037 2004 —.021 4882 —.000 0058 -+.021 4607 
Gi —.039 5053 —.042 7812 —.034 7501 —.017 4841 -L.co4 4860 +.025 2302 
8 —.O04I 0626 —.042 0571 —.031 9302 —.013 2877 -L.008 9278 -+.028 7085 
9 —.042 1786 —.040 8785 —.028 7525 | —.0089446 +.013 2704 +.031 8658 
10 —.042 8409 —.039 2571 —.025 2602 |  —.004 5023 +-.017 4650 -+.034 6667 
II —.043 0419 —.037 2100 —.021 4909 | —.0000I00 -L.021 4652 -L.037 o801 
12 —.042 7792 —.034 7584 —.017 4855 | -+.004 4828 -++.025 2260 -+.039 0788 
13 —.042 0547 —.031 9285 —.013 2877. | +.0089260 +.028 7051 -+.040 6410 
14 —.040 8759 —.028 7504 —.008 9434 | +.013 2608 +.031 8537 +.041 7493 
15 —.039 2548 —.025 2577 —.0045004 | +.017 4658 L.034 6659 +.042 3920 
16 —.037 2083 —.021 4886 —.0000078 | -+.021 4667 +.037 0804 -+-.042 5621 
17 —.034 7570 —.017 4838 +.004 4849 | +.025 2279 -L.039 o801 +.042 2582 
18 —.031 9285 —.013 2868 +.008 9276 | -+.028 7070 -+.040 6429 -+.041 4843 
19 —.028 7511 —.008 9433 +.0132707 | +.031 8652 +.041 7515 +.040 2494 
20 —.025 2591 —.004 5010 --.017 4659 | -++.034 6660 +.042 3038 -+-.038 5683 
21 —.02I 4905 —.000 co8g +.021 4663 | +0.37 0806 +.042 5634 --.036 4601 
22 —.017 4858 -+.004 4834 +.025 2260 | +.0390708 +.042 2588 +.033 9492 
23 —.013 2884 -+.008 9260 +.0287058 | -+.0406420 +.041 4841 -+.031 0639 
24 —.008 9445 -+.013 2603 +.031 8639 | «= +.041 7503 +.040 2485 +.027 8371 
25 —.004 5016 -L.017 4648 +.034 6657. | +.042 3926 +.038 5671 -+.024 3046 
26 —.000 0090 -L.02I 4657 +.0370798 | +.042 5622 +.036 45890 -++.020 5061 
27 +.004 4836 +.025 2267 +.039 0792 +.042 2578 +.033 9480 +.016 4835 
28 -+L.008 9263 +.028 7059 +.0406418 | +.041 4834 -L.031 0630 -+.o12 2812 
29 -++.013 2607 +.031 8640 +.041 7503 | +.040 2483 -+.027 8365 -+-.007 9453 
30 +.017 4651 +.034 6658 +.042 39026 | \-+.038 5671 +.024 3044 +.003 5232 
31 +.021 4656 -+.037 0708 +.042 5622 +-.036 4580 -+.020 5061 —.000 9372 
32 +.025 2265 +.039 0790 +.042 2577 -+.033 9481 +.016 4835 —.005 3874 
33 -+.028 7055 +.040 6414 +.041 4832 -+L.031 0629 -L.o12 2813 —.009 7798 
34 +.031 8637 +.041 7499 +.040 2479 +.027 8362 +.007 9452 —.014 0663 
35 +-.034 6657 +.042 3024 +.038 5666 | -+.024 3030 +-.003 5227 —.018 2016 
30 -+.037 0803 +.042 5624 +.036 4587 -+.020 5053 —.c00 9380 —.022 I4I10 
37 +.039 0800 +.042 2582 +.033 9481 -+.016 4829 —.005 3885 —.025 8425 
38 -+.040 6429 -L.o4I 4843 -++.031 0634 -+-.012 2810 —.009 7809 —.029 2663 
39 +.041 7516 -+.040 2496 +.027 8373 -+.007 9454 —.014 0673 —.032 3757 
40 +.042 3041 +.038 5686 +.024 3050 +.003 5236 —.o018 2018 —.035 1375 
4I -+-.042 5637 -++.036 4607 -+-.020 5076 —.000 9364 —.022 1405 —.037 5218 
42 +-.042 2590 +.033 9500 -++.016 4854 —.005 3861 —.025 8411 —.039 5031 
43 +.041 4843 -+.031 0647 -L.012 2833 —.009 7782 —.029 2643 —.041 0603 
44 +.040 2488 -+.027 8377 -+.007 9472 —.014 0645 —.032 3732 —.042 1761 
45 -++.038 5672 -+-.024 3051 +.003 5245 —.o18 1997 —.035 1349 —.042 8386 
40 -+.036 4590 -++.020 5062 —.000 0367 —.022 1394 —.037 5197 —.043 0401 
47 +.033 9480 +.016 4835 —.005 3875 —.025 8414 —.039 5020 —.042 7782 
48 -++.031 0631 -L.o12 2812 —.009 7805 —.029 2657 —.04I 0604 —.042 0548 
49 -+-.027 8367 -+.007 9452 —.014 0671 —.032 3758 —.042 1777 —.040 8770 
50 -++.024 3049 +.003 5231 —.018 2023 —.035 1381 —.042 8413 —.039 2560 
Br -+.020 5071 —.000 9371 —.022 1413 —.037 5220 —.043 0437 —.037 2112 
52 -++.016 4852 —.005 3869 —.025 8422 —.039 5045 —0.42 7820 —.034 7610 
53 +.012 2837 —.009 7786 —.029 2654 —.041I 0619 —.042 0581 —.031 9323 
54 -+.007 9482 —.014 0642 —.032 3741 —.042 1778 —.040 8794 —.028 7548 
Gi +.003 5264 —.018 1987 —.035 1353 —.042 8401 —.039 2580 —.025 2624 
56 —.000 9340 —.022 1376 —.037 5193 —.043 OAII —.037 2108 —.02I 4931 
Ly4 —.005 3844 —.025 8388 —.039 5000 —.042 7784 —.034 7501 —.017 4875 
58 —.009 7771 —.029 2624 —.041 0578 —.042 0538 —.031 92900 —.013 2804 
590 —.014 0642 —.032 3720 —.042 1740 —.040 8748 —.028 7503 —.008 9447 
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System o. System 1. 
| 
z fa B 8 D z A B G D 
O | +35.541 47 | —17.876 47 | —17.664 990 | + 1.07427 | 0 | +32.593 73 | —16.607 73 | —15.98599 | + 3.187 45 
I | +27.68474 | —12.483 21 | —1I5.20155 | —11.369 32 I | +27.372 10 | —13.088 33 | —14.283 78 | — 9.17780 
2 | +14.1090 43 | — 3.81823 | —I10.29118 —12.81204 2 | +14.893 21 | — 4.85717 | —10.03602 | —II.992 56 
3 | + 6.07222 | + 0.26235 | — 6.33456 | — 9.16752 3 | + 6.70415 | — 0.37485 | — 6.32930 | — 9.00478 
4 | + 2.639 36 | + 1.25133 | — 3.80071 , — 5.85772 | 4 | + 3.00334 | + 0.03515 | — 3.93850 | — 5.93021 
5 | + 1.27090 | + 1.20308 | — 2.47487 | — 3.74602 | 5 | + 1.47420 | + 1.04697 | — 2.52125 | — 3.83019 
6 | + 0.70797 | + 0.937 76 | — 1.64574 — 2.48604 | 6 | + 0.82746 | + 0.85385 | — 1.68130 | — 2.54954 
7 | + 0.45996 | + 0.68285 | — 1.14281 | — 1.72274 7 | + 0.53500 | + 0.63364 | — 1.16865 | — 1.76704 
8 | + 0.34113 | + 0.48405 | — 0.82517 | — 1.243 31 8 | + 0.3901 31 | + 0.45253 | — 0.84383 | — 1.273 60 
9 | + 0.27866 | + 0.33795 | — 0.616 61 | — 0.929 36 9 | + 0.31404 | + 0.316 17 | — 0.63022 | — 0.95006 
Io | + 0.242 48 | + 0.23228 | — 0.47476 | — 0.715 40 | 10 | + 0.26852 | + 0.216 33 | — 0.48484 | — 0.72959 
II | 4+ 0.21941 | + 0.15584 | — 0.37525 | — 0.56421 | II | + 0.23923 | + 0.14361 | — 0.38283 | — 0.57395 
12 | + 0.203 37 | + 0.10016 | — 0.30352 | — 0.45390 | 12 | + 0.21885 | + 0.090 46 | — 0.309 32 | — 0.460 55 
13 | + 0.191 38 | + 0.059 22 | — 0.25058 | — 0.371 12 | 13 | + 0.20373 | + 0.05135 | — 0.25507 | — 0.375 58 
14 | + 0.18190 | + 0.02881 | — 0.21071 | — 0.307 44 | 14 | + 0.191 91 : + 0.022 31 | — 0.21422 | — 0.310 32 
15 | + 0.17412 | + o.oo6o1 | — 0.180 13 : — 0.25736 | 15 | + 0.18233 | + 0.00058 | — 0.182¢0 | — 0.259 IO 
10 | + 0.16756 | — 0.011 23 | — 0.15632 | — o21719 | 16 | + 0.17435 | — 0.01582 | — 0.15853 | — 0.21809 
17 | + 0.16193 | — 0.024 38 | — 0.13755 | — 0.18439 | 17 | + 0.16757 | — 0.02827 | — 0.13930 | — 0.18466 
18 | + 0.15705 | — 0.03447 | — u.12258 | — 0.15718 | 18 | + 0.16175 | — 0.03778 | — 0.12398 | — 0.15697 
I9 | + 0.15280 | — 0.04226 | -- 0.11054 | — 0.13423 | 19 | + 0.15672 | — 0.04508 | — 0.111 65 | — 0.133 68 
20 | + 0.14909 | — 0.04831 | — 0.10078 | — 0.11461 | 20 | + 0.15235 | — 0.05068 | — 0.101 66 | — 0.113 79 
2I | + 0.14586 | — 0.05301 | — 0.09286 | — 0.09760 | 21 | + 0.14854 | — 0.05501 | — 0.093 54 | — 0.095 58 
22 | + 0.14307 | — 0.05666 | — 0.08640 — 0.08265 | 22 | + 0.14524 | — 0.05833 | — 0.08692 | — 0.081 48 
23 | + 0.14067 | — 0.05051 | — 0.08117. — 0.06933 | 23 | + 0.14239 | — 0.00086 | — 0.081 53 | — 0.068 04 
24 | + 0.13864 | — 0.00171 — 0.076093 | — 0.057 30 | 24 | + 0.13095 | — 0.062 78 | — 0.07717 | — 0.055 94 
25 | + 0.13693 | — 0.06338 | — 0.07356 | — 0.04620 | 25 | + 0.13780 | — 0,064 20 | — 0.07368 | — 0.044 87 
26 | + 0.13558 | — 0.06464 | — 0.070904 — 0.03606 | 26 | + 0.13616 t= 0.065 22 | — 0.07096 | — 0.034 61 
27 | + 0.13453 | — 0.06555 | — 0.06898 | — 0.02643 | 27 | + 0.13478 | — 0.06589 | — 0.068 go | — 0.02497 
28 | + 0.13377 | — 0.06615 | — 0.06761 | — 0.01722 | 28 | + 0.13371 | — 0.00026 | — 0,067 44 | — 0.015 78 
29 | + 0.133 30 | — 0.06649 | — 0.06682 | — 0.00827 | 29 | + 0.13204 | — 0.066 38 | — 0.05655 | — 0.006 
30 | + 0.133 12 | — 0.06657 | — 0.06655 + 0.00051 | 30 | + 0.13245 | — 0.066 26 | — 0.066 20 + 0.001 87 
31 | + 0.133 22 | — 0.06641 | —- 0.06681 | + 0.00930 | 31 | + 0.13225 | — 0.005 89 | — 0.066 35 | + 0.01060 
32 | + 0.133 61 | — 0.06600 | — 0.06760 | + 0.018 23 | 32 | + 0.13234 | — 0.055 28 | — 0.06706 | + 0.019 44 
33 | + 0.13428 | — 0.065 32 | — 0.06806 | + 0.02744 | 33 | + 0.13270 | — 0.064 38 | — 0.06831 | + 0.028 54 
34 | + 0.13525 | — 0.06433 | — 0.07001 | + 0.03706 | 34 | + 0.133 34.| — 0.06319 | — 0.07016 | + 0.03803 
35 | + 0.13651 | — 0.06299 | — 0.073 53 | + 0.047 28 | 35 | + 0.13427 | — 0.061 63 | — 0.07264 | + 0.048 08 
36 | + 0.138 10 | — 0.061 21 | — 0.07688 | + 0.05827 | 36 | + 0.13549 | — 0.05963 | — 0.075 86 | + 0.058 87 
37 | + 0.14001 | — 0.05892 | — 0.08109 | + 0.07027 | 37 | + 0.13702 | — 0.057 10 | — 0.07991 | + 0.07063 
38 | + 0.14227 | — 0.05597 | — 0.08630 , + 0.08355 38 | + 0.13886 | — 0.05392 | — 0.08495 | + 0.083 61 
390 | + 0.14490 | — 0.05219 | — 0.09272 | + 0.00844 | 30 | + 0.14103 | — 0.04980 | — 0.091 15 | + 0.0908 B 
| 40 | + 0.147095 | — 0.04735 | — 0.10059 | + 0.11535 | 40 | + 0.14356 | — 0.04479 | — 0.09876 | + 0.11461 
- + 0.15143 | — 0.04117 | — 0.11028 | + 0.13484 | 41 | + 0.14646 | — 0.03834 | — 0.10813 | + 0.13355 
42 | + 0.15543 | — 0.03321 | — 0.12223 | + 0.15760 | 42 | + 0.14978 | — 0.03010 | — 0.11968 | + 0.155 62 
43 | + 0.16000 | — 0.02294 | — 0.13706 | + 0.18457 | 43 | + 0.15357 | — 0.01953 | — 0.13403 | + 0.181 71 
| 44 | + 0.16526 | — 0.00960 | — 0.15566 | + 0.21700 | 44 | + 0.15789 | — 0.00590 | — 0.15199 | + 0.213 OI 
45 | + 0.171 35 | + 0.00785 | — 0.17920 | + 0.25665 | 45 | + 0.16286 | + 0.011 84 | — 0.17471 | + 0.251 18 
46 | + 0.17854 | + 0.03087 | — 0.20941 | + 0.30597 | 46 | + 0.16867 | + 0.035 14 | — 0.203 81 | + ee 54 
47 | + 0.18724 | + 0.06151 | — 0.24875 | + 0.36855 | 47 | + 0.17561 | + 0.00601 | — 0.24163 | + 0.3584 
48 | + 0.10820 | + 0.10269 | — 0.30091 | + 0.44900 | 48 | + 0.18428 | + 0.10735 | — 0.291 64 | + 0.435 90 
49 | + 0.21280 | + 0.15866 | — 0.37145 | + 0.55751 | 49 | + 0.10577 | + 0.16331 | — 0.35907 | + es. 
(e) 0.233 70 | + 0.235 44 | — 0.46914 | + 0.70484 | 50 | + 0.21225 | + 0.23985 | — 0.45211 | + 0.67505 
= f ene 43 | + 0.34167 | — 0.60810 | + 0.91263 | 51 | + 0.23832 | + 0.345 40 | — 0.583 82 | + 0.87400 
52 | + 0.32201 | + 0.48003 | — 0.81195 | + 1.21644 | 52 | + 0.28404 | + 0.49188 | — 0.77591 | + 1.159 - 
| 53 |. + 0.43030 | + 0.601 2t | — 1.12150 | + 1.67867 | 53 | + 0.37252 | + 0.60304 | — 1.06556 | + 1.50084 
54 | + 0.05464 | + 0.95589 | — 1.61052 | + 2.41220 | 54 | + 0.55982 | + 0.95881 | — 1.51864 | 4 2.271 42 
oe 
55 | + 1.16322 | + 1.25117 | — 2.41440 | + 3.62188 | 55 | + 0.08862 | + 1.26617 | — 2.25478 | + 3.386 75 
| 560 | + 2.30922 | + 1.38511 | — 3.78432 | + 5.65379 | 50 | + 2.03482 | + 1.45600 | — 3.49084 | + 5251 o 
57 | + 5.51193 | + 0.63808 | — 6.15001 | + 8.90000 | 57 | + 4.67267 | + 0.01643 | — 5.58909 | + 8.2437 
58 | +-12.032 86 | — 2.902350 | —10.009 26 | +12.77721 | 58 | +11.00705 | — 2.04499 | — 8.96205 | +11.988 
59 | +26.185 67 | —11.25017 | —14.02649 | +12.461 23 | 59 | +22.76117 | — 9.47557 | —13.28560 | +12.554 1 
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ACTION OF THE PLANETS ON THE MOON. 


TABLE VII.—Continued. 


Vauues or A, B, C, AND D ror THE AcTION OF VENUS ON THE Moon. 


System 2. System 3. 

t A B @ D Zz A B G D 

o | +29.624 12 | —15.17831 | —14.445 82 | + 3.983 50 o | +28.095 38 | —14.200 79 | —13.804 59 | + 3.723 68 
I | +26.17817 | —12.858 22 | —13.319 98 | — 7.553 34 1 | +25.108 12 | —12.24065 | —12.867 46 | — 6.97990 
2 | +15.05897 | — 5.37464 | — 9.68431 | —11.068 2I 2 | +14.804 22 | — 5.334 — 9.469 55 | —10.470 31 
3 | + 7.08250 | — 0.82744 | — 6.25507 | — 8.775 53 3 | + 7.14271 | — 0.07149 | — 6.171 21 | — 8.46411 
4 | + 3.27210 | + 0.67317 | — 3.04529 | — 5.88003 | 4 | + 3.36804 | + 0.54538 | — 3.013 41 | — 5.747 32 
5 | + 1.63783 | + 0.905 32 | — 2.54315 | — 3.84260 5 | + 1.70907 | + 0.82100 | — 2.53007 | — 3.78667 
6 | + 0.92681 | + 0.77463 | — 1.70145 | — 2.571 56 6 | + 0.9073 32 | + 0.72194 | — 1.60525 | — 2.54614 
7/1 + 0.59776 | + 0.58640 | — 1.18416 | — 1.785 90 7 | + 0.62753 | + 0.55313 | — 1.180 — 1.77284 
8 | + 0.43283 | + 0.42237 | — 0.85520 | — 1.28747 8 | + 0.45210 | + 0.40075 | — 0.85285 | — 1.27974 
9 | + 0.34273 | + 0.295 72 | — 0.63846 | — 0.95070 | 9 | + 0.35545 | + 0.28122 | — 0.63665 | — 0.95445 
10 | + 0.28909 | + 0.201 73 | — 0.49082 | — 0.73606 | Io | + 0.29760 | + o.191 71 | — 0.489 33 | — 0.732 IO 
Ir | + 0.25443 | + 0.13276 | — 0.38720 | — 0.57814 | I1 | + 0.26020 | + 0.12560 | — 0.38589 | — 0.574901 
12 | + 0.23036 | + 0.08214 | — 0.31252 | — 0.46312 | 12 | + 0.23428 | + 0.07706 | — 0.311 33 | — 0.45036 
13 | + 0.21260 | + 0.04482 | — 0.25741 | — 0.37700 | 13 | + 0.21522 | + 0.04110 | — 0.25634 | — 0.37458 
14 | + 0.19884 | + 0.01709 | — 0.21594 | — 0.31093 | 14.| + 0.20055 | + 0.01437 | — 0.21494 | — 0.308 76 
15 | + 0.18778 | — 0.00364 | — 0.18416 | — 0.25912 | 15 | + 0.18883 | — 0.00563 | — 0.183 21 | — 0.257 16 
16 | + 0.17866 | — 0.01925 | — 0.15942 | — 0.21769 | 16 | + 0.17921 | — 0.02068 | — 0.15852 | — 0.21591 
17 | + 0.17099 | — 0.03107 | — 0.13991 | — 0.18397 | 17 | + 0.171 14 | — 0.03208 | — 0.13906 | — 0.182 35 
18 | + 0.16444 | — 0.04006 | — 0.12437 | — 0.15606 | 18 | + 0.16420 | — 0.04074 | — 0.12355 | — 0.15450 
19 | + 0.15880 | — 0.04693 | — 0.11187 | — 0.13262 | I9 ! + 0.15841 | — 014733 | — 0.11108 | — 0.131 
20 | + 0.15392 | — 0.05217 | — 0.101 74 | — 0.11264 | 20 | + 0.15333 | — 0.05236 | — 0.10098 | — 0.111 43 
21 | + 0.14968 | — 0.05617 | — 0.09350 | — 0.09537 | 21 | + 0.14894 | — 0.05618 | — 0.09276 | — 0.00427 
22 | + 0.14600 | — 0.05921 | — 0.08679 | — 0.08024 | 22 | + 0.14514 | — 0.05907 | — 0.08606 | — 0.079 25 
23 | + 0.14282 | — 0.06150 | — 0.081 32 | — 0.06680 | 23 | + 0.14184 | — 0.061 24 | — 0.08060 | — 0.06593 
24 | + 0.14009 | — 0.06320 | — 0.07689 | — 0.05470 | 24 | + 0.13901 | — 0.06282 | — 0.07617 | — 0.053 04 
25 | + 0.13775 | — 0.06441 | — 0.073 34 | — 0.04366 | 25 | + 0.13659 | — 0.06395 | — 0.07263 | — 0.04300 
20 | + 0.135790 | — 0.06524 | — 0.07055 | — 0.03345 | 20 | + 0.13454 | — 0.06470 | — 0.06985 | — 0.03289 
27 | + 0.13417 | — 0.06574 | — 0.06844 | — 0.02386 | 27 | + 0.13286 | — 0.065 13 | — 0.06773 | — 0.023 41 
28 | + 0.13288 | — 0.06595 | — 0.06692 | — 0.014 73 | 28 | + 0.131 50 | — 0.06529 | — 0.06622 | — 0.014 39 
29 | + 0.131 89 | — 0.06592 | — 0.06598 | — 0.00501 | 29 | + 0.13046 | — 0.095 21 | — 0.06526 | — 0.005 68 
30 | + 0.13121 | — 0.06564 | — 0.06556 | ++ 0.00275 | 30 | +\0.12972 | — 0.06489 | — 0.06483 | — 0.00287 
31 | + 0.13081 | — 0.06513 | — 0.06567 | + 0.01137 | 31 | + 0.12927 | — 0.06434 | — 0.06402 | + 0.011 38 
32 | + 0.13068 | — 0.064 38 | — 0.06631 | + 0.02009 | 32 | + 0.12910 | — 0.06357 | — 0.05554 | + 0.01908 
33 | + 0.13084 | — 0.063 36 | — 0.06749 | + 0.02905 | 33 | + 0.12921 | — 0.06253 | — 0.06669 | + 0.02880 
34 | + 0.13128 | — 0.06203 | — 0,069 25 | + 0.03838 | 34 | + 0.12960 | — 0.061 19 | — 0.068 42 | + 0.03800 
35 | + 0.13199 | — 0.06035 | — 0.07165 | + 0.04825 | 35 | + 0.13028 | — 0.05950 | — 0.07077 | + 0.04771 
36 | + 0.13299 | — 0.05823 | — 0.074 76 | + 0.05883 | 36 | + 0.131 23 | — 0.057 40 | — 0.073 84 | + 0.05814 
37 | + 0.13428 | — 0.05558 | — 0.07869 | + 0.07035 | 37 | + 0.13248 | — 0.05478 | — 0.07771 | + 0.059 47 
38 | + 0.135 86 | — 0.05228 | — 0.08350 | + 0.08304 | 38 | + 0.13404 | — 0.05151 | — 0.08252 | + 0.08197 
30 | + 0.13775 | — 0.04815 | — 0.08962 | + 0.09723 | 39 | + 0.13590 | — 0.047 44 | — 0.088 46 | + 0.095 04 
40 | + 0.13998 | — 0.04295 | — 0.09702 | + 0.113 30 | 40 | + 0.13810 | — 0.04235 | — 0.005 76 | + 0.111 77 
41 | + 0.14255 | — 0.03642 | — 0.10613 | + 0.13175 | 41 | + 0.14066 | — 0.03593 | — 0.10473 | + 0.12093 
42 | + 0.14550 | — 0.02812 | — 0.11737 | + 0.15323 | 42 | + 0.14360 | — 0.02781 | — 0.11580 | + 0.15108 
43 | + 0.14885 | — 0.01755 | — 0.13131 | + 0.17857 | 43 | + 0.14668 | — 0.01746 | — 0.12953 | + 0.17604 
44 | + 0.15269 | — 0.00395 | — 0.14875 | + 0.20895 | 44 | + 0.15085 | — 0.00419 | — 0.14668 | + 0.20505 
45 | + 0.15709 | + 0.01368 | — 0.17077 | + 0.24592 | 45 | + 0.15533 | + 0.01300 | — 0.168 33 | + 0.242 36 
46 | + 0.16222 | + 0.03671 | — 0.19894 | + 0.201 73 | 46 | + 0.16059 | + 0.035 42 | — 0.19601 | + 0.28747 
47 | + 0.16834 | + 0.067 12 | — 0.235 47 | + 0.34957 | 47 | + 0.16602 | + 0.00496 | — 0.231 89 | + 0.344 43 
48 | + 0.17598 | + 0.10768 | — 0.28365 | + 0.42417 | 48 | + 0.17489 | + 0.10427 | — 0.27915 | + 0.41786 
49 | + 0.18610 | + 0.16234 | — 0.34843 | + 0.52271 | 49 | + 0.18554 | + 0.15709 | — 0.34264 | + 0.51483 
50 | + 0.20072 | + 0.23676 | — 0.43747 | + 0.65644 | 50 | + 0.20100 |] + 0.22874 | — 0.42976 | + 0.64633 
51 | + 0.22403 | + 0.33803 | — 0.562096 | + 0.84360 | 51 | + 0.22568 |} -+ 0.32664 | — 0.552 32 | + 0.83017 
52 | + 0.26529 | + 0.47966 | — 0.74495 | + 1.11472 | 52 | + 0.26911 | + 0.46054 | — 0.72966 | + 1.00602 
53 | + 0.34571 | + 0.671 72 | — 1.017 42 | + 1.52277 | 53 | + 0.35301 | + 0.641 40 | — 0.904 42 | + 1.495 08 
54 | + 0.51042 | + 0.92341 | — 1.43982 | + 2.16197 | 54 | + 0.52902 | + 0.87436 | — 1.40338 | + 2.11762 
55 | + 0.906 36 | + 1.211904 | — 2.11829 | + 3.20054 | 55 | + 0.02556 | + 1.13169 | — 2.05725 | + 3.12267 
56 | + 1.85077 | + 1.39039 | — 3.24116 | + 4.91924 | 56 | + 1.87004 | + 1.26221 | — 3.13316 | + 4.760 
57 | + 4.20451 | + 0.91034 | — 5.11484 | + 7.64885 | 57 | + 4.18337 | + 0.73285 | — 4.91623 | + 7.34183 
58 | + 9.79293 | — 1.71451 | — 8.07843 | +11.072 42 | 58 | + 9.55247 | — 1.83400 | — 7.718 48 | +10.479 40 
590 | +20.207 75 | — 8.33197 | —11.87575 | +11.86403 | 50 | +19.33199 | — 8.02385 | —11.308 13 | +11.063 990 


COEFFICIENTS FOR DIRECT ACTION. 63 
TABLE VII.—Continued. 
VauuEs oF A, B, C, anp D For THE AcTION oF VENUS ON THE Moon. 
System 4. System 5. 
Zz A B CG D 2 A B CG D 
0 | +27.75375 | —13.04094 | —13.812 81 | + 2.71293 | o | +27.63990 | —13.806 76 | —13.833 14 | + 1.162 10 
I | +24.10807 | —11.431 47 | —12.67662 | — 7.27193 I | +22.709 15 | —10.43790 | —12.271 23 | — 8.00899 
2. | +14.09002 | — 4.811 77 | — 9.22820 | —10.185 94 2 | -+12.86967 | — 4.11827 | — 8.751 42 | —10.017 52 
3 | + 6.82695 | — 0.83885 | — 5.08813 | — 8.14307 | 3 | + 6.17336 | — 0.53043 | — 5.64295 | — 7.78412 
4 | + 3.24571 | + 0.55049 | — 3.796020 | — 5.536290 4 | + 2.03411 | + 0.64851 | — 3.58201 | — 5.201 65 
5 | + 1.65931 | + 0.790841 | — 2.45770 | — 3.66170 5 | + 1.50482 | + 0.82485 | — 2.32966 | — 3.48548 
6 | + 0.94972 | + 0.70016 | — 1.64989 | — 2.471 69 6 | + 0.86547 | + 0.70639 | — 1.57185 | — 2.36290 
7 | + 0.61390 | + 0.53734 | — 1.15126 | — 1.72669 7 | + 0.56289 | + 0.53922 | — 1.10212 | — 1.65808 
8 | + 0.44270 | + 0.39037 | — 0.83307 | — 1.24977 8 | + 0.408 83 | + 0.392 14 | — 0.80098 | — 1.205 16 
9 | + 0.34810 | + 0.27476 | — 0.62286 | — 0.934 13 9 | + 0.32390 | + 0.27725 | — 0.601 14 | — 0.90424 
10 | + 0.291 44 | + 0.18792 | — 0.47937 | — 0.71780 | 10 | + 0.27316 | + 0.19103 | — 0.46418 | — 0.697 23 
II | + 0.25483 | + 0.12366 | — 0.37848 | — 0.56454 | 11 | + 0.24042 | + 0.12712 | — 0.36755 | — 0.55008 
12 | + 0.22948 | + 0.07619 | — 0.30568 | — 0.45265 | 12 | + 0.21778 | + 0.07980 | — 0.207590 | — 0.44233 
13 | + 0.21089 | + 0.04101 | — 0.25191 | — 0.36874 | 13 | + 0.20116 | + 0.04461 | — 0.245 78 | — 0.361 30 
14 | + 0.19660 | + 0.01479 | — 0.211 39 | — 0.30429 | 14] + 0.18836 | + 0.018 28 | — 0.20664 | — 0.20891 
I5 | + 0.18520 | — 0.00489 | — 0.18031 | — 0.25370 | 15 | + 0.17813 | — 0.001 56 | — 0.17656 | — 0.249 82 
16 | -++ 0.17585 | — 0.019 74 | — 0.15612 | — 0.21322 | 16 | + 0.16973 | — 0.01661 | — 0.15310 | — 0.21047 
17 | + 0.16803 | — 0.03101 | — 0.13703 | — 0.18025 | 17 | + 0.16267 | — 0.02811 | — 0.13457 | — 0.178 36 
18 | + 0.161 41 | — 0.03959 | — 0.121 80 | — 0.15297 | 18] + 0.15668 | — 0.03692 | — 0.11977 | — 0.151 73 
19 | + 0.15571 | — 0.04615 | — 0.10956 | — 0.13005 | 19 | + 0.15153 | — 0.04369 | — 0.10785 | — 0.129 33 
{ 
20 | + 0.15082 } — 0.05117 | — 0.00964 | — 0.11051 | 20} + 0.14710 | — 0.04892 | — 0.09819 | — 0.11020 
2I | + 0.14657 | — 0.05501 | — 0.091 56 | — 0.093 62 | 21 | + 0.14328 | — 0.05295 | — 0.09031 | — 0.003 64 
22 | + 0.14290 | — 0.05792 | — 0.08498 | — 0.07883 | 22 | + 0.13997 | — 0.05607 | — 0.08390 | — 0.079 12 
23 | + 0.13975 | — 0.06012 | — 0.07962 | — 0.06570 | 23 | + 0.13713 | — 0.05847 | — 0.07868 | — 0,066 21 
24 | + 0.13703 | — 0.06175 | — 0.07528 , — 0.05388 | 24 | + 0.13473 | — 0.06028 | — 0.07444 | — 0.05457 
25 | + 0.13473 | — 0.06293 | — 0.07180 — 0.043 10 | 25 | + 0.13270 | — 0.061 64 | — 0.07106 | — 0.043 94 
26 | + 0.13280 | — 0.063 74 | — 0.06907 | — 0.03313 | 26 | + 0.13103 | — 0.06262 | — 0.06842 | — 0.03409 
27 | + 0.131 22 | — 0.06423 | — 0.06700 | — 0.02377 | 27 | + 0.12970 | — 0.063 28 | — 0.06641 | — 0.02484 
28 | + 0.12997 | — 0.06445 | — 0.00551 | — 0.01486 | 28 | + 0.12860 | — 0.06369 | — 0.06500 | — 0.01602 
29 | + 0.12904 | — 0.06444 | — 0.06459 | — 0.00625 | 20} + 0.127 98 | — 0.06385 | — 0.06413 | — 0.007 48 
30 | + 0.12840 | — 0.06421 | — 0.064 19 | + 0.00219 | 30 | + 0.12758 | — 0.06379 | — 0.053 79 | + 0.00092 
31 | + 0.12806 | — 0.06375 | — 0.064 30 | + o.o1061 | 31 | + 0.12747 | — 0.063 51 | — 0.06396 | + 0.009 30 
32 | + 0.12790 | — 0.06306 | — o. 6404 | + 0.01912 | 32 | + 0.12764 | — 0.06300 | — 0.06465 | + 0.017 79 
33 | + 0.12822 | — 0.06212 | — 0.06611 | + 0.02787 | 33 | + 0.12812 | — 0.06225 | — 0.065 87 | + 0.026 52 
34 | + 0.12875 | — 0.06089 | — 0.06784 | + 0.03608 | 34 | + 0.12890 | — 0.061 22 | — 0.06768 | + 0.035 65 
35 | + 0.12955 | — 0.05933 | — 0.070 22 | + 0.04663 | 35 | + 0.12998 | — 0.05987 | — 0.07011 | + 0.045 33 
36 | + 0.13066 | — 0.057 36 | — 0.07329 | + 0.05699 | 30 | + 0.131 39 ; — 0.05812 | — 0.073 26 + 0.055 75 
37 | + 0.13207 | — 0.05490 | — 0.077 18 | + 0.06827 | 37 | + 0.13313 | — 0.05589 | — 0.07723 | + 0.067 11 
38 | + 0.13381 | — 0.051 82 | — 0.08200 | + 0.08073 | 38 | + 0.135 23 | — 0.05305 | — 0.08217 | + 0.079 68 
39 | + 0.13590 | — 0.04704 | — 0.08705 | + 0.09466 | 39 | + 0.13772 | — 0.04945 | — 0.08825 | + 0.093 78 
o | + 0.138 34 | — 0.04308 | — 0.005 27 | + 0.11047 | 40 | + 0.14062 | — 0.04489 | — 0.095 73 | + 0.10981 
be + 0.141 20 | — 0.03603 | — 0.10426 + 0.12864 | 41 | + 0.14400 | — 0.03907 | — 0.10493 | + 0.12828 
42 | + 0.14449 | — 0.02913 | — 0.11536 , + 0.14982 | 42 | + 0.14793 | — 0.03163 | — 0.11628 | + 0.149 86 
43 | + 0.14829 | — 0.01917 | — 0.12914 | + 0.17486 | 43 | + 0.15247 | — 0.02208 | — 0.13040 | + 0.175 44 
44 | + 0.152 71 | — 0.006 34 | — 0.14636 | + 0.20492 | 44 | + 0.15779 | — 0.00972 | — 0.14808 | + 0.20620 
45 | + 0.15785 | + 0.01028 | — 0.16813 | + 0.24157 | 45 | + 0.16407 | + 0.00638 | — 0.17044 | + 0.243 82 
40 | + 0.16390 | + 0.03200 | — 0.19597 | + 0.28704 | 46 | + 0.17162 | + 0.027 48 | — 0.19911 | + 0.29063 
47 | + 0.171 48 | + 0.06063 | — 0.23209 + 0.34455 | 47 | + 0.18098 | + 0.055 39 | — 0.23637 | + 0.34908 
48 | + 0.18102 | + 0.09873 | — 0.27974 | + 0.41883 | 48 | + 0.190304 | + 0.09261 | — 0.28564 | + 0.42686 
49 | + 0.19391 | + 0.14990 | — 0.34380 | + 0.51708 | 49 | + 0.20945 | + 0.14264 | — 0.35207 | + 0.52885 
so | + 0.21265 | + 0.21919 | — 0.431 84 + 0.65055 | 50 | + 0.23330 | + 0.21035 | — 0.44366 | + 0.667 81 
51 | + 0.242 36 | + 0.31354 | — 0.55590 | + 0.83740 | 51 | + 0.27084 | + 0.302 33 | — 0.573 16 | + 0.86201 
52 | + 0.29393 | + 0.44178 | — 0.73571 | + 1.107 52 | + 0.33507 | + 0.42652 | — 0.76161 | + 1.14611 
| 53.| + 0.301 71 | + 0.61209 | — 1.00472 | + 1.51406 | 53 | + 0.45460 | + 0.59001 | — 1.04470 | + 1.57214 

54 | + 0.50284 | + 0.82829 | — I.42t12 | + 2.14702 | 54 | + 0.09005 | + 0.78884 | — 1.48488 | + 2.23620 
55 | + 1.03724 | + 1.05111-| — 2.08836 | + 3.165-03 | 55 | + 1.219030 | + 0.97368 | — 2.19308 | + 3.301 12 
56 | + 2.07620 | + 1.11203 | — 3.18823 | + 4.81735 | 56 | + 2.41926 | + 0.04300 | — 3.30318 | + 5.01076 
57 | + 4.56111 | + 0.45028 | — 5.011 40 | + 7.34432 | 57 | + 5.21973 | + 0.07757 | — 5.20730 | + 7.54759 
58 | +10.154 89 | — 2.20072 | — 7.86416 | +10.25020 | 58 | +11.28101 | — 3.00564 | — 8.275 35 | +10.190 86 
59 | +10.85615 | — 8.308 13 | —11.458.03 | +10.295 66 | 50 | +21.04269 | — 9.19381 | —11.84889 | + 9.390 27 
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ACTION OF THE PLANETS ON THE MOON. 


TABLE VII.—Conitznued. 


VALUES oF A, B, C, anp D ror THE ACTION OF VENUS ON THE Moon. 


System 6. System 7. 

z A B Gh D Zz A B C D 

o | +27.16805 | —13.66015 | —13.50787 | — 0.61453 o | +26.709 86 | —13.505 11 | —13.114 76 | — 2.25150 
I | +20.933 58 | — 9.36452 | —11.56906 | — 8.839 67 1 | +19.448 82 | — 8.40086 | —10.98195 | — 9.68240 
2 | +11.413 64 | — 3.290223 | — 8.12139 | — 9.888 2 | +130.203 37 | — 2.54715 | — 7.65624 | — 9.92208 
3 | + 5.38120 | — 0.14712 | — 5.23409 | — 7.440900 | 3 | + 4.70214 | + 0.24741 | — 4.04955 | — 7.24030 
4 | + 2.54106 | + 0.80284 | — 3.34388 | — 4.900 4 | + 2.189 26 | + 0.993 76 | — 3.18300 | — 4.81724 
5 | + 1.30193 | + 0.88985 | — 2.191 79 | — 3.31041 5 | + 1.11288 | + 0.98787 | — 2.10076 | — 3.191 27 
6 | + 0.75150 | + 0.73857 | — 1.49015 | — 2.25264 | 6 | + 0.64227 | + 0.70477 | — 1.43702 | — 2.175 89 
7 | + 0.49304 | + 0.55884 | — 1.05187 | — 1.58825 7 | + 0.42478 | + 0.50479 | — 1.01958 | — 1.53905 
8 | + 0.362 49 | + 0.40635 | — 0.76885 | — 1.15995 | 8 | + 0.31691 | + 0.43149 | — 0.74840 | — 1.128 

9 | + 0.29115 | + 0.28868 | — 0.57982 | — 0.874 26 9 | + 0.25897 | + 0.30739 | — 0.56637 | — 0.853 30 
1o | + 0.24883 | + 0.20073 | — 0.44954 | — 0.67695 10] + 0.22510 | + 0.21527 | — 0.44039 | — 0.66303 
Ir | + 0.221 64 | + 0.13556 | — 0.35719 | — 0.53617 , II | + 0.20354 | + 0.14721 | — 0.35075 | — 0.526890 
12 | + 0.20285 | + 0.08721 | — 0.29006 | — 0.43271 | I2 | + 0.18867 | + 0.09673 | — 0.285 40 | — 0.42657 
13 | + 0.18902 | + 0.05115 | — 0.24017 | — 0.35465 13 | + 0.17768 | + 0.05904 | — 0.23672 | — 0.35068 
14 | + 0.17833 | + 0.02406 | — 0.20237 | — 0.24935 14 | + 0.169 10 | + 0.03066 | — 0.190977 | — 0.201 91 
15 | + 0.16972 | + 0.003 54 | — 0.17325 | — 0.24679 | 15 | + 0.16213 | + 0.00912 | — 0.171 25 | — 0.245 43 
16 | + 0.16259 | — 0.01210 | — 0.15049 | — 0.20855 | 16 | + 0.15630 | — 0.007 38 | — 0.14893 | — 0.207990 
17 | + 0.15658 | — 0.02412 | — 0.13248 | — 0.17728 | 17 | + 0.151 34 | — 0.02010 | — 0.13125 | — 0.177 20 
18 | + 0.15146 | — 0.03339 | — 0.11807 | — 0.15129 | 18 | + 0.14708 | — 0.02968 | — 0.11709 | — 0.151 73 
19 | + 0.14705 | — 0.04050 | — 0.10646 | — 0.12937 | 19 | + 0.14338 | — 0.03771 | — 0.10568 | — 0.130 12 
20 | + 0.14324 | — 0.04621 | — 0.09703 | — o.11061 | 20! + 0.14019 | — 0.043 78 = 0.096 42 | — 0.111 60 
2I | + 0.13995 | — 0.05060 | — 0.089 36 | — 0.00435 | 21 | + 0.13745 | — 0.04856 | — 0.08887 | — 0.095 51 
22 | + 0.13713 | — 0.05404 | — 0.083 10 | — 0.08005 | 22 | + 0.13509 | — 0.05236 | — 0.08273 | — 0.081 34 
23 | + 0.13472 | — 0.05672 | — 0.07800 | — 0.05731 | 23 | + 0.13311 | — 0.055 37 | — 0.077 73 | — 0.06868 
24 | + 0.13270 | — 0.05881 | — 0.07388 | — 0.05581 | 24 | + 0.13147 | — 0.05775 | — 0.07371 | — 0.057 24 
25 | + 0.13104 | — 0.06043 | — 0.07060 | — 0.045 28 | 25 | + 0.13015 | — 0.05964 | — 0.07051 | — 0.04674 
26 | + 0.12970 | — 0.06166 | — 0.06804 | — 0.03551 | 26 | + 0.12914 | — 0.061 13 | — 0.06803 | — 0.03698 
27 | + 0.12869 | — 0.06257 | — 0.06612 | — 0.02631 | 27 | + 0.12844 | — 0.06227 | — 0.00519 | — 0.02777 
28 | + 0.12799 | — 0.06320 | — 0.064 78 | — 0.01752 | 28 | + 0.12804 | — 0.063 12 | — 0.06493 | — 0.01895 
29 | + 0.12758 | — 0.06359 | — 0.06400 | — 0.00899 | 29 | + 0.12793 | — 0.063 72 | — 0.00421 | — 0.01037 
30 | + 0.12747 | — 0.06375 | — 0.06373 | — 0.00059 | 30 | + 0.12811 | — 0.06408 | — 0.06402 | — 0.001 OI 
31 | + 0.12766 | — 0.06368 | — 0.06397 | + 0.00782 | 31 | + 0.12853 | — 0.06423 | — 0.06436 | + 0.00658 
32 | + 0.12814 | — 0.063 40 | — 0.06475 | + 0.01635 | 32 | + 0.12037 | — 0.06414 | — 0.005 23 | + 0.015 22 
33 | + 0.12893 | — 0.06287 | — 0.06606 | + 0.02516 | 33 | + 0.13046 | — 0.0603 82 | — 0.06665 | + 0.024 15 
34 | + 0.13003 | — 0.06207 | — 0.06796 | + 0.034390 | 34 | + 0.131 88 | — 0.063 20 | — 0.06867 | + 0.033 52 
35 | + 0.131 46 | — 0.06095 | — 0.07052 | + 0.04419 | 35 | + 0.13365 | — 0.06228 | — 0.071 36 | + 0.04350 
30 | + 0.13325 | — 0.05943 | — 0.07380 | + 0.05476 | 36 | + 0.13577 | — 0.06007 | — 0.07481 | + 0.05420 
37 | + 0.135 38 | — 0.05746 | — 0.07793 | + 0.06633 | 37 | + 0.13831 | — 0.05919 | — 0.079 12 | + 0.00611 
38 | + 0.13704 | — 0.05488 | — 0.08303 | + 0.07015 | 38 | + 0.141 28 | — 0.05683 | — 0.08445 | + 0.07925 
390 | + 0.14092 | — 0.05156 | — 0.08935 | + 0.09357 | 390 | + 0.14474 | — 0.05372 | — 0.091 OI ; + 0.00404 
40 | + 0.144 39 | — 0.04729 | — 0.09711 | + 0.11000 | go | + 0.14874 | — 0.04966 | — 0.09908 | + 0.11093 
4r | + 0.148 43 | — 0.041 77 | — 0.10665 | + 0.12898 | 41 | + 0.153 30 | — 0.04438 | — 0.10900 | + 0.13048 
42 | + 0.15310 | — 0.03467 | — 0.118 44 | + 0.15120 | 42 | + 0.15877 | — 0.03750 | — 0.121 27 | + 0.153 42 
43 | + 0.15855 | — 0.025 46 | — 0.13311 | + 0.17761 | 43 | + 0.16505 | — 0.02853 | — 0.13653 | + 0.18072 
44 | + 0.16495 | — 0.01347 | — 0.15149 | + 0.20947 | 44 | + 0.17246 | — 0.01677 | — 0.15567 | + 0.213 73 
45 | + 0.17257 | + 0.00222 | — 0.17480 | + 0.24852 | 45 | + 0.181 29 | — 0.001 33 | — 0.17997 | + 0.25426 
46 | + 0.181 82 | + 0.02290 | — 0.20472 | + 0.29723 | 46 | + 0.19206 | + o.orgI1I | — 0.21117 | + 0.30493 
47 | + 0.193 36 | + 0.05033 | — 0.24370 | + 0.35918 | 47 | + 0.20557 | + 0.04631 | — 0.25188 | + 0.36051 
48 | + 0.208 36 | + 0.08700 | — 0.295 37 | + 0.43967 | 48 | + 0.22317 | + 0.08274 | — 0.30590 | + 0.453 58 
49 | + 0.22884 | + 0.13637 | — 0.36520 | + 0.54676 | 49 | + 0.24721 | + 0.131 82 | — 0.37903 | + 0.565 60 
50 | + 0.25860 | + 0.20317 | — 0.46177 | + 0.60312 | 50 | + 0.28211 | + 0.19818 | — 0.48029 | + 0.719 23 
51 | + 0.30513 | + 0.29360 | — 0.50874 | + 0.89921 | 51 | + 0.33642 | + 0.28773 | — 0.62415 | + 0.03591 
2 | + 0.38393 | + 0.41479 | — 0.70870 | + 1.19913 | 52 | + 0.42773 | + 0.40676 | — 0.83450 | + 1.25184 
53 | + 0.52866 | + 0.57144 | — 1.10011 | + 1.65113 | 53 | + 0.50408 | + 0.55785 | — 1.15193 | + 1.72856 
54 | + 081650 | + 0.75357 | — 1.57007 | + 2.35573 | 54 | + 092198 | + 0.72514 | — 1.64713 | + 2.471 57 
55 | + 1.43137 | + 0.80583 | — 2.32719 | + 3.48082 | 55 | + 1.61638 | + 0.82745 | — 2.44383 | + 3.653 74 
50 | + 2.81766 | + 0.75750 | — 3.57516 | + 5.26204 | 56 | + 3.16615 | + 0.58408 | — 3.75022 | + 5.50308 
57 | + 5.977 20 | — 0.36200 | — 5.615 20 | + 7.80713 | 57 | + 6.64150 | — 0.78455 | — 5.85704 | + 8.051 79 
58 | +12.528 32 | — 3.86603 | — 8.661 40 | +10.10754 | 58 | +13.61205 | — 4.70484 | — 8.90720 | +-10.018 16 
59 | +22.187 74 | —10.133 34 | —12.054 39 | + 8.28533 | 50 | +23.13200 | —11.051 60 | —12.08040 | + 7.24047 
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COEFFICIENTS FOR DIRECT ACTION. 65 
TABLE VII.—Contcnued. 
Vauues or A, B, C, anp D ror THE AcTION or VENUS ON THE Moon. 
System 8. System 9. 
z A B c D Zz A B G D 
O | +27.214 80 | —13.038 26 | —13.27655 | — 3.50011 o | +29.406 78 | —14.968 87 | —14.43791 | — 4.12709 
I | +19.03987 | — 8.02033 | —II.019 53 | —10.665 09 I | +20.20262 | — 8.25118 | —1I.951 44 | —11.843 65 
2 | + 9.63165 | — 1.99026 | — 7.641 36 | —10.302 17 2 | + 9.002 42 | — 1.72159 | — 8.18082 | —11.106 40 
3 | + 4.31063 | + 0.61744 | — 4.92800 | — 7.32055 3 | + 4.28872 | — o.911 18 | — 5.19988 | — 7.719 82 
4 | + 1.96054 | + 1.20621 | — 3.16675 | — 4.800 35 4 | + 1.89456] + 1.40655 | — 3.301 10 | — 4.984 16 
5 | + 0.98006 | + 1.10085 | — 2.08990 | — 3.16793 5 | + 0.92508 | + 1.23253 | — 2.15852 | — 3.24867 
6 | + 0.561 76 | + 0.86813 | — 1.42989 | — 2.155 37 6 | + 0.52426 | + 0.942 42 | — 1.46667 | — 2.10556 
7 | + 0.373 31 | + 0.641 49 | — 1.01479 | — 1.52413 | 7 | + 0.34815 | + 0.68736 | — 1.03553 | — 1.54604 
8 | + 0.28229 | + 0.46281 | — 0.74509 | — 1.11703 8 | + 0.265 37 | + 0.49196 | — 0.75734 | — 1.13104 
9 | + 0.23465 | + 0.329360 | — 0.56401 | — 0.84660 9 | + 0.22312 | + 0.34843 | — 0.57150 | — 0.855 24 
10 | + 0.207 40 | + 0.23126 | — 0.43866 | — 0.65889 | 10 | + 0.19044 | + 0.24406 | — 0.44351 | — 0.66492 
II | + 0.19028 | + 0.15918 | — 0.34946 | — 0.52446 | 11 | + 0.18474 | + 0.16797 | — 0.35270 | — 0.52890 
12 | + 0.17851 | + 0.10591 | — 0.28442 | — 0.42532 | 12 | + 0.17464] + 0.11205 | — 0.28667 | — 0.428 80 
13 | + 0.16976 | + 0.06621 | — 0.23597 | — 0.35025 | 13 | + 0.16708 | + 0.07053 | — 0.23761 | — 0.353 18 
14 | + 0.16285 | + 0.03633 | — 0.19920 | — 0.29205 | 14 + 0.16105 | + 0.03940 | — 0.20043 | — 0.204 52 
15 | + 0.15717 | + 0.01365 | — 0.17081 | — 0.24598 | 15 | + 0.15599 | + 0.01580 | — 0.171 81 | — 0.248 10 
| 16 | + 0.15234 | — 0.00374 | — 0.14861 | — 0.20880 | 16 | + 0.15167 | — 0.002 23 | — 0.14943 | — 0.21065 
17 | + 0.14819 | — 0.01717 | — 0.13102 | — 0.17830 | 17 | + 0.14790 | — 0.016 16 | — 0.131 73 | — 0.17993 
18 | + 0.14458 | — 0.02763 | — 0.11696 | — 0.15286 | 18 | + 0.14458 | — 0.02701 | — 0.11760 | — 0.154 30 
19 | + 0.141 43 | — 0.035 83 | — 0.10561 | — 0.131 33 | 19 | + 0.14169 | — 0.03549 | — 0.10622 | — 0.132 62 
20 | + 0.13871 | — 0.04229 | — 0.09641 | — 0.11285 | 20 | + 0.139 16 | — 0.04217 | — 0.09701 | — 0.11400 
2I | + 0.13636 | — 0.04743 | — 0.08894 | — 0.00678 | 21 | + 0.13698 | — 0.04747 | — 0.08952 | — 0.090779 
22 | + 0.134 30 | — 0.05151 | — 0.08285 | — 0.08260 | 22 | + 0.135 12 | — 0.051 70 | — 0.083 43 | — 0.08350 
23 | + 0.13268 | — 0.05478 | — 0.07792 | — 0.06993 | 23 | + 0.13357 | — 0.05508 | — 0.07850 | — 0.070 72 
24 | + 0.131 33 | — 0.05738 | — 0.07394 | — 0.05846 | 24 | + 0.13233 | — 0.05779 | — 0.07454 | — 0.059 14 
25 | + 0.13027 | — 0.059 48 | — 0.07080 | — 0.04791 | 25 | + 0.13137 | — 0.05096 | — 0.071 41 | — 0.048 50 
| 20 | + 0.12951 | — 0.001 14 | — 0.06837 | — 0.03810 | 26 | + 0.13070 | — 0.061 69 | — 0.06901 | — 0.03858 
27 | + 0.12904 | — 0.00245 | — 0.06659 | — 0.02882 | 27 | + 0.13031 | — 0.06305 | — 0.06725 | — 0,029 21 
28 | + 0.12885 | — 0.063 46 | — 0.065 39 | — 0.01993 | 28 | + 0.13020 | — 0.06412 | — 0.06608 | — 0.02021 
29 | + 0.12804 | — 0.06421 | — 0.06475 | — 0.01127 | 29 | + 0.13037 | — 0.06490 | — 0.065 46 | — 0.011 45 
0.129 33 | — 0.06471 | — 0.06463 | — 0.00271 | 30 | + 0.13083 | — 0.065 44 | — 0.065 38 | — 0.002 79 
ah 0.13002 | — 0.06498 | — 0.06504 | + 0.00589 | 31 | + 0.131590 | — 0.06574 | — 0.06583 | + 0.00591 
32 | + 0.13101 | — 0.06502 | — 0.06599 | + 0.014 65 | 32 + 0.13263 | — 0.06582 | — 0.06683 | + 0.014 78 
33 | + 0.132 32 | — 0.06482 | — 0.06751 | + 0.02372 | 33 | + 0.13401 | — 0.05563 | — 0.06839 | + 0.02397 
34 | + 0.13397 | — 0.064 32 | — 0.06963 | + 0.03325 | 34 | + 0.13571 | — 0.06515 | — 0.07057 | + 0.033 62 
0.135 96 | — 0.06352 | — 0.07244 | + 0.04341 | 35 | + 0.13777 | — 0.00435 | — 0.073 43 | + 0.043 92 
“ og “Hd — 0.062 33 | — 0.07602 | + 0.05441 | 36 | + 0.14022 | — 0.06315 | — 0.07706 | + 0.055 06 
37 | + 0.141 13 | — 0.06066 | — 0.08048 | + 0.06647 | 37 | + 0.14308 | — 0.061 47 | — 0.081 59 | + 0.067 28 
| 38 | + 0.144 40 | — 0.05840 | — 0.08599 | + 0.07989 | 38 | + 0.14640 | — 0.05920 | — 0.087 18 | + 0.08087 
39 | + 0.14816 | — 0.055 41 | — 0.09277 | + 0.09501 | 39 | + 0.15022 | — 0.05618 | — 0.00405 | + 0.096 19 
0.152 52 | — 0.051 45 | — o.101 08 | + 0.11229 | 4o | + 0.15464 | — 0.05218 | — 0.102 46 | + 0.113 60 
a zm sos ce — 0.04626 | — 0.11129 | + 0.13231 | 41 | + 0.15973 | — 0.04694 | — 0.11279 | + Ons 
42 | + 0.163 40 | — 0.03947 | — 0.12392 | + 0.15582 | 42 | + 0.16561 | — 0.04007 | — 0.12554 | + 0.1877 
| 43 | + 0.17020 | — 0.03058 | — 0.1390 61 | + 0.18384 | 43 | + 0.17245 | — 0.03106 | — 0.141 39 | + O.18611 | 
| 44 | + 0.17822 | — 0.01889 | — 0.15931 | + 0.21772 | 44 | + 0.18048 | — 0.01921 | — 0.161 26 | + 0.22039 
0.18 — 0.003 48 | — 0.184 30 | + 0.259390 | 45 | + 0.19004 | — 0.00358 | — 0.186 46 | + 0.26254 
= i. aed 6 + Lge de — 0.21640 | + 0.31152 | 46 | + 0.20166 | + 0.01716 | — 0.21884 | + 0.315 27 
47 | + 0.21410 | + 0.04419 | — 0.25828 | + 0.37802 | 47 | + 0.21618 | + 0.044 88 | — 0.26104 | + 0.38255 
48 | + 0.23313 | + 0.08075 | — 0.31387 | + 0.46469 | 48 | + 0.23499 | + 0.082 10 | — 0.31709 | + pap 25 
| 49 | + 0.25912 | + 0.13004 | — 0.38915 | + 0.58041 | 49 | + 0.260 560 | + 0.13243 | — 0.30299 | + 0.587 30 
| A 6 
0.2 0.196 72 | — 0.49344 | + 0.73912 | 50 | + 0.29746 | + 0.20073 0.498 20 | + 0.7481 
a 1 “ots t . 62 | — 0.64169 | + 0.963 40 | 51 | + 0.35463 | + 0.203 26 | — 0.64789 | + 0.975 66 
52 + 0.45286 | + 0.40576 | — 0.85863 | + 1.20097 | 52 | + 0.45050 | + 0.416 79 | — 0.86729 | + i 62 
53 | + 0.63050 | + 0.555 78 | — 1.18620 | + 1.78619 | 53 | + 0.62531 | + 0.574 26 | — 1.199 57 + oo 7 
54 | + 0.98018 | + 0.71766 | — 1.69783 | + 2.55044 | 54 | + 0.97184 | + 0.74881 | — 1.72064 | + pp 7 
— 2.56551 | + 3.881 50 
5 \ | <- 1.720 0.800 56 | — 2.52146 | + 3.70124 | 55 | + 1.71305 | + 0.85155 2.5) 
FB) + saroty | + ospsio | — ghrsas| + proto | 38 + swt | Fosters | — goes | + game 
| 57 | + 7.09411 | — 1.04890 | — 6.04521 | + 8.33290 | 5 . ape ee kaw 410.830 84 
a — 5. — 9.16 10.17419 | 58 | +15.228 32 | — 5.57039 9.6579 H 
CH apa - es Suen z 6.72053 | 59 | +26.10678 | —12.841 66 | —13.265 09 | + 7.187 45 
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ACTION OF THE PLANETS ON THE MOON. 


TABLE VII.—Concluded. 


Vauues or A, B, C, AND D For THE AcTION oF VENUS ON THE Moon. 


System 10. 


System 11. 


A 


C 


D 


A 


B 


C 


SO CONAN BWNHHO 


-+32.969 68 
+22.878 40 
+11.019 61 
+ 4.649 91 
+ 2.004 OI 


+ 0.961 50 
+ 0.537 67 
+ 0.354 96 
+ 0.270 14 
+ 0.227 24 


+ 0.203 27 
+ 0.188 39 
+ 0.178 13 
+ 0.170 40 
+ 0.164 20 


+ 0.15900 
+ 0.154 52 
-++ 0.150 59 
+ 0.147 15 
+ 0.144 13 


+ 0.141 48 
+ 0.139 19 
+ 0.137 22 
= 0.135 57 
+ 0.134 22 


+ 0.133 17 
+ 0.132 41 
+ 0.131 93 
+ 0.131 73 
+ 0.131 82 
+ 0.132 18 
+ 0.132 84 
+ 0.133 79 
+ 0.135 06 
+ 0.136 64 
+ 0.138 57 
+ 0.140 86 
+ 0.143 55 
+ 0.146 68 
+ 0.150 29 


+ 0.154 44 
+ 0.159 20 
+ 0.164 70 
+ 0.171 06 
+ 0.178 50 


+ 0.187 29 
++ 0.197 90 
+ 0.21105 
+ 0.227 08 
+ 0.250 86 


+ 0.283 78 
+ 0.334 81 
+ 0.420 84 
+ 0.579 24 
+ 0.8907 75 


+, 1.592 91 
+ 3.213 60 
+ 7.077 92 
15.483 72 
-+-28.021 Io 


bbl d+ ++tt+ $t4+44+ 4111 


[++ tttt++ +444 | 


1.525 68 


1.313 85 
0.991 88 
0.716 40 
0.508 75 
0.357 97 


0.249 27 
0.170 58 
0.113 07 
0.070 59 
0.038 87 


0.014 93 
0.003 31 
0.017 36 
0.028 23 
0.036 72 


0.043 40 
0.048 67 
0.052 86 
0.056 20 
0.058 85 


0.060 96 
0.062 63 
0.063 93 
0.064 92 
0.065 63 


0.066 10 
0.066 32 
0.066 31 
0.066 03 
0.065 45 


0.064 54 
0.063 24 
0.061 43 
0.059 OI 
0.055 81 


0.051 63 
0.046 17 
0.039 03 
0.029 69 
0.017 45 


0.001 31 
0.020 I2 
0.048 73 
0.087 26 
0.139 52 


0.210 84 
0.308 36 
0.440 62 
0.614 18 
0.819 82 


—16.309 71 
—13.579 54 
Q.12I 36 
5.668 34 
3-530 58 


2.275 35 
1.520 55 
1.071 36 
0.778 90 
0.585 20 


0.452 55 
0.358 96 
0.291 19 
0.241 00 
0.203 07 


0.173 92 
0.151 19 
0.133 25 
0.118 92 
0.107 39 


0.098 08 
0.090 50 
0.084 36 
0.079 38 
0.075 38 


0.072 22 
0.069 79 
0.068 oI 
0.006 81 
0.066 18 


0.066 08 
0.066 51 
0.007 49 
0.069 03 
0.071 18 


0.074 02 
0.077 63 
0.082 13 
0.087 67 
0.004 47 


0.102 80 
0.113 05 
0.125 68 
O.I4I 37 
0.161 05 


0.185 99 
0.218 OI 
0.259 78 
0.315 23 
0.390 37 


0.404 61 
0.643 17 
0.861 46 
1.193 43 
1.71755 


2.576 84 
4.028 36 
6.481 38 
—10.203 80 
—14.668 60 


— 3.668 44 
—12.862 57 
—12.148 82 
— 8.32679 

5.204 55 


3.408 98 
2.283 06 
1.596 99 
1.162 57 
0.875 82 


0.678 94 
0.538 89 
0.436 09 
0.358 52 
0.208 55 


0.251 17 
0.213 OI 
0.181 73 
0.155 68 
0.133 65 


0.114 75 
0.008 31 
0.083 81 
0.070 86 
0.059 13 
0.048 36 
0.038 32 
0.028 84 


0.019 75 
0.010 90 


0.002 I5 
+ 0.006 62 
+ 0.015 57 
+ 0.024 82 
+ 0.034 54 


+ 0.044 89 
+ 0.056 08 
+ 0.068 34 
+ 0.081 906 
++ 0.097 30 


+ 0.114 80 
+ 0.135 04 
+ 0.158 78 
+ 0.187 03 
+ 0.221 16 


+ 0.263 06 
+ 0.315 43 
+ 0.382 19 
+ 0.469 15 
+ 0.585 26 


+ 0.744 61 
+ 0.970 29 
+ 1.301 21 
+ 1.805 20 
+ 2.602 39 


+ 3.901 43 
+ 6.015 62 
+ 9.125 85 
++ 11.905 07 
-+ 8.801 20 


O CONT OM BWNHHO 


+35.831 31 
+25.980 88 
-+-12.649 60 
+ 5.312 22 
+ 2.274 38 


+ 1.084 48 
+ 0.602 79 
+ 0.304 57 
+ 0.297 06 
+ 0.247 04 
+ 0.218 68 
+ 0.200 85 
+ 0.188 48 
++ 0.179 19 
ONZE 75 


+ 0.165 57 
-+ 0.160 28 
+ 0.155 70 
+ 0.151 60 
+ 0.148 17 


++ 0.145 09 
+ 0.142 43 
+ 0.140 12 
+ 0.138 16 
+ 0.136 53 


+ 0.135 22 
+ 0.134 20 
+ 0.133 48 
+ 0.133 05 
+ 0.132 89 


+ 0.133 02 
+ 0.133 44 
+ 0.134 15 
=) 0.135 15 
+ 0.136 46 
+ 0.138 Io 
-++ 0.140 07 
+ 0.142 42 
+ 0.145 15 
+ 0.148 32 


+ 0.151 96 
+ 0.156 14 
+ 0.16093 
+ 0.166 46 
+ 0.17285 
+ 0.180 36 
+ 0.189 32 
+ 0.200 31 
+ 0.214 31 
+ 0.233 09 
+ 0.260 04 
-- 0.301 96 
+ 0.373 30 
+ 0.506 61 
+ 0.779 60 
+ 1.388 11 
+ 2.843 20 
+ 6.437 87 
+14.717 82 
+28.307 74 


—17.896 16 
—10.969 56 
— 2.055 75 
0.803 I5 
1.480 38 


1.308 02 
0.091 77 
0.715 16 
0.505 83 
0.353 97 


0.244 78 
0.165 98 
0.108 59 
0.066 36 
0.034 92 


O.OII 29 
0.006 65 
0.020 38 
0.030 98 
0.039 22 


0.045 66 
0.050 70 
0.054 68 
0.057 81 
0.060 27 


0.052 20 
0.063 70 
0.064 83 
0.065 65 
0.066 20 


0.066 51 
0.066 56 
0.066 37 
0.065 OI 
0.065 16 


0.064 05 
0.062 54 
0.060 50 
0.057 84 
0.054 37 


0.049 87 
0.044 06 
0.036 52 
0.026 7I 
0.013 OI 


+ 0.002 93 
+ 0.025 21 
+ 0.054 97 
+ 0.095 04 
+ 0.149 53 


+ 0.224 24 
-+ 0.327 27 
+ 0.469 14 
+ 0.660 75 
+ 0.902 68 


+ 1.14402 
+ 1.14104 
-++ 0.057 82 
— 4.162 63 
—12.848 84 


LPL i+ +t+4++ 4444+ +1 


Arad elm ta elie hectare tet ibp tht cet 


—17.935 12 


3.754 76 


2.392 50 
1.504 55 
1.109 73 
0.802 90 
0.601 02 


0.463 47 
0.306 83 
0.297 07 
0.245 53 
0.206 68 


0.176 86 
0.153 64 
0.135 31 
0.120 70 
0.108 66 


0.009 45 
0.091 72 
0.085 45 
0.080 36 
0.076 26 


0.073 OT 
0.070 50 
0.068 64 
0.007 38 
0.066 68 


0.066 51 
0.066 87 
0.067 77 
0.009 23 
0.071 30 


0.074 04 
0.077 55 
0.081 92 
0.087 32 
0.093 95 


0.102 09 
0.112 08 
0.124 42 
0.139 73 
0.158 94 


0.183 28 
0.214 53 
0.255 27 
0.309 35 
0.382 62 


0.484 27 
0.629 23 
0.842 44 


1.167 37 
1.682 27 


2.532 13 


3.505 21 
2.390 23 
1.661 64 


1.203 4I 
0.902 67 


0.697 18 
0.551 50 
0.445 09 
0.364 97 
0.303 18 


0.254 49 
0.215 35 
0.183 33 
0.156 70 
0.134 21 


0.114 95 
0.008 23 
0.083 50 
0.070 35 
0.058 46 


0.047 55 


+ 0.115 40 
+ 0.135 36 
+ 0.158 73 
-- 0.186 47 
+ 0.219 93 
-+- 0.260 93 
-+ 0.312 08 
+ 0.377 15 
+ 0.461 76 
+ 0.574 53 


+ 0.729 Io 


+ 2.535 09 


+ 3.815 21 
+ 5.04655 
+ 9.252 71 
-+12.780 88 
+10.996 73 
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TABLE VIII. 


DEVELOPMENT oF A, B, C, anp D For VENUS IN PERIODIC SERIES. 


Coeff. of 
Vv; art A B Be D 
cos sin cos sin cos sin cos sin 

0 Oo +2.1047 0.0000 —0.5886 0.0000 —1.6061 0.0000 —0.0005 0.0000 
o+ 1 -+0.1742 —0.0428 —0.0314 +0.0085 —0.1428 +0.0343 -+0.0080 +0.0774 
0+ 2 +0.0523 —0.0556 —0.0086 +0.0084 —0.0438 +0.0471 +0.0124 +0.0131 
o+ 3 -++-0.0046 —0.0075 —0.0008 +0.0012 —0.0038 +0.0063 -++0.0022 -++-0.0016 
o+ 4 -+-0.0001 —0.0015 0.0000 0.0000 —0.0001 -+0.0012 -+0.0004 0.0000 
o+ 5 —0.000I —0.0002 0.0000 -++0.0002 0.0000 -++0.0002 0.0000 0.0000 
o+ 6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
I—7 0.0000 0.0000 —0.O000I -+0.0001 0.0000 0.0000 -+-0.0001 0.0000 
I— 6 —0.0004 -+0.0003 0.0003 0.0000 -++-0.0001 —0.0003 0.0000 —0.0001 
I— 5 -+0.0004 +0.0014 —0.0002 —0.0005 —0.000I —0.0010 -++0.0005 —0.0005 
I— 4 -+0.0049 -+-0.0084 —0.0013 —0.0017 —0.0038 —0.0068 -+0.0031 —0.0021 
I— 3 +0.0546 +0.0552 —0.0127 —O.OI1I5 —0.0423 —0.0441 +0.0182 —0.01909 
I— 2 -+0.2534 -++0.0552 —0.0820 —0.0156 —0.1708 —0.0393 -++0.0201 —0.1214 
I— I -+4.0006 —0.0006 —I.1590 -++0.0004 —2.8416 0.0000 —0.0015, —1.1602 
I+o +0.0924 —0.0288 +0.0118 +-0.0030 —0.1036 +0.0255 —0.0010 +0.0525 
I+ I +0.0501 —0.0549 —o.0058 0.0060 —0.0445 -+0.0490 -+-0.0063 +0.0068 
I+ 2 +0.0038 —0.0004 —0.0002 -+-0.0008 —0.0030 +0.0059 +0.0013 -+0.0009 
I+ 3 0.0000 —0.0014 0.0000 -++0.0005 0.0000 -+0.0013 +0.0004 -+0.0001 
I+ 4 —0,.000I —0.0002 0.0000 0.0000 -++0.0002 -++0.0004 —0.0002 0.0000 
I+ 5 0.0000 0.0000 —0.000I -+0.0001 0.0000 0.0000 -++0.0001 0.0000 
2— 8 0.0000 0.0000 —0.0001 —0.000I -+0.0001 0.0000 -++0.0001 0.0000 
2—7 0.0000 -+0.0004 —0.0002 —0.0001 -+-0.000I —0.0000 -++0.0002 0.0000 
2— 6 -+0.0004 +0.0015 0.0000 —0.0005 -—0.0002 —O.00II -++0.0002 —0.0001 
2— 5 0.0054 +0.0092 —0.0016 —0,.0025 —0.0036 —0.0065 +0.0037 —0.0027 
2—4 -+0.0507 +0.0542 —0.0174 —0.0144 —0.0308 —0.0398 +0,0223 —0.0252 
2— 3 -++-0.3003 -++0.0648 —0.1281 —0.0245 —0.1826 —0.0402 +0.0315 —0.1720 
2— 2 +3.7105 —0.0014 —1.3562 -+0,0011 —2.3535 0.0000 —o.0018 —1.6716 
2—I1 -+0.0402 —0.0173 +0.0321 -++0.0010 —0.0730 -+0.0162 —0.0016 +0.0516 
2+0 +0.0483 —0.0536 —0.0049 -++0.0052 —0.0430 -++-0.0486 -+0.0001 +0.0012 
2+ 1 -+0.0032 —0.0054 —0.0003 +0.0003 —0.0028 -+0.0048 -+0.0008 -++0.0007 
2+ 2 -+0.0001 —0.0010 0.0000 -++0.0002 .00000 -++0.0011 -++0.0001 0.0000 
2+ 3 —0.0002 —0.0002 —0.0003 —0.0001 -+0.0003 —0.0002 -+-0.0002 0.0000 
2+ 4 0.0000 0.0000 —0.000I —0.0001 -++0.0001 0.0000 -++0.0001 0.0000 
3—9 —0.000I -+0.0001 —0.0001 0.0000 -+-0.0001 0.0000 -+0.0001 -++0.0001 
3— 8 0.0000 +0.0006 0.0000 —0.0003 -+0.0001 —0.0003 -+0.0001 0.0000 
3-7 0.0004 -++0.0020 -++0.0001 —0.0007 —0.0003 —O0.00II -++0.0007 —0.0002 
3— 6 +0.0062 +0.0093 —0.0020 —0.0032 —0.0041 —0.0064 -+-0.0046 —0.0033 
3-5 +0.0586 +0.0524 —0.0217 —0.0168 —0.0366 —0.0354 +0.0252 —0.0305 
3-4 +0.3454 -+0.0705 —0.1657 —0.0317 —0.1789 —0.0387 --0.0408 —0.2154 
3— 3 +3.3553 —0.0017 —1.4607 -+-0.0012 —1.8858 -+-0.0003 —0.0014 —1.8630 
3— 2 -++0.0042 —0.0079 -++-0.0456 —0.0014 —0.0490 +0.0004 -+-0.0008 +0.0547 
3— 1 +0.0454 —0.0516 —0.0044 -+-0.0049 —0.0410 +0.0463 —0.0056 —0.0043 
3—0 -+0.0030 —0.0045 —0.0002 0.0000 —0.0030 +0.0044 0.0000 +0.0003 
3-—I —0.0003 —0.0010 -++0.0004. -+0.0002 -++0.0001 +0.001I -++0.0002 0.0000 
3-2 —0.0004. 0.0000 —0.0002 —0.0001 -++.00002 —0.0002 0.0000 -++-0.0001 
3— 3 —0.0001 -++0.0001 —0.0001 0.0000 -+0.0001 0.0000 -++0.0001 +0.0001 
4—I10 —0.0001 -+-0.0002 --0.0001 -++-0.0001 -+-0.0002 0.0000 -+-0.0001 0.0000 
4—9 —0.000I -++0.0004 -+0.0003 -++0.0001 0.0000 —0.0002 0.0000 —0.0002 
4—8 -++0.0003 -++o.0018 0.0000 —0.0008 —0.000I —0.0014 +0.0013 Bp 
4-7 -++0.0064 -+-0.0096 —0.0025 —0.0036 —0.0038 —0.0060 Beasts —0.003 
4— 6 -+0.0584 +0.0498 —0.0252 —0.0190 —0.0332 —0.0308 10.02! ee —0.0344 
4— 5 +0.3605 -+0.0726 —0.1938 —0.0370 —0.1671 —0.0355 +0.04! mre: 
4— 4 +2.9597 —0.0013 —1.4783 -+0.0012 —1.4817 -++0.0002 —0.0014 —I, ee 
4— 3 —0.0206 —0.0005 +0.0526 —0.0043 —0.0330 -+-0.0045 -++-0.0037 +0.05 
4— 2 -+0.0424 —0.0483 —0.0058 --0.0059 —0.0300 0.0420 —0.0090 —0.0075 
4-1 -+0.0023 | —0.0034 0.0000 —0,.000I —0.0025 +0.0034 0.0000 -++0.0003 
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TABLE VIIl.—Concluded. 
DEVELOPMENT OF A, B, C, AND D For VENUS IN PERIODIC SERIES. 


Coeff. of 
Vv, 2! A B C D 
cos sin cos sin cos sin cos 
4+ 0 —0.0002 —0.0010 -++0.0001 -++0.000I -++0.0002 +0.0013 —0.0002 
4+ 1 0.0000 -+0.0002 —0.O00I —0.0001 0.0000 -+0.0003 —0.0001 
4+ 2 -+-0.0001 -++0.0002 —0.000I -+0.0001 -++0.0004 0.0000 +0.0001 
5—II 0.0000 0.0000 —0.0001 0.0000 -+-0.0001 —0.0001 0.0000 
5—I10 —0.0004 0.0000 —0.000I —0.0004 -++0.0002 -++0.0001 +0.0002 
5— 9 -++0.0004 +0.0018 —0.0001 —0.0008 0.0000 —O.O0II -+-0.00II 
5— 8 +0.0063 --0.0005 —0.0028 —0.0036 —0.0037 —0.0056 -+-0.0057 
5-7 +0.0579 +0.0465 —0.0284 —0.0200 —0.0298 —0.0268 +0.0276 
5— 6 +0.3602 +0.0712 —0.2094 —0.0400 —0.I501 —0.0313 +0.0497 
5— 5 +2.5539 —0.0014 —1.4070 +0.0012 —1I.1467 -+-0.0002 —0.0015 
5— 4 —0.0350 -++0.0047 +0.0564 —0.0068 —0.0205 +0.0016 +0.0067 
5— 3 +0.0389 —0.0445 —0.0064 -+0.0069 —0.0328 +0.0375 —0.0122 
5— 2 +0.0018 —0.0028 +0.0001 +0.0001 —0.0018 +0.0029 -++-0.0002 
5— I -+0.0004 —0.OOII 0.0000 -+-0.0002 --0.0002 +0.0012 —0.0002 
sto —0.000I -+0.0002 —0.0002 +-0.0002 —0.O00I +0.0001 -+0.0002 
s+ 1 0.0000 0.0000 —0.0001 0.0000 +0.0001 —0.0001 0.0000 
6—I12 —0.0001 0.0000 0.0000 0.0000 -++0.0002 0.0000 -++-0.0001 
6—II —0.0001 +0.0003 -++0.0002 0.0000 +0.0004 +0.0001 +0.0002 
6—Io0 -+-0.0003 +0.0018 —0.0002 —0.0008 —0.0005 —0.0009 +0.0012 
6— 9 +0.0061 -+0.0091 —0.0035 —0.0038 —0.0033 —0.0050 -+0.0050 
6— 8 +0.0557 +0.0428 —0.0295 —0.0203 —0.0264 —0.0225 +0.0274 
6— 7 +0.3455 +0.0684 —0.2150 —0.0414 —0.1312 —0.0274 -+0.0500 
6— 6 +2.1645 —0.0007 —1.2859 --0.0009 —0.8788 —0.0001 —0.0009 
6— 5 —0.0436 -++-0.0086 +0.0558 —0.0084 —0.0128 --0.0002 -+-0.0086 
6— 4 +0.0356 —0.0403 —0.0075 +0.0078 —0.0282 +0.0321 —0.0139 
6— 3 -+0.0016 —0.0022 0.0000 —0.0001 —0.0018 +0.0021 +0.0002 
6— 2 0.0000 —0.0009 -++0.0002 -+0.0002 —0.0005 -+0.0009 0.0000 
6— I —0.O00I +0.0002 —0.0002 -+-0.000I —0.000I +0.0001 —0.0002 
6+ 0 —0.0001 0.0000 0.0000 0.0000 —0.0002 0.0000 —0.0001 
7—13 —0.0001 0.0000 0.0000 —0.0001 —0.0001 0.0000 —0.0002 
7—I2 0.0000 -++0.0005 +0.0003 —0.0001 —0.000I —0.O00I -+0.0004 
7—I1 +0.0006 +0.0017 +0.0001 —0.0009 —0.0002 —0.0009 -++0.0007 
7—I10 --0.0064 +0.0088 —0.0033 —0.0042 —0.0030 —0.0046 -+-0.0058 
7— 9 +0.0532 +0.0392 —0.0305 —0.0200 —0.0223 —0.0184 +0.0260 
7— 8 +0.3227 +0.0632 —0.2112 —0.0407 —0.1116 —0.0226 +0.0486 
7— 7 +1.8074 —0.0006 —I.1384 +0.0008 —0.6689 —0.0002 —0.0009 
7— 6 —0.0458 +0.0106 —0.0547 —0.0102 —0.0074 —0.0009 +0.0105 
7— 5 +0.0315 —0.03590 —0.0074 -+0.0082 | —0.0240 +0.0274 —0.0148 
7— 4 +0.0012 —0.0015 -++0.0001 —0.0004 —0.0012 +0.0016 -+-0.0002 
7— 3 0.0000 —0.O0II +0.0003 0.0003 0.0000 -++0.0c08 —0.0005 
7—2 —0.0001 —0.0002 —0.0001 +0.0002 | 0.0000 -+-0.0001 —0.0001 
7— 1 —0.0001 0.0000 0.0000 —0.0002 —0.0001 0.0000 —0.0002 
8—14 —0.000I 0.0000 0.0000 —O0.0001_ | 0.0000 —0.0002 0.0001 
8—I3 —0.0002 -+0.0002 -++0.0002 —0.0002 0.0000 —0.000I -+-0.0092 
8—12 -+0.0002 -++0.0014 —0.0002 —o.0008 | —0.0002 —0.0010 +0.0013 
8—II +-0.0058 ---0.0080 —0.0034 —0.0044 | —0.0027 —0.0037 +0.0050 
8—I0 -+0.0496 +0.0351 —0.0306 —0.0190 —0.0193 —0.0155 +0.0250 
8— 9 +0.2941 +0.0577 —0.1996 —0.0385 —0.0942 —0.0192 +0.0459 
8— 8 +1.4892 —0.0001 —0.9842 -++0.0003 —0.5050 —0.0001 —0.0005 
8— 7 —0.0461 +o.0118 --0.0500 —0.0104 —0.0048 —0.0012 +0.0115 
8— 6 +0.0278 —0.0316 —0.0081 +0.0085 —o.01¢8 +0.0228 —0.0144 
8— 5 --0.0010 —0.0010 --0.0001 —0.0004 —0,.0012 +0.0012 —0.0005 
8— 4 —0.000I —0.0009 0.0000 —0.000I | —0,.0002 -+-0.0009 +0.0001 
8— 3 -++-0.0002 0.0000 0.0000 —0.0002 | —0o.000I -++0.0002 —0.0001 
8=— 2 —0.0001 0.0000 0.0000 —0.000I 00000 | +—0.0002 +0.0001 
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TABLE IX. 


CoMPUTATION OF THE COEFFICIENTS FOR THE HANSENIAN VENUS-TERM OF 
Lone PERIop. 


System. “ay we | Aes As ve the 
0 +33.3048 —48.0672 | 15.2486 + 1.6810 + 1.6950 
I +30.4226 —44.3154 —14.3087 + 5.2845 + 5.6929 
2 +27.3802 —40.4460 | —13.3384 + 6.9388 + 7.7952 
3 +25.7605 —38.3437 —12.7915 + 6.7824 + 7.8308 
4 +25.3715 —37.7570 — 12.6090 + 5.0267 + 5.8930 
5 +25.2326 —37-5000 —12.5055 + 1.9933 + 2.39024 

6 +24.7525 —36.8505 —12.3300 — 1.4500 == oie 
7 +24.2076 — 36.3246 —12.2190 — 4.3516 — 5.1130 
8 +24.8273 —37.1237 ' —12.4835 — 6.2219 — 7.2996 
9 +27.0732 —40.1587 —13.3322 — 6.9149 — 7.9252 
10 +30.7124 —44.8651 —14.5505 — 5.0534 — 6.5819 
II +33.6483 —48.4814 | —15.4035 — 2.7809 — 3.0301 
| 
vf 
B, B | Be hehe | B. 
| 

fo) —19.9136 +27.3868 + 7.9770 — 3.3301 | — 1.2601 
I — 18.5130 +25.9046 + 7.7612 — 4.0210 | — 4.0255 
2 —16.9031 +24.1227 + 7.4655 — 5.0839 — 5.2866 
3 —15.8666 +22.8730 + 7.2028 — 4.7701 — 5.0902 
4 —15.4249 +-22.24909 + 7.0232 | — 3.4567 — 3.7608 
5 —15.2448 +21.9507 + 6.9235 — I.4401 — 1.6516 
6 —15.0836 +21.7873 : + 6, + 0.8330 + o8101 
7 —15.0404 +21.8370 + 6.9698 + 2.9218 + 3.1445 
8 —15.4663 22.4592 | + 7.1627 + 4.4869 + 4.9005 
9 —16.6559 +23.0104 + 7.4830 + 5.2206 + 5.6178 
10 —18.4569 +25.0344 | + 7.8260 + 4.5771 + 4.7687 
II —19.9292 +27.4474 + 8.0139 + 2.1201 + 2.1782 

Or ea ee ae Ce 
oO —13.4811 +20.6804 + 7.2716 — 0.3420 — 0.4358 
I —11.9006 +18.4107 + 6.5475 — 1.2036 — 1.6673 
2 —10.4771 + 16.3233 + 5.8729 — 1.8550 — 2.0586 
3 — 9.9030 +15.4707 + 5.5887 — 2,0122 — 2.7407 
4 — 9.94! -+-15.5072 + 5.5856 — 1.5700 — 2.1323 
5 — 9.9878 +15.5402 + 5.5820 — 0.5442 — 0.7409 
6 =~ oO +15.0722 / + 5.4201 + 0.6270 + 0.8508 
Z. — 9.2573 +14.4877 + 5.2492 + 1.4299 + 1.9085 
8 — 9.3611 +14.6645 + 5.3207 + 1.7351 + 2.3901 
9 —10.4173 +16.2304 + 5.8483 + 1.6043 + 2.3074 
10 —12.2555 +18.9306 + 6.7244 + 1.3762 + 1.8132 
II —13.7191 -++21.0340 + 7.3807 +o. + 0.8608 

i, : 13 oe Ds vo Re Ds 
fo) + 1.18907 — 1.3484 — 0.2485 —209.8546 —38.9716 
I + 3.5868 — 4.2373 — 0.8724 —27.5111 —36.6653 
2 + 4.5580 — 5.5349 — 1.2117 —24.9093 —34.0089 
3 + 4.3152 — §-3345 — 1.2153 — 23.3292 — 32.2553 
4 + 3.1531 — 3.0457 — 0.9269 —22.7303 —31.4609 
5 + 1.3233 — 1.7080 — 0.4334 —22.5117 —31.0906 
6 — 0.7706 + 0.8079 + 0.16890 —22.2060 —30.7822 
bd — 2.6650 + 3.3202 + 0.7653 —22,0282 —30.7403 
8 — 4.0554 + 5.1025 + 1.2108 —22.6267 —31.5788 
9 — 4.6896 + 5.8349 + 1.3576 —24.5324 —33-7503 
10 — 4.1057 + 4.9831 + 1.1038 —27.4081 — 36.8202 
II — 1.9060 + 2.2816 + 0.4940 —29.9252 —39.1222 
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TABLE X. 


CoEFFICIENTS OF cos 18Z AND sIN 18Z For A, B, C, anp D IN EACH OF 
12 sySTEMs (L = v—g’). 


-++0.5720 
+1.5716 
+1.8673 
+1.6835 
+1.1840 
+0.4448 
—0.3565 
—1.0208 
—I.2991 
—1.7883 
—1.6730 
—o.8012 


+0.0154 


+0.0192 


The coefficients A,, A,, etc., have a separate value for each ot the 12 systems. 
These special values are developed in a periodic series proceeding according to the 
sines and cosines of multiples of 9’, in the form (a) §36 with results shown in the 
last seven lines above. The final development is then shown below in the form (8). 


TABLE XI. 


ComPuTATION oF A- AND K-CoEFFICIENTS FOR THE HANSENIAN INEQUALITY OF 
Lone PERIopD. 


Arg. 


18v—18g’ } +0.0154 
18v—17g" 8 : +0.1030 
18v—16g’ : —O.IIII 
18v—I5g’ -++0.0072 


30D 


c 


Arg. 


10° MD, 


oe ++0.0104 ; x 40.0022 
18v —17, -++0.1008 i 0.0146 
18v—16¢’ —0.1218 ; eee 


—0.01571 
18v—15¢ . -++0.0059 +0.00102 
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§ 37. Coefficients E and F for Venus. Some preliminary computations ren- 
der it doubtful whether the planetary coefficients H and / would lead to sensible 
inequalities in any case. But, in order to leave no doubt, they are computed for 
six of the twelve systems and thirty alternate values of the index for Venus. The 
separate numerical results are shown in Table XII. The general development 
will be, so far as it seemed useful to use it, found in Part 1V. 


TABLE XII. 


SPECIAL VALUES oF E anv F ror THE ACTION OF VENUS ON THE Moon. 


Coefficient E. Coefficient F. 


t System System |System | System |System |System - |System|System|System|S 
1 ) 
fa) 2 4 6 8 10 fe) 2 4 
oO | +3.528 | +6.997 | +3.567 | —2.569 | —6.300 | —4.684 o |+o.071 | +0.617 | +0.231 
I | +2.216 | +3.683 | +1.277 | —1.664 | —2.541 | —1.248 I —1.154 | —1.613 | —0.550 
2 |+0.643 | +0.872 | +-0.160 | —0.545 | —0.620 | —o0.150 2 |—o0.571| +0.701 | —0.126 
3 |-+0.218 | +0.233 | —0.006 | —o0.198 | —0.179| 0.000 3. | —0.229 | —0.226 | —0.005 
4 |-+0.094 | +0.078 | —0.024 | —0.089 | —0.064 | +-0.019 4 |—0.100| —0.077 | +0.023 
5 |-+0.049 | +0.030 | —o.022 | —0.046 | —0.026 | +0.018 5 |—0.048 | —0.028 | ++-0.020 
6 | +0.028 | -++0.012 | —o0.018 | —0.027 | —0.024 | +-0.015 6 |—0.025 | —o.o10} +0.015 
7 |-+0.017 | +0.004 | —0.014 | —0.017 | —0.004 | +0.013 Fe —0.014 | +0.003 | -+-0.01T 
8 |+0.011| 0.000] —o.012|—o.o1I 0.000 | +0.011 8 |—0.007| 0.000} +0.007 
9 |-+0.007 | —0.002 | —0.009 | —0.007 | +-0.002 | ++-0.009 9 —o.004 | +0.001 |} +-0.005 
Io | +0.004 | —0.003 | —0.008 | —0.004 | +-0.003 | ++0.008| I0 | —0.002! +0.002 | +0.003 
II_ | +0.003 | —0.004 | —0.007 | —0.003 | +-0.004|-+0.006} Ir | —o.00I | +0.001 | +-0.002 
I2 |-+0.001 | —0.004 | —0.005 | —0.001 | +0.004 | ++-0.005 12 0.000 | +-0.001 | -+-0.001 
13 0.000 | —0.005 | —0.005 0.000 | -+-0.004 | +0.004| 13 0.000 | +-0.001 | +0.001 
I4 | —0.00I | —0.005 | —0.004 | +-0.001 | -++0.005 | +-0.004| 14 0.000 0.000 0.000 
I5 | —0.002 | —0.005 | —0.003 | -+0.002 | -++0.005 | +0.003| 15 0.000} 0.000 0.000 
16 | —0.003 | —0.005 | —0.002 | +-0.003 | +-0.005 | +-0.002|] 16 0.000 | —O.001 0.000 
17 | —0.004 | —0.005 | —0.001 | +-0.004 | +0.005|-+0.001| 17 —0.00I | —0.00I 0.000 
18 | —0.005 | —0.005 0.000 | +-0.005 | 4-0.005 0.000} 18 —0.00I | —O.00I 0.000 
19 | —0.006 | —0.005 | +0.001 | -++-0.006 | +0.005 | —0.002| 19 —0.002 | —0.002 0.000 
20 | —0.008 | —0.004 | +0.003 | +0.007 | ++-0.005 | —0.003| 20 —0.004 | —0.002 | -+-0.001 
21 | —0.010| —0.004 | ++0.005 | +-0.009 | -++0.004 | —0.006| 21 —0.006 | —0.002 | +0.003 
22 |—0.012 | —0.003 | +0.009 | -+0.012 | +0.002| —0.010| 22 —0.008 | —o.0or1 | +0.006 
23 |—0.016| 0.000|-+0.014|-+0.015| 0.000|—0.017| 23 |—0.0I2| 0.000} -+0.011 
24 |—0.02I1 | ++0.005 | ++0.024 | +-0.020 | —0.007 | —0.029| 24 | —0.0I9Q | -+-0,005 | +0.022 
25 |—0.028 | +-0.018 | +-0.043 | +0.027 | —0.023 | —0.053| 25 | —0.028 | +0.018 | +-0.043 
26 | —0.039 | -+0.050 | +0.084 | +0.037 | —0.065 | —o.108| 26 | —0.042 | +0.055 | +-0.090 
27 |—0.050| +0.152 | +-0.194 | +0.045 | —o.208 | —0.264} 27 | —0.053| +0.167 | +0.205 
28 0.000 | +0.569 | ++0.561 | —o.017 | —o.799 | —o.819| 28 0.000 | +0.543 | +0.507 
29 | +0.730| +2.564 | +1.885 | —0.681 | —3.325 | —2.019| 29 | +0.406| +1.557| +1.061 


B. AcTION oF MARS. 


§ 38. For Mars the coefficients A, B, C,and D were developed much in the same 
way asfor Venus. But, owing to the supposed absence of terms having a high mul- 
tiple of the mean longitude of Mars, it was considered sufficient to divide the mean 
orbit of Mars into 24 parts for the special computations of the A-coefficients. The 
adopted number of systems was 12, as in the case of Venus. 

The following statements, with the diagram, will make clear the method of carry- 
ing out the computation. In system o the Earth remains at rest at its perihelion 
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and is, therefore, in longitude approximately m= 99°.5. Mars starting from this 
same mean longitude, 7’, takes the twenty-four consecutive mean longitudes am’, 
mo + 15°, m’ + 30°, etc., to 7’ + 345°. These twenty-four positions are designated 
by the twenty-four indices 0, 1, 2, 3, ... 23. 

In system 1 the Earth is in mean anomaly 30°. Then, as before, Mars takes the 
successive mean longitudes 7m)’ + 30°, m +45°, ... up to m + 15°. 

The same plan is carried through; the constant mean anomaly of the Earth in 
the zth system being 7 X 30°, while Mars, starting with the same mean longitude, 
goes through its twenty-four consecutive mean positions, the indices which express 
the mean longitude of Mars always starting with the value o when Mars is in mean 
conjunction with the Earth. 

As in the case of Venus, the elements were taken with their values for 1800, in 
order to correspond to the mean of the period during which the longitude of the 
Moon has been observed. The numbers and data for computing the longitude of 
Mars are, then, as follows: 


w,'; long. of @’s perihelion for, 198003... .‘2))'99°30" 97 
PN eh ary om Ee gn ad Meg Se era a cya eC cure BIS 
m,/-7,; initial mean anom. of Mars for 1800; 127 47 24 .7 


Initial mean anomaly of Mars in system 7 
& = 127° 7! 24".7 + 30° X7 


For system 7 and index z 
8, 35.127° 7! 24'.7 + 30° x 7 4 15 ee 


From the numbers found in Zales 
of Mars, page 397, it is found that to 
this initial mean anomaly corresponds 


Fund. Arg. V= 243%.0948 


and that the increment of /V for 15° of 
mean anomaly is 


AWN = 287.62482 


For the numbers arising from the 
inclination of the orbit of r 
Arrangement of Coordinate Axes in Systems 0, 1, etc., le 2 Mars we 
for Mars. have: 


Long. of node, 1800; . 0= 48° 0! 52.5 
Node from ®’s perihelion; 308° 30’ 44’’.9 


Inclination, 18003... 6 J=1°.51'~ 3°46 
mp ae: 
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The results of the main steps in the computation of the codrdinates of Mars are 
shown in the following table. The first column corresponds to the indices of 
system o. In the 7th system they are diminished by 27. 

The second column shows the value of JV actually used in entering the tables. 
The discrepancy of two units in the fourth place results from using two computa- 
tions of VV. Column / gives the mean anomaly as taken from the tables, reduced 
by the secular variation to 1800. Column z is formed by adding to / the distance 
from the node to the perihelion of Mars and applying the reduction to the ecliptic. 
This reduction was applied in order to use for » and y simple formule for the 
ecliptic longitude. Actually, through a misapprehension, the rectangular co6rdi- 
nates were computed on the supposition that « was counted along the orbit, as in 
the case of Venus. There is therefore an error in the last figures of the codrdinates, 
the amount of which can readily be determined, but which has been deemed too 
small to need correction for the present problem. 


TABLE XIII. 


CoMPUTATION OF HELIOCENTRIC COORDINATES OF Mars. 


z N al u log. 7 x y Zz 
° ‘ “ 
fe) 243.0946 TG yeees 157 50) 24 20 0.208749 | —I.601 16 —0.222 32 -++0.044 97 
I 271.7104 TAGs ee 72) (28 19 0.214 918 —1.530 86 —0.586 91 +0.050 53 
2 300.3442 160 52 II Sh i 52 0.219 143 —1.376 61 —0.919 51 +0.053 32 
3 328.9690 173 20 7 97 48 12 0.221 310 —1.149 04 —1.203 24 0.053 27 
4 357.5939 185 56 13 I10 18 38 0.221 364 —0.861 21 —1.423 86 +0.050 43 
5 386.2187 198 20 47 122 52 26 0.219 303 —0.528 30 —1.569 81 +0.044 95 
6 414.8435 2II 14 12 135 -30. 56 0.215 179 —0.167 45 —1.632 28 +0.037 08 
74 443.4083 224 16 54 148 30 31 0.209 102 +0.202 38 —1.605 53 -+0.027 19 
8 472.0032 237 45 02 TOQe 7a 2d 0.201 264 +0.560 38 —1.487 37 --0.015 76 
9 500.7180 251 45 55 176 9.7) (52 0.191 962 +0.884 48 —1.279 95 -+0.003 39 
Be) 520.3428 266 25 53 190 47 23 0.181634 | +1.151 73 —0.990 76 —0.009 19 
Il 557.9076 281 49 50 206 Io 58 0.170884 | +1.33064 —0.633 72 —0.02I 13 
12 586.5024 298 Oo 12 222 52% <9 0.160 502 +1.428 36 —0.230 06 —0.031 49 
13 615.2172 BIA) 55 23 239 16 26 0.151 419 +1.403 60 +0.191 54 —0.039 35 
14 643.8421 332 28 46 2560 50 12 0.144 609 +1.260 23 -+-0.596 86 —0.043 88 
15 672.4669 350 28 12 274 50 II 0.140 910 +1.005 34 -++0.949 09 —0.044 52 
16 14.0961 Ss7 1s 202 59 42 0.140 817 +0.659 23 +-1.215 07 —0.04I 12 
17 42.7209 20.737) 30 3II 00 19 0.144 343 0.253 23 +1.370 65 —0.033 99 
18 71.3457 44 12 35 B25m 35 a 12 0.151 O14 —0.175 28 +1.404 75 —0.023 84 
19 99.9705 6) = "0.53 BA5 a2) US 0.160 006 —0.589 17 +1.319 88 —0.011 66 
20 128.5054 7 220 534 I 44 20 0.170 346 —0.956 46 +1.129 79 -+0.001 45 
21 157 2202 92 48 50 17 4G) 10 0.181 098 —1.253 06 +0.855 63 +0.014 47 
22 | 185.8450 107 30 54 20 ST. 150 0.191 465 —1I.463 47 0.522 13 +0.026 50 
23 214.4098 I2I 33 36 45 54 32 0.200 829 —1.579 94 +0.154 73 +0.036 84 
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TABLE XIV. 


G-COORDINATES OF MARS REDUCED TO THE DIFFERENT SYSTEMS. 


System 3. 


X 


a 


Oo 
I —0.547 65 
2 —0.393 40 
3 —0.165 83 
4 -+0.122 00 
5 +0.454 OI 
6 +0.815 76 
7 +1.185 59 
8 -+1.543 59 
9 +1.867 69 
10 +2.134 94 


II +2.322 85 
12 +2.411 57 
13 +2.386 81 
14 +2.243 44 
15 +1.988 55 
16 +1.642 44 
17 +1.236 44 
18 -++0.807 93 
19 -++0.394 04 


20 +0.026 75 


21 —0.269 85 
22 —0.480 26 
23 —0.596 73 


—0.617 95 


—0.222 32 
—0.586 OL 
—0.919 51 
—1I.203 24 
—-1.423 86 


—1.569 81 
—1.632 28 
—1.605 53 
—1.487 37 
—1.279 95 


—0.990 76 
—0.633 72 
—0.230 06 
+0.191 54 
+0.596 86 


-+0.949 09 
-+1.215 07 
+1.370 65 
-++1.404 75 
-+1.319 88 


++ 1.129 79 
+0.855 63 
+0.522 13 
+0.154 73 


—0.632 56 


—0.605 81 
—0.487 65 
—0.280 23 
-+0.008 96 
-+-0.366 00 
+0.769 66 
-+1.191 26 
+1.506 58 
+1.948 81 


+2.214 79 
-+-2.370 37 
+2.404 47 
+2.319 60 
+2.129 51 


+1.855 35 
-+1.521 85 
-+-1.154 45 
-++0.777 40 
-+0.412 81 
--0.080 21 
—0.203 52 
—0.424 14 
—0.570 09 


+0.201 03 
—o0.168 80 
—0.526 80 
—0.850 90 
—I1.118 15 


—1.300 06 
—1.304 78 
—I.370 02 
—1.226 65 
—0.971 76 
—0.625 65 
—0.219 65 
-Lo.208 86 
0.622 75 
-+0.990 04 


1.286 64 
+1.497 05 
+1.613 52 
+1.634 74 
+1.564 44 
-+-1.410 I9 
+1.182 62 
++0.894 79 
+0.561 88 


System 4. 


System 7. 


—0.560 10 
—0.542 52 
—0.425 69 
—0.210 45 
-++0.094 77 


oO 
I 
2 
3 
4 
5 0.472 27 
6 
7 
8 
9 


+0.894 97 
-+1.327 46 
+1.730 86 
-+2.068 60 


10 +2.312 38 
II +2.445 83 
12 +2.464 85 
13 +2.375 72 
14 +2.192 IO 
15 --1.932 16 
160 +1.616 23 
17 +1.265 34 
18 -++0.900 17 
19 +0.540 67 


20 0.205 69 
21 —0.087 I5 
22 —0.32I1 69 


23 —0.483 43 


-+0.287 39 
—0.097 00 
—0.473 03 
—0.814 29 
—I.092 95 
—1.282 30 
—1.360 81 
—I.316 17 
—1.149 42 
—0.875 61 


—0.521 55 
—0.120 68 
+-0.202 45 
+0.686 40 
+1.035 36 


1.319 93 
+1.526 83 
+1.648 24 
+1.680 95 
+1.625 74 


+1.486 78 
+1.271 44 
+0.990 17 
+0.656 52 


fi 
—0.666 54 | —0.0Q1 17 
—0.611 33 | —0.45067 
—0.472 37 | —0.785 65 
—0.25703 | —1.078 49 
+0.024 24 —I1.313 03 
0.35789 | —1.47477 
+0.727 02 —I1.351 44 
+1.111 41 | —1.533 86 
+1.487 44 | —1.417 03 
+1.828 70 | —I.201 79 
+2.107 36 | —0.806 57 
+2.206 71 —0.519 07 
+2.375 22 | —0.006 37 
+2.33058 | +0.336 12 
+2.163 83 | +0.730 52 
+1.89002 | +1.077 26 
+1.53596 | -++1.321 04 
-+-1.13509 | +1.454 49 
0.72196 | +1.473 51 
+0.32801 | +1.384 38 
—0.02095 | -+1.200 76 
—0.305 52 +0.940 82 
—0.512 42 | -+0.624 89 
—0.633 83 | -+0.274 00 
System 5. 
—0.478 34 | +0.208 89 
—0.462 56 | —0.104 27 
—0.337 50 | —0.498 21 
—0.105 31 | —o.85095 
+0.221 50 —I.130 27 
+0.618 36 | —1.307 88 
+1.05109 | —1.365 16 
+1.480 48 | —I.290 90 
+1.86864 | —1.11218 
+2.18465 | —0.831 75 
+2.407 68 | —0.483 47 
+2.52747 | —0.007 74 
+2.54293 | +0.296 28 
+2.46010 | +0.672 70 
+2.2890906 | +1.009 85 
+2.04679 | +1.290 44 
+1.74690 | +1.50I 35 
+1.40795 | +1.633 29 
+1.048 37 | +1.680 43 
+0.687 09 | +1.640 37 
+0.343 34 -+1.514 05 
+0.036 45 | +1.30597 
—0.21452 | +1.024 64 
—0.391 49 | +0.682 96 


System 2. 
2G the 
—0.672 31 | +0.063 05 
—0.632 25 —0.298 23 
—0.505 93 | —0.641 08 
—o.297 85 | —0.948 87 
—0.016 52 | —I.199 84 
+0.32516 | —1.376 81 
--0.7090 23 | —1.463 66 
+1.11239 | —1.44788 
--1.506 33 | —1.32288 
+1.85907 | —1.090 63 
+2.138 39 | —0.763 82 
+2.31600 | —0.366 906 
+2.373 28 | -+0.065 77 
2.30502 | +0.495 16 
+2.120 30 | +0.883 32 
+1.839 87 | +1.199 33 
+1.491 59 | +1.422 36 
+1.10586 | +1.54215 
+0.711 84 | +1.557 61 
+0.335 42 | +1.474 78 
—0.001 73 | +1.304 64 
—0.282 32 | +1.061 47 
—0.493 23 | +0.761 58 
—0.62517 | +0.422 63 
3 System 6. 
0.41157 | +0.23006 
—0.386 81 | —O.IQI 54 
—0.243 44 —0.596 86 
-+O.01I 45 —0.949 09 
+0.35756 | —I.21507 
+0.763 56 | —1.37065 
+1.19207 | —1.404 75 
-+1.60596 | —1.319 88 
+1.973 25 | —1I.120 79 
-+-2.269 85 —0.855 63 
+2.480 26 | —0.522 13 
+2.506 73 | —0.154 73 
+2.617 95 +0.222 32 
+2.54765 | +0.586 901 
+-2:332 40 --0.919 51 
+2.165 83 | +1.203 24 
+1.87800 | -++1.423 86 
+1.54509 | +1.5609 81 
+1.184 24 | +1.632 28 
+0.81441 | +1.605 53 
+0.456 41 | +1.487 37 
+0.132 31 -+-1.279 95 
—0.13404 | +0.990 76 
—0.32285 | +0.633 72 


—0.375 36 
—0.330 72 
—0.163 97 
-++0.109 84 
+0.463 90 


+0.864 77 
+1.277 90 
+1.671 85 
+2.020 81 
+2.305 38 


+2.512 28 
+2.633 69 
+2.666 40 
+2.611 I9 
+2.472 23 


+2.256 89 
+1.975 62 
+1.641 97 
+1.272 84 
+0.888 45 
+0.512 42 
+0.171 16 


—0.107 50 
—0.296 85 


-+0.096 49 
—0.336 00 
—0.739 40 
—I.077 14 
—1.320 92 


—1.454 37 
—1.473 39 
—1.384 26 - 
—1.200 
—0.940 70 


—0.624 77 
—0.273 88 
+0.091 29 
-++0.450 79 
+0.785 77 


+1.078 61 


+1.551 56 
+1.533 98 


+1.417 15 


-+0.519 19 
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TABLE XIV.—Concluded. 


G-COORDINATES OF MARS REDUCED TO THE DIFFERENT SYSTEMS. 


System 8. System 9. System 10. 


Xx Yr xX Yr xX jou Os Yr 


—0.37370 | —0.06564 | —0.40503 | —0.20886 | —0.46527 | —o0.29258 | —o.54307 | —0.20640 
—0.305 44 | —0.49503 | —0.32016 | —0.62275 —0.37614 | —0.68653 | —0.46024 | —0.67282 
—0.12072 | —0.88319 | —0.13007 | —0.99004 | —o.19252 | —1.03549 | —o0.29010 | —1.00907 
--0.1597I | —1I.19920 | +0.14409 | —1.28664 | +0.06742 | —1.32006 | —0.04693 | —1.29056 
+0.50799 | —I.42223 | +0.47759 | —1.49705 | +0.38335 | —1.52096 | +0.25296 | —1.501 47 


+0.893 72 | —I.54202 | +0.84499 | —1.613 52 +0.734 24 | —1.64837 | +0.59191 | —1.633 41 
+1.28774 | —1.55748 | +1.22204 | —1.63474 +1.009 41 | —1.68108 | +0.95149 | —1.68055 
+1.66416 | —1.47465 | +1.58663 | —1.56444 +1.458 OI —1.62587 | +1.31277 | —1.640 49 
+2.001 31 —1.304 51 +1.919 23 | —I.410 I9 +1.793 89 | —1.480 901 +1.65652 | —I.51417 
+2.28190 | —1.06134 | +2.20296 | —1.18262 +2.086 73 | —1.27157 | +1.96341 | —1.30609 


+2.492 81 —o.761 45 | +2.42358 | —0.804 79 +2.32127 | —0.99030 | +2.21438 | —1I.024 76 
+2.62475 | —0.42250 | +2.56053 | —0.561 88 +2.483 01 | —0.656065 | +2.30135 | —0.683 08 
+2.67189 | —0.06292 | +2.63200 | —0.201 03 +2.55968 | —0.28752 | +2.47820 | —o0.29901 
+2.631 83 | +0.20836 | +2.60525 | +0.168 80 +2.54210 | +0.00687 | +2.46242 | +0.10415 
+2.505 51 | +0.64211 | +2.48709 | +0.52680 | +2.42527 | +0.47200 | +2.33742 | +0.498 09 


+2.297 43 | +0.94900 | +2.27967 | +0.85090 +2.21003 | +0.81416 | +2.10517 | +0.85083 
+2.01610 | +1.19997 | +1.99048 | +1.118 15 +1.90481 | +1.09282 | +1.77836 | -+1.13015 
+1.67442 | +1.37604 | +1.63344 | +1.30606 | +1.52731 | +1.28217 | +1.38150 | +1.30776 
+1.29035 | +1.46379 | +1.22978 | +1.30478 | +1.10461 | +1.36068 | +0.04877 | +1.365 04 
+0.88719 | +1.44801 | +0.80818 | +1.37002 +0.672 12 | +1.31604 | +0.51938 | +1.29678 


+0.493 25 | -+1.323 01 +0.402 86 | +1.22665 +0.268 72 | +1.14929 | +0.13122 | +1.11206 
+0.140 51 +1.090 76 | +0.05063 | +0.971 76 —o.069 02 | +0.87548 | —o.18479 | +0.831 63 
—0.138 81 +0.763 95 —0.215 35 | +0.625 65 —o.31280 | +0.52142 | —o.40782,| +0.483 35 
—0.316 42 | +0.36709 | —0.37093 | +0.219 65 —0.44625 | +0.12055 | —o.52761 | +0.097 62 


o 
I 
2 
3 
4 
5 
6 
ih 
8 
9 


TABLE XV. 


SPECIAL VALUES oF A, B, C, AND D For Mars. 


System o. 


A B C D ; A B C D 


+2.088 60 | —1.02497 | —I.06403 | +0.433 99 
+0.705 52 | +0.03862 | —0.74419 | +1.07690 
—0.088 66 | +0.51553 | —0.42683 | +0.568 93 
—0.204 72 | +0.44751 | —0.24279 | +0.164 80 
—0.146 86 | +0.29351 | —0.14666 | —o0.008 13 


—0o.079 42 | +0.17465 | —0.095 23 | —0.065 51 
—0.030 47 | +0.00673 | —0.06625 | —0.076 39 
--o.001 61 | +0.047 44 | —0.04904 | —0,.069 91 


+1.92041 | —0.76857 | —1.15195 | +1.111 16 
0.250 33 | +0.38265 | —0.63303 | +0.954 82 
—0.178 22 | +0.50719 | —0.328907 | +0.358905 
—0.17515 | +0.35960 | —0.18443 | +0.075 13 
—o.111 50 | +0.22506 | —0.11350 | —0.029 05 
—0.058 53 | +0.13450 | —0.07606 | —0.061 07 
—0.02197 | +0.07672 | —0.05476 | —0.065 74 
+0.002 45 | +0.03944 | —0.041 89 | —0.060 08 
+0.018 80 | -+0.01503 | —0.03383 | —0.05072 +0.02202 | +0.016 43 | —0.03844 | —0.057 60 
+0.02990 | —0.001 19 | —0.02872 | —0.040 17 +0,034 83 | —0.003 03 | —0.03180 | —0.043 79 


+0.03754 | —o.o1198 | —0.02557 | —0.029 29 +0.042 73 | —0.01499 | —0.02772 | —o.029 98 
-+0.042 79 | —o.01892 | —0.02387 | —o.018 19 +0.047 31 | —o.o21 81 | —o0.02551 | —o.016 46 
+0.046 23 | —0.02281 | —0.023 43 | —0.006 65 +0.049 46 | —0.02468 | —0.02477 | —0.003 OI 
+0.04805 | —0.02380 | —0.02425 | +0.005 80 +0.049 46 | —0.02396 | —0.025 49 | +0.010 81 
+0.04795 | —0.02135 | —0.02060 | +0.019 84 +0.04697 | —o.o1I9 12 | —o0.02783 | +0.025 58 


+0.04492 | —o.01381 | —0.031 I0 | +0.036 30 +o0.04091 | —0.00856 | —0.03235 | +0.041 77 
+0.03665 | +0.00237 | —0.03901 | +0.05601 +-0.029 03 | +0.01104 | —0.04000 | +0.059 44 
+0.018 30 | +0.03461 | —o0.05292 | +0.079 00 +o0.00719 | +0.04588 | —o0.05306 | +0.077 22 
—0.019 93 | +0.090816 | —o0.07825 | -++0.I01 40 —0.031 63 | +0.10709 | —0.075 45 | +0.089 44 
—0.096 22 | +0.22372 | —0.12750 | +0.104 86 —0.007 28 | +0.21299 | —o.115 69 | +0.077 88 


—0.230 56 | +0.46152 | —0.230095 | +0.016 40 —o.19214 | +0.38418 | —o.19204 | —o.01006 
| —0.33621 | +0.79725 | —0.40105 | —0.39696 —o.245 44 | +0.58762 | —0.34221 | —0.302 42 
+0.347 58 | +0.58043 | —0.92787 | —1.309090 +0.127 35 | +0.49562 | —0.62290 | —0.922 00 
+2.54900 | —1.14874 | —1.40016 | —1.02790 +1.52082 | —0.53246 | —0.98831 | —I.091 63 


WOON OAM RWNHHO 
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TABLE XV.— Continued. 


SpEcIAL VAuLuEs or A, B, C, Anp D For Mars. 


System 


2. 


System 3. 


A 


B 


C 


iW 


A 


B 


C 


OON QM BRWNHO 


+2.101 41 
-+-1.400 17 
+0.089 45 
—0.247 49 
—0.192 78 
—0.099 08 
—0.033 27 
-+0.006 21 
+0.028 67 
-++0.040 97 


+0.047 22 
+9.049 75 
+0.049 71 
0.047 48 
0.042 80 


+0.034 78 
+0.02I 75 
-L0.000 92 
—0.03I 96 
—0.082 07 
—0.149 84 
—0.201 17 
—0.051 76 
-++0.807 50 


—1I.045 67 
—0.442 44 
+0.515 34 
+0.585 27 
+0.385 57 
+0.216 83 
+0.110 73 
+0.048 52 
-+-0.012 65 
—0.007 72 


—0.018 80 
—0.023 94 


+0.178 16 


-+-0.200 14 
-+0.450 32 
-++0.491 04 
—0.049 04 


—1.055 73 
—0.957 75 
—0.604 76 
— 0.337 75 
—0.192 79 


—0.117 74 
—0.077 45 
—0.054 73 
—0.041 33 
—0.033 24 
—0.028 43 
—0.025 81 
—0.024 87 
—0.025 AI 
—0.027 49 
—0.031 46 
—0.038 07 
—0.048 76 
—0.006 29 
—0.096 09 


—0.149 31 
—0.249 17 
—0.439 33 
—0.758 48 


—0.207 76 
+1.117 88 
+0.885 66 
-+0.289 97 
-+-0.007 96 


—0.079 02 
—0.09I I9 
—0.079 34 
—0.061 50 
—0.043 55 
—0.027 03 
—0.OII 98 
-+-0.002 07 
+0.015 66 
+0.029 29 


+0.043 18 
+-0.057 04 
--0.060 29 
+0.075 22 
+0.062 41 


—0.000 60 
—0.186 47 
—0.605 51 
—1.066 38 


WOON AM BwWNHHO 


+1.947 47 
+2.376 80 
+0.345 55 
—0.327 52 
—0.238 32 


—0.104 37 
—0.024 7I 
+0.016 21 
-+0.036 14 
+0.045 21 
+0.048 58 
+0.048 76 
+0.046 87 
+0.043 26 
0.037 75 


-++0.029 70 
--0.017 96 
-++0.000 66 
—0.025 10 
—0.063 25 
—0.116 89 
—0.175 77 
—0.154 23 
+0.334 45 


—0.823 38 
—1.048 03 
+0.553 68 
+0.791 16 
+0.476 68 


+0.237 83 
+0.107 04 
-+0.039 39 
+0.004 61 
—0.013 00 


—0.02I 27 
—0.024 07 
—0.023 18 
—0.0I9 21 
—0.012 02 


—0.000 75 
+0.016 27 
-+-0.041 96 
+o.081 14 
--0.14I 60 


+0.234 43 
40.366 96 
+0.493 56 
-+0.306 39 


—1I.124 08 
—1.328 82 
—0.899 15 
—0.463 59 
—0.238 32 


—0.133 43 
—0.082 30 
—0.055 58 
—0.040 75 
—0.032 22 


—0.027 30 
—0.024 68 
—0.023 70 
—0.024 06 
—0.025 74 


—0.028 96 
—0.034 24 
—0.042 62 
—0.056 05 
+0.078 35 
—0.117 53 
—0.IQI 20 


—0.339 31 
—0.640 81 


D 


—0.979 52 
+1.034 57 
+1.346 03 
+0.413 24 
—0.005 73 
—0.104 06 
—0.104 54 
—0.082 65 
—0.059 12 
—0.038 63 
—0.02I 44 
—0.006 81 
+0.006 13 
0.018 07 
-+0.029 52 
-L0.040 68 
+0.051 37 
--0.060 55 


+0.065 29 
-L0.058 I0 


+0.020 05 
—0.096 25 
—0.396 04 
—0.967 23 


System 4. System 5. 

o | +1.83210 | —0.50077 | —1.331906 | —1.624 80 fe) +2.14815 | —0.290303 | —1.85519 | —2.502 41 
t | +3.79702 | —1.80610 | —I.99090 | +1.034 88 I +5.764 33 | —2.66597 | —3.00875 | +2.002 10 
2 | +0.44209 | +0.84947 | —1.29202 | +1.92787 2 —o0.089 37 | +1.60016 | —1.51072 | +2.116 20 
3 | —0.45466 | +1.013 21 | —0.55866 | +0.406 52 3 —0.503 27 | +1.02700 | —0.52375 | +0.192 32 
4 | —0.24647 | +0.40704 | —0.251 49 | —0.065 04 4 —0.193 56 | +0.41028 | —o0.21673 | —0.123 06 
5 | —0.083 76 | +0.21391 | —0.13015 | —o0.12683 5 —0.049 74 | +0.15937 | —0.10963 | —0.127 33 

6 | —0.007 31 | +0.08419 | —0.07689 | —o.10605 6 +0.007 54 | +0.05746 | —o0.06501 | —0.004 
7 | -+0.02610 | +0.02479 | —o0.05089 | —0.076 42 7 +0.030 46 | +0.01321 | —0.04366 | —0.064 96 
8 | +0.04016 | —0.00305 | —0.03710 | —0.051 33 8 +0.039 37 | —0.006¢68 | —0.032 40 | —0.042 72 
9 | +0.045 38 | —o.01600 | —0.029 38 | —0.031 65 9 -+0.042 28 | —o.01618 | —0.02609 | —0.026.03 
1o | +0.04640 | —0.021 39 | —0.02501 | —0.016 II Io +0.042 40 | —o.o19 89 | —0.0225I | —0.013 03 
Ir | +0.04524 | —0.02253 | —0.02270 | —0.003 35 II +0.041 09 | —0.02051I | —0,02060 | —0.002 39 
12 | +0.04268 | —o0.02089 | —o.02180 | +0.007 65 12 +0.038 92 | —0.01906 | —o.01985 | +0.00685 
13 +0.038 98 | —0.01695 | —o0.02204 | +0.017 63 308} -+-+0.035 97 | —o.015 89 | —0.02007 | +0.015 33 
14 | +0.03397 | —0.01059 | —0.023 38 | +0.027 09 14 +0.032 II | —o.01087 | —o0.021 23 | +0.023 53 
15 | +0.02718 | —o.001 19 | —0.02599 | +0.035 51 15 +0.02695 | —0.003 45 | —0.02348 | +0.031 81 
16 | +0.01772 | +0.01255 | —0.03027 | +0.045 37 16 +0.019 75 | +0.00746 | —0.027 21 | +0.040 30 
17 +0.004 14 | +0.03290 | —0.03705 | +0.053 75 Ly: -+0.009 24 | +0.02392 | —0.03315 | +0.040 24 
18 | —o.01594 | +0.06385 | —o.04791 | +0.059 91 18 —o0.006 86 | +0.04963 | —0.04278 | +0,057 70 
19 | —0.04643 | +0.11241 | —o0.06599 | +0.059 39 19 —0.032 71 | +0.091 80 | —0.05909 | -+0.063 25 
20 | —o0.09287 | +0.19096 | —o.09808 | -+0.040 04 20 ~—0.075 96 | +0.16481 | —o0.08886 | +-0.057 56 
2r | —o.15848 | +0.31861 | —o.16013 | —0.032 86 21 —o0.14903 | +0.290819 | —o.149 19 | +0.012 49 
22 | —0.35745 | +1.20062 | —0.84321 | —I.004 68 22 —0.253 88 | +0.54416 | —0.29026 | —0.174 74 
+0.03296 | +0.57917 | —0.61203 | —0.878 68 —0.176 33 | +0.859 51 ; —0.884 34 


COEFFICIENTS FOR DIRECT ACTION. 77 
TABLE XV.—Continued. 
SPECIAL VALUES oF A, B, C, anp D ror Mars. 
System 6. System 7. 
Zz A B CG D Zz A | De C D 
| 

oO | +4.02984 | —o0.91273 | —3.11674 | —4.018 27 fe) +9.99063 | —4.58621 | —5.40424 | —4.01220 
I +5.087 73 | —1.69528 | —3.99242 | +4.843 56 I +1.45390 | +1.601 76 | —3.05556 | +4.666 10 
2 | —0.70953 | +1.92811 | —1.21879 | +1.29050 2 —0.65679 | +1.41386 | —0.75715 | +0.48203 
3 | —0.388 33 | +0.77420 | —0.385904 | —0.014 03 2 —0.25414 | +0.51557 | —0.261 46 | —0.079 32 
4 | —0.12466 | +0.28792 | —0.16325 | —0.132 92 4 —0.081 45 | +0.20275 | —o.12I 32 | —o.113 85 
5 | —0.02499 | +0.11112 | —o.08612 | —o0.109 95 5 —0.014 79 | +0.08351 | —0.06873 | —0.090 63 
6 | +0.01363 | +0.03963 | —0.05326 | —0.078 85 6 +0.01294 | +0.03200 | —0.04493 | —0.0660 72 
a +0.029 34 | +0.00777 | —0.03710 | —0.054 60 7 +0.025 42 | +0.007 18 | —0.032 59 —0.048 03 
8 | +0.03571 | —0.00735 | —0.02835 | —0.03668 8 +0.031 23 | —0.00558 | —0.02565 | —0.033 80 
9 | +0.03798 | —0.01463 | —0.02335 | —0.023 12 9 +0.033 91 | —0.01235 | —0.02158 | —0.02265 
1o | +0.03832 | —o.01786 | —o0.02046 | —o.012 38 10 +0.03504 | —0.01585 | —o.o1918 | —0.013 49 
Ir | +0.03765 | —o.01873 | —o0.01892 | —0.003 37 II | +0.035 30 | —0.01736 | —0.01792 | —0.005 54 
12 | +0.03633 | —0.01798 | —o0.01835 | +0.004 65 12 +0.035 00 | —o0.01748 | —o.017 52 | +0.001 80 
13 | +0.03445 | —o.01582 | —o0.01862 | +0.012 23 13 +0.034 24 | —0.01635 , —0.01788 | +0.0090.00 
14 | +0.03188 | —o.01214 | —0.01973 | +0.019 84 14 +0.032 90 | —0.013 83 | —o0.01906 | +0,016 52 
15 | +0.02828 | —o.00641 | —o.021 87 | +0.02788 15 +0.03068 | —0.009 42 | —0.021 27 | +0,024 84 
16 | +0.02300 | +0.002 40 | —o.025 42 | +0.036 73 16 +0.02696 | —0.00202 | —0.02404 | +0.034 51 
17 | +0.01484 | +0.01627 | —o.031 11 | +0.046 70 17 +0.020 46 | +0.01052 | —0.03099 | +0.046 22 
18 | +0.001 39 | +0.039 19 | —o0.04059 | +0.057 91 18 -++0.008 52 | +0.03270 | —0.041 23 | +0.060 66 
19 —0.02205 | +0.079 14 | —0.05707 | +0.009 II 19 -+-0.008 53 | +0.03271 | —o0.041 24 | +0.060 67 
20 | —0.06565 | +0.15413 | —o.08847 | +0.074 45 20 —0.063 61 | +0.16098 | —0.097 38 | +0.093 42 
21 | —0.15498 | +0.31509 | —o.16014 | +0.049 51 2I —0.17509 | +0.36107 | —o.18602 | +0.07793 
22 | —0.31517 | +0.04846 | —0.33330 | —0.133 72 22 —0.432 50 | +0.882 46 | —o0.45002 | —0.159 94 
23 | —0.35382 | +1.27669 | —0.92291 | —I.121 87 23 —o.408 83 | +1.93710 | —1.52817 | —1.99273 

System 8. System 9. 
O | +11.25307 | —5.46471 | —5.78803 | +3.03000 oO +4.78203 | —I.30327 | —3.47885 | +4.274 64 
I | — 0.290587 | +1.96385 | —1.60747 | +2.251 42 I —0.36200 | +1.33170 | —0.96966 | +1.183 54 
2 | — 0.44425 | +0.91337 | —0.46909 | +0.189 IO 2 +0.317 73 | +0.65246 | —0.33477 | +0.129 70 
3 | — 0.17840 | +0.36662 | —o.18819 | —0.073 90 3 —0.14787 | +0.301 39 | —0.15352 | —0.05095 
4 | — 0.06393 | +0.16071 | —0.09678 | —0.001 97 4 —o0.06208 | +0.14789 | —0.08580 | —0.074 57 
5 | — 0.01447 | +0.073 33 | —0.05887 | —0.07663 5 —0.019 55 | +0.07461 | —0.05506 | —0.067 95 
6 | + 0.00879 | +0.03156 | —o0.04036 | —0.059 48 6 +0.00294 | +0.03619 | —0.039 12 | —0.056 34 
7 | + 0.02061 | +0.00967 | —0.03029 | —0.045 12 7h +0.01567 | +0.01440 | —0.03006 | —0.045 14 
8 | + 0.02700 | —0.00258 | —0.024 40 | —0.033 52 8 +0.023 35 | +0.001 26 | —0.02462 | —0.035 28 
9 | + 0.03062 | —0.009 76 | —0.02087 | —0.023 97 9 --0.028 30 | —0.00701 | —0.021 28 | —0.02663 
to | + 0.03279 | —o.01400 | —o0.01879 | —o.015 76 10 +0.03167 | —0.01237 | —0.01930 | —o.018 82 
Ir | + 0.03409 | —0.01039 | —0.01771 | —0.008 34 iB +0.03410 | —o.01580 | —o.01829 | —o.o11 46 
12 | + 0.03485 | —o.01742 | —0.017 43 | —0.001 23 12 +0.035 91 | —o.01780 | —o.o181I | —0.004 13 
13 | + 0.03517 | —0.01725 | —0.01791 | +0.006 02 13 +0.037 22 | —o.01850 | —o.018 72 | +0.003 63 
14 | + 0.03495 | —0.015 70 | —0.01925 | +0.013 89 14 --0.03796 | —0.01767 | —0.02028 | +0.012 31 
15 | + 0.03390 | —o.01221 | —o0.02169 | +0.022 97 15 -++0.037 78 | —o.01465 | —0.02314 | +0.022 74 
16 | + 0.031 36 | —0.00556 | —o.025 81 | +0.034 03 160 +0.035 87 | —0.00785 | —o.0o2801 | +0.035 88 
17 | + 0.02684 | +0.00688 | —o.032 72 | +0.048 15 17 +0.030 24 | +0.006 33 | —0.03658 | +0.053 56 
18 | + 0.01399 | +0.03088 | —0.04486 | +0.066 76 18 +0.01616 | +0.03563 | —o.051 78 | +0.077 I0 
19 | — 0.01233 | +0.08037 | —o.06802 | +0.090 04 19 —o.018 70 | +0.101 31 | —o0.08260 | +0.108 59 
20 | — 0.07503 | +0.193 18 | —o.11815 | +0.116 14 20 —o.109 51 | +0.26359 | —o.15408 | +0.137 35 
| 2t | — 0.23787 | +0.48607 | —o0.24914 | +0.094 95 21 —0.357 72 | +0.71616 | —0.35839 | +0.056 I0 
22 | — 0.64095 | +1.34280 | —o.701 91 | —0.372 76 22 —o.781 89 | +1.91271 | —1.13082 | —1I.052 12 
23°| + 0.77527 | +2.043 47 | —2.81803 | —4.25390 | 23 | +4.07743 | —0.93151 | —4.04508 | —5.388 50 
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TABLE XV.—Concluded. 


SPECIAL VALUES oF A, B, C, ann D 


FOR Mars. 


System Io. System II. 
Zz A B Cc D Zz A B C D 
o | + 2.30884 | —o.30086 | —2.00782 | +2.714 50 fo) +1.835 03 | —0.43893 | —1.30596 | +1.767 63 
I | — 0.21364 | +0.90737 | —0.60377 | +0.877 62 I —0.028 01 | +0.63767 | —0.60970 | +0.855 84 
2 | — 0.25648 | +0.54101 | —0.28449 | +0.153 58 2 —0.22109 | +0.50601 | —o.28490 | +0.227 63 
3 | — 0.14304 | +0.28686 | —o.143 82 | —0.02201 3 —0.153 79 | +0.30748 | —o0.15369 | +0.106 80 
4 | — 0.06906 | +0.15261 | —0.08356 | —o0.058 06 4 —0.086 46 | +0.180 40 | —0.09391 | —0.046 27 
5 | — 0.02852 | +0.08509 | —0.05651 | —0.063 13 5 —0.041 39 | +0.10470 | —0.063 30 | —0.06095 
6 | — 0.00418 | +0.045 19 | —o.04099 | —0.056 42 6 —0.012 59 | +0.05871 | —0.046 14 —0.059 41 
7 | + 0.01077 | +0.021 12 | —0.03190 | —0.047 63 7, +0.006 13 | +0.02973 | —0.03586 | —-0.052 53 
8 | + 0.02048 | +0.00583 | —0.02629 | —0.038 80 8 +0o0.018 68 | +0.01076 | —0.02946 | —0.044 02 
9 | + 0.02711 | —o0.00429 | —o0.02281 | —0.030 43 9 0.027 43 | —0.00203 | —0.025 41 | —0.035 16 
Io | + 0.03187 | —o.o1116 | —0.02072 | —0.022 44 10 +0.033 75 | —o.o1080 | —0.02294 | —0.026 23 
Ir | + 0.03548 | —o.o1581 | —o.0o1966 | —o.014 50 II +0.038 44 | —0.01677 | —0.02167 | —0.017 17 
12 | + 0.03827 | —o.01877 | —o.01950 | —0.006 49 12 -++0.041 94 | —0.02051 | —0.021 43 | +0.007 65 
13 | + 0.04040 | —0.02016 | —0.02025 | +0.002 31 13 +0.044 40 | —0.02214 | —0.02225 | +0.002 82 
14 | + 0.04176 | —o.01967 | —o.02210 | +0.012 45 14 +0.045 64 | —0.02I 24 | —0.02441 | +0.01403 
15 | + 0.04187 | —0.01637 | —0.02550 | +0.024 82 15 -++0.04491 | —0.01648 | —o0.028 43 | +0.029 65 
16 | + 0.03055 | —o.o0o809 | —0.031 45 | +0.04074 16 +0.040 45 | —o0.00489 | —0.03556 | +0.048 33 
17 | + 0.03189 | +0.01008 | —o.04196 | +0.06204 17 -++0.028 13 | +0.02018 | —0.048 30 | +0.072 42 
18 | + o.o011 82 | +0.04994 | —o.061 74 | +0.000 76 18 —o.001 69 | +0.07406 | —0.072 36 | +0.101 84 
19 | — 0.03920 | +0.14208 | —o.10288 | +0.125 25 19 —0.071 54 | +0.19350 | —0.121 06 -+0.126 43 
20 | — 0.17093 | +0.37257 | —0.20162 | +0.134 42 20 —0.227 49 | +0.46442 | —0.23604 | +0.082 80 
21 | — 0.48193 | +0.97066 | —o.48881 | —o0.115 23 21 —o0.46290 | +1.001 54 | —0.53866 | —0.342 30 
22 | — 0.30063 | +1.77927 | —1.47252 | —1.95483 22 -+0.326 63 | +0.99093 | —1I.31750 | —1.948 18 
23 | + 6.04955 | —2.68417 | —3.36526 | —2.54506 | 23 | +4.09227 | —1.94157 | —2.15075 | —1.15597 
TABLE XVI. 


Mars; Drrect Action; DEVELOPMENT OF 


A-COEFFICIENTS. 


—0.0158 —0.0104 
—0.0030 —0.0062 
—0.0016 -++0.0048 
-+0.0082 -++0.0070 
—0.0046 —0.0126 

0.0000 0.0000 


—0.0004 —0.0022 
—0.0034 -+0.0156 
+o. —0.0004 
—0.0052 —0.0090 
-+-0.0002 -+0.0096 
—0.0084 -+-0.0066 
+0.1051 —0.0023 
—0.031 —0.0280 
—0.0049 —0.0001 
-++0.0002 -++0.0009 
-+-0.0076 +0.0071 
—0.0050 —0.0088 
—0.0004 —0.0022 


—0.3595 
+0.1029 
-++0.0050 
—0.0056 
0.0026 
-++0.0020 
—0.0024 


—0.0020 
—0.0002 
+0.0046 
—0.0045 
-++0.0020 
+0.0615 
—0.6049 
+0.1516 
-++0.0075 
—0.0066 
-++0.0007 
-++0.0035 
—0.0020 
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TABLE. XVI.— Concluded. 


Mars; Drrect Action; DEVELOPMENT oF A-COEFFICIENTS. 
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sin 


sin 


-+-0.0028 
0.0046 
—0.0186 
+0.0134 
—0.0026 
—0.0190 
+0.5775 
—0o.1498 
—0.0041 
-+0.0078 
—0.0006 
-+-+0.0004 
-+0.0028 


-++0.0029 
-+0.0059 
—0.0237 
-+-0.0186 
—0.0028 
-++0.0009 
-+0.5826 
—0.2006 
—0.0004 
+0,0114 
—0.0050 
—0.0005 
-++0.0029 


-++0.0029 
-+0.0076 
—0.0300 
-+0.0250 
—0.0032 
-++0.0204. 
+-0.5247 
—0.2464 
—0.OI0I 
+o0.0168 
—0.0060 
—0.0012 
-++0.0029 
-++0.0030 
-+0.0094. 
—0.0304 
-+-0.0328 


++0.0025 
—0.0154 
++0.0054 
+0.0105 
—0.0128 
-+0.0169 
-+0.0028 
—0.1646 
0.0481 
—0.0044 
—0.0030 
-+0.0054 
-+0.0025 


0.0034 
—0.0172 
-++0.0058 
+0.0144 
—0.0155 
—0.0146 
0.0046 
—0.2207 
0.0604 
—0.0064 
—0.0028 
---0.0036 
-+-0.0034 


-+-0.0039 
—0.0188 
-+-0.0063 
--0.0189 
—0.0219 
—0.0348 
-+-0.0050 
—0.2718 
+0.1033 
—0.0104 
—0,002T 
-+-0.0020 
+0.0039 


-+0.0042 
—0.02C } 
-+0.0072 
-+0.0240 
—0.0310 
—0.0439 
-++-0.0041 
—0.2695 
0.1452 
—0.0174 
—0.0017 
-+-0.0011 
0.0042 
-++0.0042 
—0.0215 
---0.0088 
-++0.0297 
—0.0425 
—0.0432 
-++0,0024 
—0.2908 
+0.1851 
—0.0274 
—0.0016 
-++0.0009 
-++0.0042 


—0.0038 
0.0169 
—0.0050 
—0.0129 
+0.0119 
+0.0176 
—0.0055 
—0.0248 
-+0.0090 
—0.0027 
-++0.0062 
—0.0050 
—0.0038 


—0.0046 
+0.0168 
—0.0033 
—0.0168 
-++0.0150 
-+0.0321 
—0.0085 
+0.0297 
-++-0.0132 
—0.0050 
+0.0042 
—0.0016 
—0,.0046 


—0.0048 
-+0.0159 
—0.0020 
—0.0202 
-+-0.0198 
-+:0.0428 
—0.0092 
-+0.0072 
—0.0032 
—0.0052 
-+0.0012 
+0.0014 
—0o.0048 


—0.0042 
0.0150 
—0.0024 
—0.0232 
+0.0264 
0.0464 
—0.0072 
-++0.1500 
—0.0378 
—0.0016 
—o.0018 
-+0.0032 
—0.0042 


—0.0032 
-+0.0144 
—0.0042 
—0.0256 
-+0.0348 
0.0433 
—0.0038 
-+0.1783 
—0.0798 
-+-0,0063 
—0.0036 
0.0032 
—0.0032 


-+0.0013 
—0.0016 
—0.0004 
-++0.0024 
-++-0.0008 
—0.0345 
-+-0.0026 
-+0.1893 
—0.0573 
-++0.0070 
—0.0028 
—0.0004 
-+0.0013 


-++0.0012 
+0.0004 
—0.00206 
-+0.0025 
-++0.0004 
—0.0174 
+0.0039 
+0.1910 
—0.0826 
-+0.0113 
—0.0014 
—0.0020 
-++0.0012 


+0.0009 
-+0.0029 
—0.0043 
-+0.0013 
-+0.0021 
—0.0079 
-++0.0042 
-++0.1745 
—O.1001 
-+-0.0155 
-+0.0010 
—0.0034 
-+0.0009 

0.0000 
+0.0053 
—0,0049 
—0.0009 
-++0.0047 
—0.0027 
-+-0.0032 
-+0.1493 
—0.1074 
0.0189 
+0.0035 
—0.0042 


--0.1216 
—0.1052 
0.0211 
+0.0052 
—0.0041 
—0.0010 


+0.0228 
—0.0211 
+0.0517 
—0.0054 
0.2115 
—0.0758 
+0.0056 
—0.0027 
—0.0032 
-++0.0071 


+0.0062 
—0.0220 
--0.0083 
0.0282 
—0.0259 
+0.0544 
—0.0042 
0.2345 
—0.1213 
+0,0136 
-++0.0010 
—0.0039 
0.0062 


0.0015 
—0.0147 
—0.0203 
—0.0006 
—0.0020 
—0.0034 
0.29050 
—0.0256 
—0.0038 
-++0.0075 
—0.01I2 
-+0.0068 
--0.0015 


--o.0018 
—0.0173 
+0.0249 
—0,0133 
—0.0030 
—0.0153 
-+0.3882 
—0.0863 
—0.0048 
-++0.0077 
—0.0100 
-++-0.0063 
-+-0.0018 


+0.0013 
—0.0183 
+0.0314 
—0.0407 
—0,0038 
0.0325 
-+-0.3054 
—3.1425 
—0.0055 
-+-0.0082 
—0.0091 
-+-0.0060 
+0.0013 


—0,.000I 
—0.0187 
+-0.0383 
—0.0282 
—0.0019 
+0.0443 
-+0.3500 
—0.19I14 
—0.0080 
+0.0123 
—0.0071 
-+-0,0064 
-—0.0001 


—0.OO0IT 
—0.0170 
-++0.0445 
—0.0304 

0.0000 
+0.0527 
+0.2824 
—0.2093 
—O.O117 
+0.01905 
—0.0067 
-++0.0070 
—0.00II 
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C. ACTION OF JUPITER. 


§ 39. The action of Jupiter being computed on the same general method as 
Venus and Mars, but being much simpler, no detailed explanation seems 
necessary. Six systems, which suffice to carry the coefficients to terms of the 
third order in the eccentricities, were deemed enough. 

The principal numbers used or derived are shown in the following tables. The 
fundamental data in the first table were derived from Hill’s Zadles of Jupiter. 


TABLE XVII. 
EcuiipTic CoORDINATES OF JUPITER FOR THE 12 Points oF DIVISION. 


S+ Red. to 

° log. 7 

2 Arg. 1. Ecliptic s Z {—z, x y zZ 
(Table 37). |(Table 60). | 


1062.6047 63 40 10 | (07166244) ToSweT 44 185 31 36 | —5.1832 | —O.5015 | +0.0137 
74230537 .| 123° 0 50>. 0.720708 ji 134 gees 214 43 16 | —4.3816 | —3.0364 | +0.0714 
1784.7027 | 151 <3 AO 110\733.002 2 |) soem S33 242 45 260 | —2.4808 | —4.8184 | +0.1114 
2145.7517 | 178 26 55 | 0.736606 | 189 390 28 2706-0) 2k +o.0148 | —5.4537 | -+0.1248 
2500.8007 | 205 48 41 | 0.734514 | 217 I I5 ZO Gf Bun Sy +2.5072 —4.8125 +0.1001 
2867.8407 | 233 44 42 | 0.727800 | 244 57 16 325 27 8 | +4.4010 | —3.0300 | +0.0675 
3228, S007 We 202 TAZ Fl AO COSe | e273 SONAL 354 20 33 | +5.1982 | —o.5012 | +0.0092 
3580.0477 | 203 16 53 | 0.707018 | 304 29 26 24 59 I9 | +4.6167 | +2.1517 | —0.0512 
3050.9967 | 325 13 20 | 0,098343 | 336 26 2 56 55 55 | +2.7242 | +4.1841 | —0.0959 
4312.0457 | 358 7 4 | 0.694760 9 19 38 89 49 30 | +0.0151 | +4.9518 | —0.1134 

340.5007 BT 38 500 50,007,034 AZ aio ma2 122 46 24 | —2.6083 | +4.1912 | —0.0948 

701.5557 63. 9 2 | 0.705 860 74 21 36 | 154 51 28 | —4.5087 | +2.1583 | 0.0474 


HOW CON OANA WNHHO 
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TABLE XVIII. 
Juprrer; Direct AcTion; SPECIAL VALUES OF THE A-COEFFICIENTS FOR 6 SYSTEMS. 


System o. 


A D d A 


+0.007 65 | —0.003 80 
-+0.003 28 | +0.000 13 
—O.OOI 51 | +0.004 27 
—0.002 13 | +0.004 33 
—0.000 13 | +0.001 95 
-+-0.002 06 | —0.000 46 
+0.003 II | —0O.OOI 55 
+0.002 43 | —0.000 76 
+0.000 10 | +0.001 87 
—0.002 39 | +0.004 87 
—0.001 40 | +0.004 56 
-+0.004 49 | —0.000 75 


+0.008 62 -+-0.001 56 
+0.002 35 +0.005 25 
—0.00I OI -+0.002 20 
—0.001 76 —0.001 04 
-++-0.000 05 —0.002 26 
--0.001 81 —0.001 81 
+0.002 77 f —0.000 34 
+0.002 49 é +0.001 55 
-+0.000 61 +0.002 84 
—0.002 28 : +0.001 50 
—0.002 04 —0.003 77 
+0.005 41 —0.005 89 


MOO ON ANB WNHO 
HOO CON AUR W NHN HO 


= 
HR 


System 3. 


--0.007 67 
+0.004 63 
—0.00I 42 
—0.002 45 
+0.000 12 
-+0.002 46 
-++0.003 09 
-++0.002 OI 
—0.000 15 
—0.002 08 
—0.00I 49 
+0.003 18 


—0.004 27 
—0.000 95 
-+-0.005 67 
0.004 86 
-+-0.00I1 29 
—0.000 94 
—0.00I 30 
—0.000 39 
+0.001 52 
+0.003 71 
+0.004 52 
--0.002 36 | +0.001 19 


se OO CN AUBRW NH O 
ROO CON AUNR WN HO 


= eS 
Ln Il ool 
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TABLE XVIII.—Concluded. 


JuPITER; Direct AcTion; SPECIAL VALUES OF THE A-COEFFICIENTS FOR 6 SYSTEMS. 


System 4. System 5. 


A B ; rs! 


-+0.010 36 
+0.002 55 
—0.002 34 
—0.001 58 
+0.000 41 | 
+0.001 8&8 
-+0.002 51 
-++0.002 20 
+0.000 72 
—0.001 79 
—0.002 64 
+-0.004 44 


+0.010 47 


© ON QUA WNHHO 


o 
I 
2 
3 
4 
5 
6 
7 
8 
9 


TABLE XIX. 


Jupiter; Direct Action; DEVELOPMENT OF THE A-COEFFICIENTS. 


(ome) +1347 oO +1237 fe) —2583 oO — I fo) 
o I — 4 158 = 19 4 P76 = os ans 
I—2 = = Fy; + 17 + 86 — 12 — 10 + 82 — 3 
I—I +1112 fe) + 358 (0) —1470 fo) fe) + 539 
Pac) — I! —2I1 — 16 —184 + 28 +305 fe) + 2 
I-+1 eS) o Sart IP ar OE oO 0 ap 
2-3 — 3 — 82 + 8 + 82 _ — I + 83 — § 
2—2 +3878 + 2 —3526 ee = 355 + 42 ns +3699 
2-1 Os —165 ape =" 55 + 12 +217 +53 — 2 
am 'O — 16 ee ans a a, Ts 30 oni) 5 Shit ace 

fo) ° ta) o o oO fo) Oo 
3-4 + 13 — 40 — 12 + 40 — 3 fo) + 42 + 12 
3-3 +1779 I —1700 meen. = ve ae: ries +1737 
3-2 ae —672 + 24 +595 + § “77 +633 — 25 
aT — 18 +. 3 — Sey + 24 oo 0 pre 
4—5 + 10 — 10 — 8 + 10 (0) + 1 + 21 + 9 
4-4 + 587 — 3 — 570 I — 8 + 1 + 2 + 575 
4—3 — 8 —434 + 16 +412 + 2 + 22 +423 — 7 
4—2 — 8 + $7 + 70 — 6 + II fa) — 6 — 76 
5—6 + 2 + 16 — 3 — 14 + I — iI + 26 + 6 
5—5 + 176 — 2 — 172 + 2 eS ) spac + 154 
5-4 —) 3 —185 PT +180 co) +S +184 = .8 
5-3 = (66 ee + 64 — 6 + 4 =F — 6 — 67 


82 ACTION OF THE PLANETS ON THE MOON. 


D. AcTION oF SATURN AND MERCURY. 


§ 40. The inequalities due to the direct action of Saturn are so minute that an 
approximate development will suffice. I have therefore used the development of 
A~ and A~ by spherical harmonics. We put a, for the mean distance of Saturn, 
Z, as usual, for the difference of mean heliocentric longitudes of the planet and 
Earth (Z = s — g"), and a for the ratio of the mean distances. With this notation 
the developments to a* are 
a, 
ae I + fa? + 225 at 4 “= +(3 + 42a? + ---)acos L 

+ (46 + 49507) a? cos 2£ + $503 cos 3L + 31504 cos 4Z 


AS= 1 + 35a? 4 1295ot 4 ...4 (5 +160? + ...)acos L 
+ (86 4+ 525a?...)a* cos 2Z + 19505 cos 3Z 4+ 11 $504 cos 4L 


This development is valid when the eccentricities are taken account of, provided 
we use the true radii vectores and true longitudes instead of the mean ones. But 
this is unnecessary in the present case. For Saturn we have 


a= 0.1070 
Reducing to numbers this gives 
3 
au = 1.0262 + 0.328 cos L + 0.044 cos 2Z + 0.005 cos 3 --- 
5 


ae 1.0741 + 0.557 cos Z + 0.110 cos 2Z + .016 cos 3Z + --- 


. For the geocentric codrdinates 1, Y, Z, of Saturn we have 


AX =a' —a,cosL=a,(a—cos L) Y=—a,sinL Z=0 
Then 


Ks 5 
2K = (X?— ¥*) = abt, (a? — 20 cos L + cos 2L) 


3 Ou. 
C, =a’ C= pe AS 
5 
D,=a"D= abt 3 sin 2Z —asin ZL) 


Reducing to numbers, and performing the necessary multiplications we find 
10° = + .0027 + .031 cos Z + .620 cos 2Z 
10°C, = — .419 — .135 cos LZ — .018 cos 22 
10°D, = — .029 sin Z + .607 sin 2L 
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Then, the principal terms are 


10° MK = + .0013 + .o15 cos Z + .307 cos 2L 
10° MC, = — .208 — .067 cos L — .cog cos 2L 
TOMD Fae ees — .o14 sin Z + .302 sin 2Z 


$41. The mass of Mercury is so minute that its action upon Venus, the only 
planet whose motion it can sensibly affect, has never been determined with cer- 
tainty. ‘There is every reason to believe that the uncertain determinations of the 
mass which have been made were too great by 2 or 3 times their entire amount. 
From Hill’s estimate, based on the volume and probable density of the planet, it is 
very probable that the mass is less than 1 + 10 000 000 that of the Sun. From the 
results of § 30 it is inferred that its secular effect on the motion of the lunar elements 
is proportionally yet smaller than its mass. 

The only periodic inequalities that could become sensible are those of compara- 
tively long period. Their probable limiting values are considered in Act#zon, 
p- 273, from which it appears that the largest inequality is that depending on the 
argument 

Le BAT + ge 

and that the limiting value of the coefficient was estimated at 0.1. For another 
argument the limiting vafte was 0’’.04. These estimates rest on a mass double of 
what may now be considered the most probable value. For these reasons it was 
intended to leave the action of Mercury entirely out of consideration in the present 
investigation. But, for the sake of completeness, and to leave open as few questions 
as possible, it was at length decided to compute the action in the same way as that 
of Venus. Twelve systems and twelve indices were used. With 144 special 
values, it is easy to compute not only the secular, but the principal periodic terms. 
Among the results are the following constant terms and terms depending on the 
above argument, the form being 


A = A, + A, cos (3M’ + 2’) + A, sin (3M’ + 2’) 


A, = + 0.867 A, = — .00059 A =0 

B, = — 0.381 B= + .00035 B, = + .00008 
C, = — 0.486 C, = + .00026 C, = — .00006 
D, = + 0.0022 D_= + .0005 D, = — .0023 
Ky, = + 0.624 K,= — .00047 K, = — .00004 


§ 42. K-coefiicients. From the preceding developments of A, 4, C, and D for 
the four disturbing planets the coefficients 'A = % (A — #) are formed, and 
K, G, and D, are multiplied by J. 

This special set of coefficients, containing the factor JZ, are designated as A- 
coefficients. Their values are tabulated for Venus, Mars, and Jupiter as follows. 

The values for Saturn are found at the end of § 40 preceding. 
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TABLE XxX. 


K-cCOEFFICIENTS FOR DirEcT ACTION OF VENUS. 


10° MD, 10° MD, 


TABLE XXI. 


K-COEFFICIENTS FOR DirEcT ACTION oF Mars. 


10° MK, | 10° MK,| 410° MC, | %10° MC,| 10° MD, 


a“ a“ 
+ 0.0465 0.000 
— 0.020 
— 0.012 
+ 0.110 +0.001 
— 0.025 
— 0.002 0.000 
0.1904 
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TABLE XXII. 


K-COEFFICIENTS FOR DirEcT ACTION OF JUPITER. 


j, 2" 10°K, °K, | %10MC, | 4103MC,| 10°MD., 10° MD, 
0, Oo + 0.091 0.000 2.135 0.000 0.000 0.000 
OG 1 — 0.002 —0.032 +0.003 +0.063 —0.030 +0.005 
I, —2 — 0.020 —0.135 —0.010 —0.008 +0.135 —0.021 
I, —I + 0.623 0.000 —I.215 0.000 0.000 +0.593 
a eo) + 0.004 —0.022 +0.023 +0.326 0.000 +0.003 
I, +1 — 0.002 —0.001 +0.004 0.000 0.000 0.002 
2, —3 — 0.009 —0.135 —0.003 —0.001 +0.137 —0.008 
2, —2 -- 6.119 0.006 —0.293 -+0.001 —0.005 +6114 
2, —I — 0.001 —0.003 +0.010 +0.179 --0.087 —0.003 
2 Oo — 0.001 —0.001 +0.025 —0.004 +0.001 —0.018 
3, —3 + 2.875 +0.003 —0.065 +0,001 —0.003 +2.875 
3, —2 — 0.043 —1.048 +0.004 +0.064 +1.046 —0.041 


. 


P] 


} 
Phi he" 


rt iu 


: F 


4 


ae 


en, sees eae 
=i) t 4 


CHA PERM. 
PLANETARY COEFFICIENTS FOR THE INDIRECT ACTION. 


§ 43. Our next step is to form the coefficients G, 7, and Z whichare the planetary 
coefficients for the indirect action, and correspond to A,4C,and D. These we have 
found to be linear functions of the perturbations in the motion of the Earth around 
the Sun produced by the action of all the planets. From the way in which they 
are formed it will be seen that they should include all deviations in the motion of 
the Sun from the actual formule adopted for the expression of © as used in deter- 
mining the action of the Sun itself. It would therefore be necessary, in strictness, 
to include the eftect of any corrections that may be necessary to the elements of 
the Sun’s motion employed by Delaunay. But as the eccentricity of the Earth’s 
orbit enters as a symbolic quantity into the theories of both Delaunay and Brown, 
it will not be necessary to apply any correction on this account. The same remark 
applies to the position of the Earth’s perihelion. But as the solar elements are 
assumed to be constant in the first integration it is necessary to take into account 
the eftects of their secular variations, as well as of the periodic inequalities. 

Moreover, in developing the action of the Sun upon the Moon for the first inte- 
gration, it is assumed that the mean distance of the Earth’s orbit is strictly connected 
with its mean motion by the fundamental relation 


en = m' + p 


It is therefore necessary to include in 8p’ the constant correction arising from the 
action of the planets. 

We may conveniently classify the various terms of dv’ and 6p’ which are to be 
used in the expressions (60) as follows: 

1. The terms arising from the secular variation of the eccentricity of the 
Earth’s orbit. 

2. Constant and periodic terms independent of the mean longitude of the dis- 
turbing planet. 

3. Periodic terms containing that mean longitude. 


§ 44. Secular terms arising from the variation of the eccentricity of the 
Earth’s orbit. 

The action of the Sun upon the Moon being a function of the eccentricity of the 
Earth’s orbit it follows that the indirect action will vary with that element. The 
variation may be taken account of by assigning to Sv’ and dp’ the increments of the 
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Earth’s polar coordinates due to the variation of the eccentricity. It is not necessary 
to take into account the variation of the solar perigee, because this element is 
retained in its general form in the final expressions of all the perturbations. 

To find the required values of dv’ and dp’ we differentiate the expressions for v’ 
and p’ in terms of the eccentricity, thus obtaining 


Ov! 2 3 2 3 
eee, / 1 / 5! , ; / / 1 if 103,/ ; / 
per = (2 — Ge") sing” + Ge’ — Age”) sin 2g” + te" sin 3g” + 4iper sin 4g 
ai (84) 
ee ate te! _ (1 — 2¢’”) cosy’ — (ge! — 4") cos 2g’ — 4,Le" cos 1 11¢!° cos 4g! 
po se s e a) “o Sat of 38 — 34 4S 


Putting Ae’ for the increment of e’ due to secular variation, the values of 6v’ and 
dp’ to quantities of the first order are found by multiplying these derivatives by Ae’. 
To determine what terms of higher order are necessary we remark that for an 
interval of 1000 years before or after 1900 we have 


Ae’ = + .000418 = + 86.0 
whence 
(Ae’)? = 01.035 


This quantity is so small that the powers of Ae’ above the first order may be dropped. 
But Ae’ will contain terms in Z? which it will be well to include for the sake of 
approximation to rigor in the theory. 

Substituting in the values of the difterential coefficients just found the numerical 
value of e’ for 1850, 


ef = .O167711 
we shall have 
ov! ; : : : 
ae? = 1-999 79 sin &' + .041 92 sin 22” + .000 QI sin 39” + .000 02 sin 49” 
(85) 


(a) 
ai = .008 39 — .999 68 cos g’ — .025 15 cos 22” — .000 60 cos 3g” — .o0001 cos 4g” 


The value of Ae’ by which these expressions are to be multiplied is that used in 
the author’s Zadbles of the Sun: 


Ae’ = — 8"’.595 ZT — 0'’.0260 T? 


T being counted in centuries from 1850. 
The corresponding portions of G, 7, and Z are found by substituting for dv’ and 
dp’ in the expressions (60) the quantities 


Ov! 


Oo / 
Cu! = der Ae’ Cp’ = Sri Ae’ 
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If we suppose that G, /, and / are expressed in the form 
G= G,+ G,Ae’ 
with similar forms for 7 and /, we find by developing to e” 
G,= +ife' -Q- 54.9 ¢!”) cos 9’ — Sie’ cos 297 — 12990!" cos 39’ 
J, = — Se! — (8 + Shel”) cos g! — Be! cos 2g" — 18,2e!” cos 32” 
T, = (3 — 432e"") sing’ + Ste! sin 2g’ + £38e" sin 39’ 


The following numerical values have not been formed trom these, but by multi- 
plying the numerical values of the factors given in (60) and (85), which are derived 
from developments to e”. 


G, = + .06238 — 2.24517 cos g’ — .21296 cos 29’ — .O1II5 cos 3g’ 


J, = — -01257 — 0.75039 cos g’ — .03771 cos 2g’ — .00140 cos 32” (86) 
= + 2.96280 sin 9’ + .21366 sin 2g’ + .04342 sin 3g” 


§ 45. Zerms independent of the mean longitude of the disturbing planet. 
These terms arise from the terms of dv’ and 8p’ which are either constants, or func- 
tions of @’ alone. In the case of the longitude the eccentricity and perihelion of 
the Earth’s orbit are so adjusted that both the constant terms and those dependent 
on Arg. ’ shall vanish, leaving the only terms of dv’ to be considered those depend- 
ing on Arg. 29°’ etc. Both these terms themselves and the factors by which they 
are subsequently multiplied to form G, J, and 7 are so minute that the results are 
assumed to be insensible; we have, therefore, only to consider the terms of 8p’ 
which remain after the adjustment of the eccentricity and perihelion just mentioned. 
These might be derived from the numbers in 7adles of the Sun; but the author 
finds that the results have not been carried out with the precision desirable in 
the present problem. He has, therefore, computed these terms independently from 
theory, using the method of variation of elements, and carrying the results to terms 
of the second order in the eccentricities and mutual inclination. The general for- 
mulz are as follows.* The accented quantities refer to the outer planet. 


Action of an outer on an inner planet. 
dp = m’a{p, + p, cos IT + (po, + pi,, cos II) cos g + p;,, sin II sin g’} 


where 
W=7—7’ 


ad ete we ec! 
y= —1DA,+(3D-8D'-2 DA, (D+ DA, =z (—7D 43D 42D) A, 


e’ e 
Po, o = 5 (3D Ue 2D"\A, Peo 4 (1 —D)A, Pies 4 (1 mo DA, 


* The derivation has appeared in the Astronomical Journal, vol. xxv. 
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Action of an inner on an outer planet. 


dp’ = m{p,’ + p,’ cos II’ + (p),’ + py,.’ cos II’) cos g’ + p,,, sin II’ sin g’} 
where 
I’ =7'—-r 


2 


/ 2 
tae D)Ay— 7809 +13D + 2D? —2D°)A,+ a (D+ 2D*+ DA, 
ee! e! 
p= oy ie 11D—D—2D)A, a = g(—1+ D+ 2DA, 
Pic = — 42? + D')A, p,2 = 422 + DA, 


The two actions are mutually interchanged by replacing D by — (1 + D) in 
either. They were, however, developed independently in order that this relation 
might serve as a test of the accuracy of both. 

The coefficients A, and A, are functions of the mutual inclination of the orbits 
(o = sin 4/) and of the coefficients 4!” defined by the development 


(1 — 2acos L + a)’ = 324 cos 7L 
A. = 5, =: ah, A, a 6 ae foa(b, af 6,2) 
D” means the zth derivative as to log a, or the symbolic value of [a(0/@a) |”. 


If it be desired to use the usual successive derivatives as to @ itself, we may do so 
by the substitutions 


D=aD, DP? =aD,+ 0¢D: DP = aD, + 30¢°D? + oD 


From the numerical values of the coefficients Ay, A,, and their D’s we have the fol- 
lowing results: 


Action of Venus 10°p’ = + 1443.0 + 31cosg’ —17 sing’ 


Mars — 30. + i1cosg’— 8sing’ 

Jupiter — 1183.1 + gocosg’ + 50sin g’ 
Saturn — 55-4 
Uranus — £0 

Total + 173.5 + 132 cos g’ + 25 sing’ 


Additional to these we have, for Mercury, with mass = 1077 
10°%Sp’ = + 38.0—7 cosg’ +3 sing’ 


which I treat separately. 
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From these (60) gives the following coefficients for G, J, and J, these quantities 
being expressed in the torm 


G=G,+ G,cosg’+ G, sing’ 


Action of 109Go 10°G, 10°G; 10°Jo 10°/, 109J, 10°) 1097, 10°Z, 
Venus +3246.8 +233.3 — 38.2 +1083.3 + 77.8 —12.8 41.3 —217.47 
Mars — 66.8 + 21.4 — 18.0 — 22.3 + 7.2 — 6.0 + .6 + 4.5 
Jupiter —2655.0 + 68.8 +112.3 — 886.0 + 22.8 +37.5 —3.7 —.1 +178.2 
Saturn — 124.6 — 6.3 oO — 41.6 — 2.1 fo) fo) + 8.4) (87) 
Uranus — 2.2 — «1 o — 8 oO fo) fo) eee 
Total + 397.6 +316.8 + 56.1 + 132.7 4105.5 +18.7 —1.9 —.I — 26.6 
Mercury 85.1 — 11.4 + 6.7 + 28.4 — 3.9 + 2.2 —0O.2 0 — 5.4 


The totals here given are not formed by addition, but by an independent com- 
putation of the entire amount. Hence small discrepancies between the totals and 
the sums. 


§ 46. Periodic perturbations of the point G, containing the mean longitude 
of the disturbed planet. 
These are taken from Astronomical Papers, Vol. II, Part V, where they are 


found: 
For Venus, on pp. 486-488 


For Mars, ‘* ** 527-530 
For Jupiter, “* ‘© 550-551 


The perturbations by Venus are diminished by the factor .or5 for reduction to the 
adopted value of the mass. 

The expressions thus found are shown in tabular form below. In the original 
the constituents of the arguments were the mean anomalies alone, but, in the present 
work, the longitudes of the disturbing planets are reckoned from the Earth’s perihe- 
lion. In order that the arguments for the direct and indirect inequalities may coin- 
cide, these perturbations have been transformed so that the planet’s mean longitude 
shall be reckoned from the Earth’s perihelion. The following are the numbers used: 


™,— 1! 
Earth 7 = 100° 21! Oo 504 
Venus 129 27 29 «6 
Mars B33 718 232 57 
Jupiter EIK56 201. 325 


Then, if any pair of terms in 8v’ or dp’ be represented by 


2, cos (ig, + #’g") +2, sin (ig, + 7’g’) 
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we have to compute 
b, =v, cos 7(7,— 7’) — v, sin 7(7, — 7’) 
b, =v, sin ¢(7,— 7’) + v, cos ¢(7, — 77’) 
to transform them into 
b, cos (2, + 2g’) + b, sin (z/, + 2’g') 


7, being the mean longitude of the planet from 7’, designated by v, M, J, and s in 
the cases of the individual planets. 

The original and transformed values of dv’ and 6p’ are shown in Tables XXIII 
to XXVI. : 

The subsequent steps are shown in Tables XXVII-XXXIV in the following 
order: 

The values of G, /, and / given in Tables XXVII-XXX are formed from the 
expressions of 6v’ and 8p’ in terms of ¢, by the formule (60). These are then sub- 
jected to the transformation of §46 and multiplied by the constant coefficient 
10% = 5.595. The factor 10% is introduced in order to have the most convenient 
unit in subsequent computation. As a check upon the work the values of /, G, and 
/ were also computed using the transformed expressions for 6v’ and 8p’, and the 
results compared with the others. It has not been deemed necessary to set forth 
the steps of this simple duplicate computation. 


TABLE XXIill. 


ACTION OF VENUS ON THE EARTH. 


cos 


—0.041 
—0.980 
+0.032 


+0.041 
+1.709 
—0.282 
+o0.018 


+0.020 
—o.181 
+0.059 
0.006 


—0.079 
—0.024 
—0.012 


—0.018 
—0.018 
0.000 


—0.001 
—0.020 5 
+0.004 23 
+0.0106 


oO 
I 
2 
I 
I 
3 
4 
3 
4 
5 
6 
4 
5 
6 
6 
he 
8 
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TABLE XXIV. 


AcTION OF MARS ON THE EARTH. 


TABLE XXV. 


ACTION OF JUPITER ON THE EARTH. 
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TABLE XXVI. 


ACTION OF SATURN ON THE EARTH. 


TABLE XXVII. 


PLANETARY COEFFICIENTS FOR THE INDIRECT ACTION OF VENUS. 


Arg. G 
gag: sin 
—I, oO —0.190 
—I, I —I.220 
—I, 2 +0.074 
2s +0.533 
—2, 2 +6.113 
Saas a —0.755 
—2, 4 +0.108 
hg + 1.001 
—3, 4 —1.590 
oS -+-0.191 
—3, 6 +0.056 
—4, 4 +0.372 
AS -+0.190 
—4, 6 —0.009 
—5, 6 +0.061 
—5, 7 0.136 
—5, 8 —0.031 
—8, 12 —0.0550 
—8, 13 —0.0003 
—8, 14 -++0.073 
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TABLE XXVIII. 


PLANETARY COEFFICIENT FOR THE INDIRECT ACTION oF Mars. 


J | i 
sin cos sin cos 
0.042 —0.033 —~0.25 I —0.324 
—0.001 -++0.009 —0.073 —0.016 
—0.036 —0.009 —0.058 +0.208 
—0.704 —0.203 —o.871 +2,884 
—0.067 -+-0.017 —0.924 —2.485 
—0.010 —0.005 —0.003 —0.010 
—0.026 —0.056 —o.186 -L0.101 
—0.072 —0.029 —0.227 +0.504 
—0.005 -++0.020 +0.083 -++0.008 
+0.045 -++0.164 +0.714 —o.180 
+0.035 +0.020 —0.383 +0.788 
—0.022 +0.032 +0.114 +0.071 
-+0.006 +0.032 -++0.209 —0.057 
+0.012 —0.002 —O.OII —0.037 
-++0.034 —0.036 —0.166 —0.156 
—0.001 —O.01I +0.150 ——0.017 
—0.005 —0.006 —0.036 +0.035 
—0.003 0.000 —0.046 0.301 
| 


TABLE XXIX. 


PLANETARY COEFFICIENTS FOR THE INDIRECT ACTION OF JUPITER. 
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TABLE XXX. 


PLANETARY COEFFICIENTS FOR THE INDIRECT ACTION OF SATURN. 


TABLE XXXI. 


G-COEFFICIENTS FOR VENUS. 


Arg. 10°’ G 10° J | 10° LT 

Vy g’ cos sin cos sin cos sin 
—I, oO — 2.272 40.048 — 0.304 +0.016 — 0.042 — 2.089 
—I, I —14.09 +0.031 — 4.703 -+0.005 — 0.043 —40.572 
—I, 2 +. 1.320 —0.201 — 0.014 —0.082 — 0.530 — 0.502 
—2, I + 3.508 -+0.002 + 0.663 | +0.003 — 0.071 + 3.510 
—2, 2 +40.100 +0.253 +13.764 +0.12I — 0.263 +45.655 
—2, 3 — 5.607 -++1.024 eg o4 +0.346 — 4.457 —20.735 
—2, 4 + 0.838 —0.205 + 0.060 —0.022 — 0.209 — 0.723 
=o es + 5.602 +1.186 -- 2.010 +0.028 — 0.146 + 5.006 
= 4 — 9.004 +2.036 — 2.869 -++0.609 — 2.855 —13.017 
—3, 5 + 1.106 —0.749 + 0.229 —0.219 — 5.400 mad. 
—3, 6 + 0.326 —0.270 + 0.029 —0.027 — 0.239 — 0.202 
—4, 4 + 2.314 —0.018 + 0.759 —0.008 + 0.0905 + 1.827 
Aves + 1.004 —o.180 + 0.303 —0.077 + 0.197 + 1.152 
—4,- 6 — 0.431 +0.378 — 0.128 +0.12I — 0.873 — 1.003 
—5, 6 -- 0.389 —o.148 + 0.095 —0.010 + 0.1590 + 0.312 
= Gf -+ 0.616 —0.500 + 0.215 —0.185 + 0.657 + 0.723 
—5, 8 — 0.008 +0.143 — 0.029 +0.042 — 1.065 — 0.732 
—8, II + 0.016 —O.OII + 0.005 —0.006 — 0.788 + 1.039 
—8, 12 -+ o.16II -+0.2904 + 0.039 —0.077 7 — 0.091 + 0.184 
—8, 13 + 0.0045 +0.0661 + 0.001 45 +0.022 05 —I15.912 + 1.289 
—8, 14 — 0.166 —0.4588 — 0.040 +0.024 6 — 0.681 + 0.037 
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TABLE XXXII. 


mee econo 


G-COEFFICIENTS FoR Mars. 


TABLE XXXIII. 
G-COEFFICIENTS FOR JUPITER. 


TABLE XXXIV. 
G-COEFFICIENTS FOR SATURN. 


iS 
< 
a 


FUNCTIONS OF THE COORDINATES 


OF THE MOON. 


CHAPTER OVE: 


FORMATION OF THE LUNAR COEFFICIENTS. 


§ 47. In attacking the problem before us it has been assumed that we have 
expressions of the Moon’s coérdinates relative to the centre of the Earth as func- 
tions of the six arbitrary constants introduced through integrating the differential 
equations in these codrdinates. Moreover, the constants in question enter the 
expressions for the disturbing function A only through these codrdinates. It 
follows from the general expression of / that if c represents any one of the six 
lunar elements, the partial derivatives of the disturbing function may be derived 
from the form 

ok, os 


Ox? 
“a, mw Az + B- 


a Oxy 
ac ate a PO oat = (1) 


It is therefore necessary to have such expressions tor the squares and products of 
the coordinates of the Moon that each of the required derivatives can be found as 
easily as may be. ‘ 

When the present work was commenced it was intended to make use of the 
developments of the powers and products «’, y*, etc., as derived from Delaunay’s 
theory, and found in Act/on, pp. 154-172 and 213-224, where the processes by 
which these quantities may be expressed are fully set forth. But, before the work 
was put into final shape, Brown’s work on the Lunar Theory was completed and 
published so far as the action of the Sun was concerned; and it therefore became 
a question whether to use Brown’s expressions instead of those of Delaunay, or to 
go on with the latter. Each course was found to have its drawbacks. The former 
developments from Delaunay’s theory being intended mainly to make an exhaustive 
search for possible terms hitherto unknown in the Moon’s motion, were not com- 
pleted beyond the third order, though the constant term was carried to the sixth 
order. To speak more exactly, the development was carried to such a point that 
the square of each coefficient would be correct to the sixth order. 

It was found, however, that the use of Brown’s more rigorous theory would be 
quite convenient except ina single point. In this theory the coordinates are explicit 
functions of all the lunar elements except the Moon’s distance, which enters into m, 
and of which Brown used only the numerical value in his developments. Brown 
has shown how it is possible from the data and methods of his theory to form the 
complete derivatives as to this element without using an analytic development in 
powers of m. But as the application of this method would require a longer and 
more laborious study of the subject than the author was prepared to enter upon, it 


was decided to use the Delaunay developments for obtaining the derivatives as to 
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log a. The outcome of these considerations has been that, for the sake of trial and 
comparison, both Delaunay’s and Brown’s developments have been to a large extent 
independently used, and the results compared with a view of facilitating an esti- 
mate of the errors to which the analytic development is subject. 


§ 48. Reduction of codrdinates to the radius vector of the Mean Sun as 
A-axts. 

In the developments in Actzon the Sun’s perihelion was taken as the origin 
from which longitudes were measured. When the present work was undertaken, it 
being found that the development of the A-coefficients would be most easily effected 
by taking the direction of the mean Sun as the axis of XY, the same origin had to 
be taken for the lunar codrdinates. This has been done throughout the work; and 
it must be understood in the subsequent developments that ~ and y are referred to 
the radius vector of the mean Sun as axis of XY except in terms arising from the 
motion of the ecliptic. 

In the use of either theory we take, as the initial data of the problem, the rec- 
tangular coordinates of the Moon referred to the mean Moon as the axis of X, 
which coordinates we represent by x, and y,. These coordinates are those which 
Brown’s theory gives in the first instance, and they are also those which I have 
developed in powers of m, etc., from Delaunay’s theory in Action, pp. 167 and 169. 
The notation of arguments from the latter paper is: 

&, the Moon’s mean anomaly; g°’, the Sun’s mean anomaly; 

A, the mean elongation of the Moon from the Moon’s ascending node, 
equivalent to Delaunay’s /, or the mean argument of latitude ; 

\’, the same for the mean Sun ; 

6, the longitude of the Moon’s node; 

Z=g9+2-+96, the Moon’s mean longitude; / = 9’+’-+ 6, the Sun’s 
mean longitude ; 

D=l—l=X—N, as in Delaunay, the mean Moon’s departure from the 
mean Sun. 

Putting dv for the excess of the true longitude over Z, we then have 


w, =r cos B cos 6v = aZk cos V 
y,=7 cos B sin bv = ak’ sin V (2) 
zg=rsin 8 =axc sin WV’ 


where &, £’, and c of dimensions o are developed in powers of e, e’, y, and m. 
The general form of the arguments JV and JV’ is 


Nor Nl sig ¢ alg! + jr4j'N (3) 


where g=J—a, g'=T—q',h=1—-0,N =l'—0. 
The equations for transforming », and y, into » and y are 


«= x,cos D— y, sin D y=«x,sin D+ y, cos D (4) 
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If we put 
h=¥(k + 2’) h! =1(k — k') 


the substitution of the development will give 


“= 2h cos(D + NV) + 3A’ cos(D— NV) =€ 


(5) 
= hsin(D+ V)+4+ zh’ sin(D—-M)=7n 


QlIs 


§ 49. There are now two ways of proceeding in order to form the squares and 
products. We may either form the last expressions for ¥ and y and square them, 
or we may torm the squares and products of x, and y,, and transform them from 
the mean Sun to the mean Moon. Following the latter method we have 

2” = (x, + yy) + («7 — y,) cos 2D — Al sin 2D 
y= Fn? + 9”) — ¥(4 — 9,7) cos 2D + x,y, sin 2D 
6) 
x? — y? = (x,? — y,”) cos 2D — 2x, y, sin 2D 
any = 2x, y, cos 2D + (#,? — y,”) sin 2D 
The three runctions required in the work being 
(x? — y’), r? — 32° and aay 
we see from the preceding equations that the first and third can be formed at once 


from the corresponding functions of x,’ and y,’ by a transformation through the angle 
2D. If we have, for any argument JV, 


x? — y= h, cos iV 2x,y, =, sin V (7) 
the corresponding terms referred to the mean Sun are 


x? — y? = (hk, + h,) cos (2D + WV) + 4h, — h,) cos (2D — IV) 


any = kh, + #,) sin(2D+ VV) + iA, —4%,) sin (2D — VV) ®) 


There are some cases in which a reference to a fixed axis is convenient. Let us 

put, 
Xo) Yo) cOOrdinates referred to any fixed axis. 

So long as this axis is unrestricted the coefficients for «) and yp will be equal, as 
is seen from (5). Hence, if we write for any term of x) and of y) depending on 
any argument /V 
a, = &, cos /V ¥, =A, sin V (9) 
this term will be transformed into the corresponding term of w and of y, and vice 
versa, by means of the equations 
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x=, cos /’ + y,sin/ y=y, cos l’ — x, sin I 
or 
x, =«cos/ —ysin/ Y= cos + x sin / (10) 


The special term (g) will, therefore, transform into the terms of » and of y 
x=h,cos(V—l) y=h,sin(V—7) (11) 


For the special functions required in the lunar theory we shall have the follow- 
ing transformations of the same form as (6) 
x? — y” = (x, — y,”) cos 22 + 2x, y, sin 22 


(12) 


2xKy = 2x, y, cos 21’ — (w,” — y,’) sin 27 


xy — Jo = (x? — 9’) cos 22 — 2xy sin 27 a“ 


2H) = 2uy Cos 21! + (x — y’) sin 2/ 


The transformation of any one term may be made by the equations (6) by writ- 
ing + 2/’ or — 2/' for 2D. 

If, as in most of the present work, the solar perigee is taken as the fundamental 
fixed X-axis, we write 9°’ instead of /’ in these equations. 

An important remark to be made on these transformations of terms from 
one axis to the other is that the equality of coefficients expressed in the equations (g) 
and (11) is true only when the fixed axis of Y is unrestricted. If, as will sometimes 
be more convenient, we take the direction of the solar perigee for this axis, some 
values of argument JV in (9) will be equal with opposite signs. By combining the 
terms depending on these arguments the equality in question will cease to hold. 
If, however, the Sun’s eccentricity is dropped, the general equations will remain 
valid for the Sun’s perigee also. 

It thus happens that, in the developments given in Actzon, pages 213-215, the 
coordinates are quite general, while the expressions for their squares and products 
given on pp. 217-223 are not general, because the solar perigee is here taken as the 
fundamental axis. 


§ 50. Recalling that throughout the work we use the symbol VD to represent the 
logarithmic derivative as to a of any function, a serious question is that of determin- 
ing the value of this derivative with the necessary precision in each special class 
of terms. In actually performing the work so many tentative combinations have 
been made, as better and better methods were found, that it is difficult to present 
any one process as the definitive one. The following method was at length seen 
to be the best under the circumstances I have described. Let 


a= a'p(n) 


be any function of the coordinates of which D is to be formed. Practically z will 
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be equal to 1 or 2 according as the expression we are dealing with is of the first or 
second degree in the rectangular codrdinates. If we can compute the value of 
D(m) with sufficient precision the complete value of Du will be 


Du = ia‘d(m) + a Dd(m) (14) 
If it is developed in powers of m, (m7) = a + am + aym? +--+ and we shall have 
Dd(m) = 3am + 3a, + +>: 


the coefficient of each term being $ of the exponent of m. (v. § 12, Eq. 23.) 

If we have the numerically accurate value of any $(#) from Brown’s theory 
and an approximate one from the analytic development, the comparison of the two 
will furnish a rude index to the probable value of the omitted powers of m in the 
development. It follows that the nearest approximation to the value of Dz will 
be obtained by using in the first term of the second member of (14) the numerical 
value of a'd(m) = w, the analytic development being used only for the second term, 
Moreover, having an approximate estimate of the value of the omitted terms of the 
analytic development of the second member of (14), we may use it to correct the 
last term of this member. I conceive that no lack of theoretical rigor pertaining 
to this process will lead to an error of the slightest importance in the present work. 


§ 51. Lormation of the Ds from Delaunay’s Theory. 

In the final formation of the D-derivatives I have extended the developments 
given in Actzon, by the aid of Delaunay’s results, as follows. Delaunay expresses 
the reciprocal of the Moon’s radius vector in a form which we may write 


= + 
== 7 7 
7 4 


where 7, is put for the sum of an infinite’ series of terms, each developed in powers 
of m,as well as of e, e’, and y. This quantity 7, is related to the Moon’s parallax a 
by the equation 


; a 
sin t= (1+) 


a, being the Earth’s equatorial radius. 

It is to be remarked that Delaunay’s expression for the parallax was only carried 
to terms of the fifth order, so that it does not suffice for all theoretical purposes. 
It is indeed fairly probable that it would suffice for the object now in view. In 
order, however, to lessen the danger of any insufficiency in this respect I have, in 
forming the value of 7,, compared each coefficient in the expression of Delaunay’s 
parallax found in my transformation of Hansen’s lunar theory with the more accu- 
rate value derived from Hansen’s or Brown’s expression. We may conceive that 
the correction necessary to reduce Delaunay’s coefficient to Hansen’s value is of 


the form ; 
=, a ee 
Sr, = an!’ + a;,, mt? + 
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in which z is the power of m next above the highest to which Delaunay has carried 
his coefficient. From what we have already shown it follows that the corresponding 
correction to Dz, is - 

flag’ + 3(¢+ 1) a, mt (15) 


an approximate value of which is 
32677, 


In order to make this correction rigorously exact we should know the values of 
the coefficients of the omitted powers of z. This being unknown, the minute cor- 
rection is to a certain extent a matter of estimation. I do not conceive, however, 
that the uncertainty is at all important in the present investigation. 

We have next to consider the D-derivatives of the three functions 


\ 


p> — 36° fra, 3 and 2&, 


Starting with the equations (2) the values of dv and 8, developed in powers of m, 
are given at the end of Delaunay’s Zheorte, Vol. II. The values of Dév are 
formed from these with great tacility by means of the form (23) of § 12, because 
Delaunay gives the numerical value of each part of every term of the longitude. 

The steps of the subsequent process consist in simple trigonometric multiplica- 
tions, and are presented in tabular form on the following pages. The fundamental 
quantities are ; 


1 


7 =<-1, ov, B and D*, Dév, DB 
which are formed from Delaunay’s numbers in the way just shown. 
The following functions are then formed by trigonometric multiplication 
p=i—a,+7— Ty ++: p= 1 — 27, + 37, — 4m +: p?=1—37,+67,2—107, 54 ps 
In the final work, however, p has been formed from Brown’s theory. Then 


PHP47?+ 0 


sinB = B—16° cos B= 1 — $f’? + 5,8 cos*B = I — sin?8 
sin dv = dv — tdv' cos 6v = 1 — fb? 
E? — n,? = p? cos? B(1 — 2 sin? dv) En, = p’ cos? 8 cos bv sin bu 
f=psinB C* =p’ sin’ 8 Dp’? = — 2p°Dr, 


DsinB=cosBDB Dsin®?B=2sinBDsinB Dp’cos*B =cos* BDp’ + p*D cos? B (16) 
D sin’ 8v = 2 sin 6vD sin dv = 2 sin bv cos bv Déu 
D (E? — n,’) = (1 — 2 sin? dv) Dp’ cos? 8 — 2p? cos? BD sin? dv 
D -&n, = sin dv cos 8vDp’ cos? 8 + p? cos? (1 — 2 sin? bv) Dév 
D-C =D sin’? 8 + sin? BD -p* 
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The same method might be used to form the derivatives as to the e and y, but 
this has been deemed unnecessary, as they can be formed with entire precision 
from Brown’s Theory, and probably with all necessary precision from the develop- 
ments found in Action with some extensions in special cases. As a matter of 
fact they have been formed by both methods. 


§52. Derivatives from Brown’s theory. To form the partial derivatives as to 
Delaunay’s e and y from Brown’s expressions it is to be noted that Brown uses 
instead of e and y two constants e and k which, omitting unimportant terms, are 
expressed thus in terms of the Delaunay elements: 

e = (2.000543 + .04ge’")e — .3668e* — 2.012ey° 

k = (1.000128 — .0004e!")y — .496y7° — 0.499¢’7 
A distinction is to be made between the a of the present work, defined by the con- 
dition a*z” = », and Brown’s a, used in his work. Brown’s e is defined as the 


coefficient of sin g in the development of y,/a, or, using the notation of the present 
paper, in the development of 


ar ; a 
—-—cos fsin dv = — 
Be RY B al! 


This will enable us to make a comparison of the preceding value of e with that 
to be derived from the analytic development in Actzon, p. 168, from which we find 


a 2 
2 
—e= (2 =. 4m = aes =f S385 82" aE 23m ‘e! Je ais (2 + Ay? a Pelee sS (2 Je ABB 92? \er/? 


Brown’s 2k is the coefficient of sin A, A being the mean argument of latitude, in 
the development of r/a sin 8, tound on p. 159 of Actzon. From the coefficient as 
developed in Action we find 


“k = (1 — 4m’ + Bm? + 1931 mt — tm’e! \y — (b + 28m? Jey — (4 + tyr”) 
Brown also gives 
: ; 2 = 1.000908 
ee ey Phat 
The two results are as follows, B indicating those from Brown’s formule, A those 
trom the analytic development. 
B; e = 2.000557¢ — .367¢% — 2.012e7" B; k= 1.000128y — .499¢’y7 — .4967° 
A; e = 2.000426¢ — .371¢* — 2.004¢€7" A; k= 1,000108y — .501¢’y — .5004° 


_ The difference, arising from the dropping of higher powers of m in the analytic 
development, is too small to affect the solution of our present problem. 

To find the partial derivatives of any function w of e and k with respect to e and 
y we have from the preceding expressions 
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Ou Oude Oudk Ou Ou 
Be bebe de OkGe, 22> be ar Ok 


(17) 
Ou Oude. Oudk 


dy ~ de dy + Dk dy ~ °'999 


6 oH Ou 
dk _ 0025 De 


These equations enable us to find the derivatives as to e and y from Brown’s as to 
e and k. 


§ 53. Zables of the functions and derivatives of the Moon’s codrdinates. 

The numerical processes by which the required functions of the codrdinates 
were developed may be followed and tested by the aid of the following tables. 
The notation of the arguments, expressed by the indices in the first column, has 
been defined in § 48. 

Owing to the circumstances mentioned in § 46, and to the widely different degree 
of precision required in the coefficients of different arguments, the numbers of these 
tables are not always consistently continuous. ‘The terms of many, perhaps more 
than half the arguments, lead to no sensible inequalities; with these pains were not 
always taken to reach a higher degree of precision than was required to show the 
order of magnitude of the results. In the preliminary steps of the investigation it 
was deemed sufficient to carry the expressions for the Moon’s coordinates to the 
5th place of decimals, and those for the derivatives to the 3d or 4th place. But 
when the inequalities of the elements themselves were reached by integration, it 
was found that this degree of precision, while more than sufficient for the periodic 
terms in general, was not sufficient either in the terms related to the evection, or 
in those determining the secular variations and accelerations of /, 7, and 6. A 
number of successive revisions was found to be necessary, in which the coefficients 
depending on the argument 2’ were carried to the 7th place of decimals. As the 
last place was always more or less doubtful only the sixth place has been included 
in the printing. 

It may also be remarked that in commencing the tables it was supposed that the 
analytic development in Actzon would suffice for the work. This expectation 
proving ill-founded, the developments of the Moon’s coordinates given by De- 
launay, then those by Hansen, and finally those by Brown were successively 
used in the case of those terms in which greater precision was needed. Finally 
the D-derivatives were, in their important terms, recomputed by formule proposed 
by Dr. Ross, which were much briefer than those already given in (16) of § 51. 

The want of homogeneity thus arising in the tables could be cured by a fresh 
development from the fundamental data of Brown and Delaunay, but I do not think 
any important change would thus result in the expressions for the inequalities of 
the Moon’s elements found in Part IV. 
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TABLE XXXV. 


FUNCTIONS OF THE LATITUDE AND THEIR DERIVATIVES. 
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TABLE XXXVI. 


FUNCTIONS OF THE RApius VECTOR AND LATITUDE. 


| 


| | 
Arg. Dr, parla Cs |p? cos*B D., p? D.C DP tov B 
ia a y | i! cos cos cos cos cos cos cos 
oo Or O 002 638 | +1.002866 | +.004038 | +.9098 828 —.004 43 -+-,000 O1 —.004 44 
moro 0 pee 40 —0.108 58 —.000 42 —.108 17 -+.004 80 -++.000 06 -+.004 74 
2 00 0 —.000 16 —0.001 52 —.000 02 —.O0I 51 +.000 08 -+-,000 OI +-,000 08 
—I I 0 0 -+.000 917 | —0.000 70 —.000 00 —.000 70 —.00I 77 .000 00 —.001 76 
Dot 0 Oo —.000 267 | +0.000266 | +.000001 | -+.000 266 +.000 713 | +.000001 | +.000 712 
rer. 6 OO —.000 637 | +0.000 54 .000 00 +.00054 | +.001 27 .000 00 -+,oo01 26 
—I o2 0 -++.000 10 0.000 32 +-.000 65 —.000 33 —.000 19 —.000 03 —.000 15 
Ameo! 2° O -+.000 06 —0.000 02 —.003 98 +-.003 97 —.000 IO -++.000 02 —.000 12 
foo. 2. O -+.000 00 -++0.000 00 —.000 22 -++.000 22 .000 00 .000 00 -++.000 OI 
—2 0 2 4 . : if ¥ i 
=—t O° 2 r 
Oo Oo 2 
m0 2 
BO 2 
—I 2 
fo} 2 
2 
2 
2 
2 
fe) 
oO 
oO . 
fe) 
2 
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TABLE XXXVI. 


FUNCTIONS OF THE LONGITUDE AND THEIR DERIVATIVES. 


Arg. sin OV | cos OV $sin 20v, sin? Ov D. sin? dv Dov 4D sin 20v 
ie gs 7 wr i sin cos sin cos cos sin sin 
O+ £0 26 ~-O0 Lp eeeaeee ce Exore hes yl eercerm ee te “FOOT.4B3 | --c-rsceececseensee= | |] eeeee eee 
T—20''O" <o +.109 58 —.000 35 | +.10903 +.001 55 .000 000 —.000 320 
20.0 © -+.003 71 -+.00300 | +.003 65 —.000 138 —.000 314 
=I 1 0 Oo —.000 72 -+.000 17 —.000 71 —.002 052 —.002 
OseL “O10 —.003 233 | —.00002 | —.003 20 —.002 8437 | —.002 7992 
fet Oo XO —.000 53 —.000 18 | —.00053 —.O0I 199 —.001 
—-I 02 0 —.000 I9 -+.000 Ir | —.000 19 -++.000 215 -++.000 212 
O- @.°2:.70 —.00I 99 —.000 OI —.O0I 97 -++.000 091 -++.000 090 
Teo 62) 0 —.000 22 —.O001r | —.00022 | -+-.00022 | —.O000OT = | --nccccccas.coc\) eee 
—2 02-2 +.001 03 —.OOI 25 +.001 07 +.002 545 +.002 705 
—I 02-2 +.022 17 —.000 58 | -+.02203 -++.047 405 +.046 777 
0 oOo 2-2 -+.01I 45 +.00117 | +.011 35 -++-.037 838 -+.037 341 
I oO 2-2 -++.000 -+.00067 | + 00008 -+-.003 056 -+-.003 273 
2 02-2 -++.000 09 -++.000 07 -++-.000 15 i 
—I I 2-2 —.000 14 —.00003 | —.000 14 
o I 2—2 —.000 12 —.00003 | —.000 12 
I I 2-2 E—OOOO2 5 Bi icccwee meses —.000 02 
—I-—I 2-2 -+.00I 00 —.000 OI -+.000 99 
oO —I -2 —2 -+-.000 80 -+.00007 | -+.00080 
I—I 2-2 -++.000 07 +.00005 | +.00008 
—I DAO S 22d eee 000 02 il aces 
Gai. 80 
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Onn? 20 O° ie O00.0300y eae 
Op 25226 at NGO O30 exc 


TABLE XXXVIII. 


Co6RDINATES REFERRED TO MEAN MOON AND THEIR DERIVATIVES. 
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TABLE XXXIX. 


FuNCTIONS OF COORDINATES REFERRED TO MEAN Moon. 


D (§7—7,’) 2D (Fm) 

Delaunay. Delaunay. 

s08 Oo ‘oO i : O80 2206 ir cece Ie = .007 24k ety pete 
ie OC 0 —.108 50 -++.000 33 —.108 83 +.217 74 -++.001 95 —.000 70 
2-0. 0 © +.004 504 —.005 989 -++.010 493 —.004 501 —.000 18 +.000 12 
met 0 oO —.000 35 —.000 35 .000 000 —.O00I 10 —.00I 36 —.003 84 

aot 0 oO -+.000 217 -++.000 049 +.000 168 —.006 386 -+.000 198 —.005 552 
iat oO 0 -++.000 19 -+.000 35 —.000 16 —.000 70 -+.000 54 —.002 10 
—-I 02 0 —.000 II —.000 22 +.000 II —.000 12 —.000 21 +-.000 41 
on 6 2 0 +.003 97 .000 00 -++.003 97 —.003 95 —.000 II -+.000 16 
Zo. 2 0 000 000 -++.000 22 —.000 22 +-.000 22 -+.000 03 —.000 03 
—2 0 2-2 —.000 637 +.002 444 —.003 O81 -+.o01 843 —.006 70 +.004 32 
-—I o 2-2 —.019 GO +.001 02 —.020 92 +.044 34 —.042 09 +.004 72 
ao 2 —2 —.012 13 —.002 44 —.009 69 -++.018 19 —.038 63 +.065 56 
ib 0 2—2 ++.000 69 —.OOI 15 -+.oo1 84 —,.000 82 +-.006 32 —.003 03 
2 02-2 —.000 02 —.000 02 «000 00 -++.000 04 -+.000 12 -++.000 19 
—I I 2-2 FOO 00) 85), ate oem -++.000 06 —.000 24 —.000 OI +.001 12 

o I 2-2 -++.000 092 -++.000 056 -+-.000 036 —.000 154 -+.000 587 —,.000 553 
Tet 2 —2 000 00 000 000 —.000 00 .000 00 —.000 12 +-.000 07 
—I —I 2-2 —.000 80 000 000 —.000 80 -+-.001 97 —.OOI 50 -+.004 41 

Oo—I 2-2 —.000 875 —.000 154 —.000 721 +.001 336 —.002 889 -++.005 007 
I—I 2-2 HOOOO" bh Bas « .000 00 .000 00 +.000 55 —.000 2 
reo Oo 2 —.000 05 000 00 —.000 05 —.000 05 —.000 14 —.000 II 
io. O° 2 —.000 21 —,.000 02 —.000 19 —.000 56 —.000 24 —.000 60 
=—f © 0 2 000 00 —.000 03 +-.000 03 .000 00 -+-.000 06 +,.000 08 
—2 04-4 -++.000 187 —.000 253 +.000 440 —.000 175 —.000 II —.001 02 
—I 04-4 +.000 06 —.000 23 -+.000 29 —,.000 16 +-.002 64 —.000 51 
0 04-4 +.000 02 —.000 06 -+.000 08 —.000 06 +.000 74 +000 04 


Lae «fs 


+.001 8 —.178 1 
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TABLE XL. 
FUNCTIONS OF Co6RDINATES REFERRED TO MEAN Sun. 
| | 
p £ 2 2 
Arg eB ie 267 DP —7)  D(p’?—36’) 
2 £ LAAs cos cos sin cos 
O77 50 0770 —.013 96 =tOOO Am il) etme nstsae —.052 005 —.004.447. | — Nesescrmcareteee 
i 20.0%" 0 —.031 26 —.108 60 —.033 92 —.063 73 -+.004 62 
2 .0'-0" 0 —.002 50 --.000 96 —.002 43 —.005 55 -++.000 07 
= Toat O65, -+.000 13 —.000 7I —.000 08 —.000 58 —.00I 76 
Ons i010 —.000 933 -++.000 264 —.00I 123 —.003 423 -+.000 710 
feeet 20 20. —.00I 35 -++.000 55 —.00I 34 —.003 04 -+-.001 26 
=<=<f "0,25 0 —.000 04 —.000 -++.000 10 —.000 OI —.000 09 
OU O2 2410 —.000 38 +.01196 {| —.000 38 —.000 42 —.000 I5 
P0250 —.000 02 -++.000 66 —.000 02 —.000 I2 -++.000 OI 
—2 02-2 +.007 809 -+-.001 807 -++.007 185 -+.000 30 +.003 73 
—-I oO 2-2 —.163 02 —.018 60 —.163 54 +.002 91 —.035 03 
Oo oO 2-2 +.986 I9 —.013 99 -+.986 II —.007 00 —.047 84 
I 02-2 +.054 44 —.000 42 +.054 44 -++.000 62 —.00I 53 
2 02-2 -++.003 00 —.000 02 -++.003 00 —.000 03 —.000 07 
—I I 2-2 —.000 55 -+.000 15 —.000 56 —.002 60 —.000 47 
o I 2-2 —.003 18 +-.000 03 —.003 17 —.002 76 -++.000 89 
tent 2:2 —.000 42 .000 00 —.000 42 —.000 77 -+.000 OI 
—I —I 2-—2 -++.000 27 —.000 87 -++.000 28 -+.001 33 —.O0I 40 
O—I 2-2 +.003 22 —.000 06 +.003 I4 -++.002 89 —.003 98 
I—I 2-2 -+.000 54 .000 00 +.000 54 -++.001 24 —.000 I5 
i OP lope 3 —.000 20 —.000 32 -+.000 24 -+-.000 03 —.000 76 
OF nO7 Ome 2 -+.003 96 —.000 84 —.003 96 —.000 13 —.O0I 52 
I oo-2 -++.000 I0 —.000 04 -++.000 10 —.000 31 -++.000 08 
On 2 4050 —.000 059 -++.000 005 —.000 059 —.000 258 -+.000 036 
2 2 2 | <p 2 2 
me OF OO Sa ae o(F—y) Op 
= Oe de | Oe or 
f" A eX cos cos sin cos 
G. (0, %0') #0 -++0.110 765 +.015 359 —=1537-525 | a eeeceeeeeee 
I 0) (0) 70 —0.505 7 -+.009 4. -+.050 2 
20 10. Ono 0.0733. 2 | —00545> |) =0.0602". \ | ee ee ee 
== tite) ac O ~o0000 =| “—00064 —| -diecetas) |) oe ee 
QAI 10-70 +0.004 519 -+.000 287 —.000 I6I 
I I Oo re) —0.0252 | 40.0030 | —O.0250  — | cvrcceecsscerercre | creseecersrsseeece 
eT RO. Bo ROP Mia setae ee = O12 30 aa eee ete ae ee erage —.0580 
Os LO w2thOs Uline ee —.017 3 +.5516 
T 0 220 MO wee eh 50,007 ot ere Ieee -+.o019 6 
ie lop eee +0.284090 | +0.06569 | +O.20T6Q — | cressecececcccseee | cesetetseecsetesee | ceecteeenseceneee 
—I o2-2 —2.904 I -+-.018 2 +.005 2 
Oo oO 2-2 —0.286 3 —.178 2 -+.041 0 
I 02-2 +0.976 9 20006 | eneeeereeeeeeseeee 
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DERIVATION OF RESULTS. 


GHAPTER Vil 
CONSTANT AND SECULAR TERMS. 


We recall the arrangement of the present work. In Part I, the general equations 
have been formed, the theory outlined, and the methods developed so far as could 
be done. Nearly all the fundamental quantities were developed as sums of prod- 
ucts of two factors, one factor of each pair being a function of the Moon’s codrdi- 
nates, the other a function of the codrdinates of the planets. The latter functions 
are developed in detail in Part II, one chapter of which is devoted to the develop- 
ments of the coefficients of the direct action, the other to the coefficients of the 
indirect action. In Part III, Chapter VI, have been developed the numerical 
functions for the lunar coefficients. These are the same for both actions. The 
present concluding Part is devoted to the combination of these factors and the 
derivation and discussion of results. 

_ We may divide the matter of this part into three chapters. In the first chapter 
we consider the terms not purely periodic. By a purely periodic term is meant 
one of which the coefficient of the sine or cosine is constant. We may, therefore, 
define the terms to be first considered as constant and secular, two classes which 
need not be considered separately. 


§ 54. The arguments on which the planetary and lunar factors depend are all 
distinct except 2’, which is common to both. It follows that no constant or secular 
term in the variations of the elements can arise by the multiplication of factors 
depending on any other variable argument than 9’. In all cases in which another 
argument than this enters into either factor, the results will be periodic in form, the 
coefficient, however, having, in the general case, a secular variation. Since no 
terms of the class in question contain /, 7, or 0, they give 


Da=0 De=0 Dy=0 


-To form the constant and secular terms we begin by collecting those planetary 
factors which are either constant or depend on the argument g’. We shall con- 
sider the direct and indirect actions separately. The planetary factors for the 
direct action, as collected from § 42, with some revision of the numbers there 
found, are shown on the next page. 
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Factors For Direct ACTION. 
Action of Venus. 
10° MK = + §5/’.9045 + 0.44 cos g’ — 0.11 sing’ 
410°°MC = — 3 .4072 —O .30cosg’ +0 .07 sing’ 
10°MD = + 0’’.33 sing’ + 0’’.03 cos g”’ 
Action of Mars. 
10° MK = + 0/.0468 — 0/’.020 cos g’ — 0/’.024 sin 2’ 
410°C = —o .1006+40 .028 cos g’ +0 .029 sing’ (18) 
10°MD= + 0’’.010 sin g’ — 0/’.008 cos 2” 


Action of Jupiter. 
10° AZK = + 0’.0913 — 0’’.002 cos 9’ — 0.032 sin 9” 
410°MC = — 2 .1348 +0 .004 cos g’ +0 .062 sin g’ 
10° MD = + 0’’.005 sin 9’ — 0’’.030 cos 2” 
Action of Saturn. 
10° MK = + 0'.0013 410°MC = — 0.1040 10° MD =o0 
The corresponding factors for the indirect action have been combined for the 
five disturbing planets, Venus to Uranus. From the combined values of G, /, 
and J, reached in § 44, we find, including Uranus, but omitting Mercury: 
10°" G = + 0'.459 + 0.36 cos &’ + 0/.06 sin g’ 
10° J7= +0 .153 +0 .12 cos g’ +0 .02 sing’ 
10°’ 7 = — oO .03 sing’ 


§ 55. Lunar Factors. If, for brevity, we put / for any one of the three lunar 
factors, say 


F=f —7 F' =p? — 30? FF"! = 2&n (19) 
the terms of the fundamental equations (42) or (57) corresponding to each F will be: 
oF oF 
—D, 4; OEE Crete =F, 
oF oF 
in— D7; 4,D'!F + e,— De + %a- By = Ff, 
in— D8; aD es ee ps 


S Oe a Oye 


From the tabular values of the functions of the coordinates and their derivatives 
in Table XL, p. 112, noting that symbolically, D’ = D-+2, we have the following 
values of the terms of these functions which are independent of the lunar arguments 


f= & — 1’ = — .013 96 — .000 933 cos g’’ — .000 06 cos 29°’ 
fr! = p’ — 36? = .990 74 + .000 264 cos g’ 
f'’ = 2&) = — .0oI 123 sing’ — .000 06 sin 29°’ 
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D'F = D' (? — 7’) = — .080 02 — .005 288 cos g’ — .000 38 cos 2¢’ 
D' F' = D' (p’ — 36”) = 1.9770 + .001 239 cos g’ + .000 04 cos 2¢/ 
DF" = 2D'& = — .006 809 sin g’ — .000 39 sin 2g" 

= nil ioe 7) = + .1108 + .004 519 cos g’ 
ail = phe dred = + .1705 + .0O1 109 cos.g° 

oi a eile = + .006 220 sin 9’ 

sel = en 7) = + .0154 + .000 287 cos g’ 
ei = 2) = — .5375 — .000 161 cos 2” 
ae = a = + .000 469 sin 9 


The factors a,, e;, etc., are derived in § 14, and found in (26). From the preceding 
scheme we find by using the preceding values and their derivatives in (20) 


|= — 0.1641 — .O10 92 cos g’ — .000 77 Cos 29°’ 

Ff, = — 2.1194 — .086 40 cos 2’ + .000 OI Cos 2°’ 

Fy, = — 0.0859 — .001 63 cos g”’ 

7! = + 4.0086 + .002 49 cos g’’ + .000 08 cos 29°’ 

Fil = — 3.3142 — .021 36 cos go’ (20) 
F,/ = + 3.0093 — .000 90 cos 9’ 
FF = — .013 89 sin g’ — .000 79 sin 2g” 
Fy! = —.118 94 sing’ + .000 o1 sin 2g" 
Fy! = — .002 64 sin g’ 


§ 56. Secular motions of lr, and 0. The function A//7, as defined in § 20, may 
now be written 
MH =MKF—3MCF'+ MDF" 
and introducing the linear functions of its derivatives which we have just formed 


we have from (42) 


D,«,= — MKF, + }MCF/ — MDF;' (21) 
D.0,=—MKF,+4MCF/ — MDF" 


nt 0 


of all which factors we have just given the numerical values. For the indirect 


action the second members are 


mGF,+ mJF! —mIF!! ... (i= 1, 2, 3) (22) 
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Performing the multiplications we find the following secular motions of 4, 7, and 
@, arising from the terms of direct and indirect action under consideration. 


Direct Action of 10° Drilo 10°DniTo 10°DniGo 
Venus — 12.66 + 23.846 — 9.747 
Mars — 0.41 + 0.433 — 0.300 
Jupiter — 8.54 + 17.269 — 6.416 
Saturn — 0.42 + 0.346 — 0.318 
Uranus — 0.01 + 0.007 — 0.006 
Sum — 22.04 + 31.901 — 16.786 
Indirect + 0.54 — 1.495 + 0.422 
Total — 21.50 + 30.406 — 16.364 


Taking the Julian century as unit of time z = 8400. The centennial motions 

arising from the factors here employed are therefore: | 
Centennial motion of 2, = — 180.6, of m =+ 255.41, of 0) = — 137-46. (23) 
From the vanishing of Da, De, and Dy we have 


6” = const. dr, = const. 66, = const. 


the constants being functions of the arbitrary constants of integration, determined 
at the end of this chapter. 


§ 57. Zerms arising from the secular variation of the earth’s eccentricity. 

Both the direct and indirect actions contain, in rigor, terms of this class. ‘They 
enter into the direct action because the direct action of the planet on the Moon varies 
with the variation of the orbit of the earth around the Sun. But the effect of this 
variation is found to be so slight that it will be left out of consideration in the 
present work. We therefore begin with the indirect action. The terms of the 
coefficients G, /, and /, on which the action depends, have been developed in 
Chapter V, § 44. 

Our fundamental quantity for the indirect action is 7’ of § 25, of which the 
only terms required are 


H! =~ GE —1) — JP — 38) + 27in = — GF JF! 4 IF" (24) 
The terms of G, J, and / required for the present purpose are 
Galak I= Tbe! J=J he 
G,, Z, and /, being found in § 44 and 
Ae! = — 8'.595 T— 0.0260 7? = — 8.595 T(1 + .00302 7) 
The secular terms of these coefficients thus become 


G = (— 0.5358 + 19’.29 cos 9’ + 1.83 cos 29°’) T(1 + .00302 7) 
J = (+ 0.1080 + 6.44 cos g’ + 0'’.32 cos 29°’) T(1 + .00302 7) (25) 
I = (— 25.45 sin g’ — 1’’.84 sin 29’) 7(1 + .00302 7) 
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Using these values in (56) we find 
| Do — Die —- 0 Sey 


If we put G’, /’, and / tor the coefficients of Zin (25) we shall have from (20) 
and (22) the following computation for the secular accelerations from the funda- 
mental equations (57), in which only the non-periodic terms are to be used : 


[] = GF + J'F/ — FF! = + 0.2467 

[T]=GQF 4 /'F! IF! = —1 6378 

(O]= GR +/'F) IF! = +0 3246 
Then, postponing the terms in 7” 


DJ = ne [0] T DD ge = ae tor | DO = m*[6|T (26) 


The terms in Z” in (25) are only those arising from the term of e’ in 7%. To find 
the complete values we note that all the terms of [7], [a], and [6] contain e’ as a 
factor, and may therefore be expressed in the form e’h, & being a quantity which, 
though containing minute terms in e”, may be regarded as a constant. ‘Then 


D 


/ 
1€ 
e’ 


D{!] = kDe’ = [1] = = — .002495[7] 


and the actual values of [7], [7], and [@] may be written in the form 
[7] = [4],(1 — .002507) (1 + .00302 7) = [7],(1 + .00052 7) 


[2], etc., being the values computed above. Multiplying by 7 we find that the 
terms of D,/, Da, and D,? in TZ’ are found from those in 7 by multiplying the 
latter by the factor + .00052 7. 

Taking the Julian century as the unit of time, m= 46.998, whence 


Di=+11".60T7 +0".00607? Dar=—76".98T—0o".0407? DO=+415.25 7 +0.0079 7" 
Then by integration 
oJ = 5.8077 4+ 0.00207* br=—38".497* — 0.013 7° 80 = 47.627" + 0.00267° (27) 


This value of the secular acceleration of the mean longitude is, I believe, 
markedly smaller than any heretofore found. Delaunay’s last result was 6’.11, 
which, reduced to the now adopted value of the secular diminution of e’, would 
become 6”.02. The necessity of using Delaunay’s development of the parallax in 
forming the D’s of some of the coefficients leads to some uncertainty in the present 
result. But my rough estimate would lead to the conclusion that the uncertainty 
should be less than one per cent. of the whole amount. The question of the pre- 
cision of the value here reached I must leave to other investigators.* 


* As this work is going through the press the author notices that Brown’s value found in Monthly Notices Royal 
Astronomical Society, vol. Lvit, is reduced from 5”.91 to 5”.81 when the now adopted Die’ is used, 
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§ 58. We have next to consider the secular variations of the periodic terms in 
general. Taking any set of such terms depending on any argument /V 


f? — n? = 2p cos V p? — 30° = 2¢ cos V 2&n = «, sin V 
we shall have the terms of AW’ in (24) 
Hf’ = (1"'.072p—0'’.216¢) T cos V+ (—38".6f—12!'.9¢) T cos g’ cos WV—25!'.4«,T sin g’ sin V 
= (1/.072f—0".216¢) T cos V—(19!’.3h+6".49+12".7«,) T cos (V—g’) 
—(19!'.3p+6!.4g—12"".7«,) cos (V+g") 
Forming the partial derivatives of these terms of H/’ as to /, 7, 0, a, e, and y, and 


carrying them into the fundamental equations (64) and (65) by the processes of 
§ § 22 and 23 we shall be led to 


Da=m(—1''.072ap+0".216ag) 7 sin V+ m(19".3ap+ 6.4ag+12!.7ax,)T sin (V—g") 
2 
+m? (19/'.3ap + 6.4ag—12".7ax,) T sin (V+) 


with similar equations for e and y formed by writing e and g respectively for a. 
Also, we shall have 


D Jy=m'(1!.072L! —0!.216L") T cos W?—m(19!".3.L'+6!.4L"4+12".9L,) T cos (VW—g") 
— m*(19/.3L! + 6.4L" — 12'.4L,)T cos(V + 2’) (29) 


with similar equations for D,, 7 and D,, 6) formed by writing P and # respectively 
for L 


§ 59. The special values of V of most importance in the present connection are 
NV=0 IV =x gy! N= 
on which depend, respectively, the constant term, the annual equation, the equation 
of the center, and the evection 
Cast I; V=o0. 


The factors for D,,a, Dye, and Dy all vanish. The values of the Z-coefficients 
are found in the first line of Table XLIX, p. 147. The first or purely secular term 
of (29) has already been computed. The remaining terms give 


Df, = m'n (38".6L’ + 12".9L")T cos g! 
Dy, =m'n(38 .6P’ +12 .gP")T cos g’ 
DD, = m'n(38 62! +12 .gf")T cos g’ 


Substituting the numerical values of Z, P, A, and m’n=47.00; 
D,/, = + 1062""T cos 9” Dy, = — 2961" T cos g’ Df, = + 824""T cos 2’ 


We cite, for convenient reference, the following indefinite integrals 


: Tea zt I BY 
¢ sin N¢éd¢t = — sin N¢ — — cos N¢ t cos Ntdt = —, cos N¢é + — sin Nt 
N N N N 
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The unit of ¢ in these equations being too years, N is the motion of g’ in this 
period, for which we may take 200 z, or N =628. 
Integration by the above formule then gives 


8/,= + 1.697 sin g’ + 0.003 cos ¢” 
dr, = —4 .71T sin g’ — .008 cos g’ (30) 
86,= +1 .327 sing’ + .002 cos 2” 


Case Il; V=g"'; the annual term. 


Here also the variations of a, e, and y vanish, so that only those of 4, m, and 
9, are affected. Carrying into the equations (29) the numerical values of the lunar 
coefficients for the Arg. 9°’ we find, dropping the constant terms, which have been 
already computed, 


DJ, = m’n T(0!.0061 cos g’ — 0'’.082 cos 29°’) = 0'’.29T cos g’ — 3’.80T cos 22 
Dyr,=m'nT(o .0485 cos g’ + 0 .131 cos 29’) =2 .287T cos g’ + 3.447 cos 22" 
D9, = m’n T(0'’.0o10 cos g’ + 0.022 cos 22°) = 0.47 T cos g’ + 1 .03 7 cos 2g” 
Then, integrating, and dropping insignificant constant coefficients 
87, = + 0.00047 T sin g’ — 0’’.00367 sin 29° 
dr, = + 0.0037 7'sin g’ — 0.0028 7 sin 2g 
56, = + 0.0008 7'sin g’ — 0.00167 sin 22 


CasE III; V=g. 


For this argument I have used the following preliminary values of the lunar 
coefficients, differing from those of Tables XLVIII and XLIX by amounts here 


unimportant 
LL! = — 0.1197 L"” = — 0.1962 L, = — 0.2648 
P! = + 5.403 PP" = 18.734 P,= + 11.688 
Ff’ = — 0.0028 Fe! = — 0.1431 Lf, = — 0.0560 
ap = — 0.032 23 ag = — 0.110 49 ax, = — 0.069 70 
ep = — 0.300 45 eg = — 1.033 40 ex, = — 0.650 66 
gp = + 0.000 09 g7g= + 0.000 31 gx,= + 0.000 10 


Carrying these values into the equations (28) and (29) we find, for the terms depend- 
ing on the argument alone, 


Dea= + 0".5207 sin x De= + 4".70T sin g 
Dj, = + 4'.04T cos g Dy, = — 82!'.2T cos g 


For the motion of 2, N =8329. 
‘Integration then gives 


3a = — 0,000 062 7'cos ¢ + (74/’ + 10") sin g de = — 0.00567 cos & 
8/, = + 0.000 485 7sin & dr, = — 0.009 87 T'sin g 
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We drop the terms with constant coefficients, owing to their minuteness, and 
find, with z=8400; 
bn = — nda = + 0.787 cos 
Then by integration 
8,2 = f dndt = + 0.000 0947 sin ¢ 


This, added to 84, gives for the entire term in 6/ 
d/= + 0.000 5787 sin g (31) 


§ 60. In order to determine the complete expressions for the coordinates them- 
selves, the terms computed in the present section, together with those which may 
be found in a similar way for the other periodic terms, are to be carried into the 
expression for the Moon’s true longitude in terms of the elements. I have not, 
however, deemed it necessary to do this in the case of the secular variations of 
the periodic terms, because these can be most readily determined by varying the 
value of e’ in the Delaunay or Brown expressions for the Moon’s longitude. 

I have, however, computed the preceding variations of some terms owing to the 
theoretical interest which attaches to the relations implied by the equality of the 
result of the present method to those of the other method. The two methods 
correspond to the two methods by which the secular acceleration may be deter- 
mined. In Actzon, p. 191, it is shown that the secular acceleration of /, 7, and 0 
may be derived from the secular change of e’ by determining the corresponding 
secular changes in a, e, and y. This theorem has been discussed and extended by 
Brown in his paper on Zransmitted Motions and Indirect Perturbations.* 

By this method the secular variations in question appear as variations of 7, 7, and 
6,, the latter being functions of the variables a, e, and y. But, in the present theory, 
a, €, and y remain constant so far as the secular change of e’ is concerned, and the 
changes are thrown wholly upon 4, m, and @). 

There is therefore a seeming contradiction in that the lunar elements a, e, and y 
are affected by a secular variation in one theory, while in the other they are prac- 
tically constant. Referring to Brown’s paper for the theory of the subject it will be 
instructive to show the relation between the two methods. 

In what I have, for brevity, called the Delaunay solution of the problem, the 
Moon’s coordinates appear as functions of the lunar elements, introduced as arbi- 
trary constants, and of the Sun’s eccentricity, which is regarded as a quantity given 
in advance. But, when the action of the planets is introduced, the solar element 
e’, as well as the lunar elements a, e, and y, become variable. In what I may call 
method A of treating the planetary action, which was that adopted in Action, 
the final values of the codrdinates as affected by planetary action are determined 
by introducing the simultaneous variations of all four elements into the Delaunay 


* Transactions of the American Mathematical Society, vol. v1, p. 332. See also, Monthly Notices, Roval Astro- 
nomical Society, vol. LVIt. 
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expressions. But in method B, adopted in the present work, the entire variations 
have been thrown upon the lunar elements, the solar elements being regarded as 
constant. In the case of the periodic perturbations this course is practically a 
necessity, owing to the extreme complexity introduced into the formule if we sup- 
pose the coordinates expressed in terms of the value of e’ affected by periodic 
inequalities. But it is different in the case of the secular motion of e’. Here it 
is more logical to consider that at any epoch the action of the Sun is computed 
with the actual eccentricity at that epoch, and so to use method A. 

Not having done this in the present work, but having regarded the value of e’ at 
the epoch 1850 as a fundamental constant, the values of G, /, and /, though func- 
tions of e’, and therefore variable, have appeared in the theory as constants. 

In the present investigation the author has not, for want of time, investigated the 
modifications which would be made in the problem if these coefficients were taken 
as affected by their secular variations. One reason for refraining from this course 
was that the determination of the secular acceleration from the equations given in 
Action, page 191, require a much more extended development of the canonical 
elements in terms of e’ than it was practicable to undertake in the present paper. 
The question is therefore left to others, reference being made to Brown’s paper on 
the variation of given and arbitrary constants.* 

A comparison of the secular variation of the coefficient of sin 9°’ with that found 
by Delaunay’s value of this term will, however, be of interest. With the eccen- 
tricity of 1850 the coefficient of this annual term is — 670”. It contains e’ as a 
factor, the portion arising from higher powers of this element being unimportant in 
the present case. It follows that the secular variation of the coefficient of sin 9’ 
in 8v is 


de! 
= 670" ~ — + 1! ,.O% oh 


The term found in (30) for 87 is 1”.69 7. I have not computed $v itself. 

The two methods of treating the effect of the motion of the ecliptic are related 
to each other in the same way as this just discussed. Had the method of the 
present paper been strictly followed throughout, the coordinates of the Moon would 
have been referred to a fixed ecliptic, because the ecliptic remains fixed when 
planetary action is omitted. But it was seen that by a very slight and easily deter- 
mined change, the coordinates could be referred to the actually moving ecliptic, and 
and the work was carried on accordingly. In concluding the work, it is a matter 
of regret to the author that he did not investigate the question whether the Moon’s 
codrdinates could not, on the same principle, be expressed in terms of a varying 
solar eccentricity, a4 ¢uztzo, thus simplifying the problem in conception at least. 
Owing, however, to the theoretical interest attaching to the relation between the 
two methods, the effect of the motion of the ecliptic might be treated by both methods. 
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§ 61. Adjustment of the Arbitrary Constants. The problem before us may be 
outlined thus. The preliminary solution of the problem of three bodies leads to 
expression of the Moon’s coordinates as functions of six arbitrary constants, through 
the intermediary of three other functions of these constants 7, 7, and @. The solu- 
tion in terms of the six elements a, e, y, 2, 7, @ takes the form: 


l=1,+ nt r= 7, +7,¢ 6=6,4+ 44 v=li¢ p=1+¢ B=¢ 


the functions @ being of a form not necessary to specify at present. As already 
mentioned, z, 7,, and 6, are functions of @ (or z),e, and y. The solution of our 
problem is now completed by adding to the expressions for the Moon’s coordi- 
nates = v, r, and B, the quantities 


ov Ov Ov Ov 
bv = 5, bat 5, + a be + 5 Or + + (32) 


with similar forms for x and 8B, which we need not write. For our present purpose 
it will be necessary and sufficient to consider the following terms in v, the true 


longitude. 
v =/+ 2e sin (J—7) 


We then have 


Cv Ov Ov 

Of ee cas Ben Ae OS 
ov ; Ov Or Ov oOvol Ovor 
Cee Lh Orbe Dg. Gl iba linea 


Substituting in (32) and cmitting unimportant terms 


dv = — gnt(1 + 2€ cos gba — 2€ cos gdm + (1 + 2e cos g')d/, + 2 sin ge 
We put 
5a,, 5e€,, S7,, 94, 
the arbitrary constants to be added to the perturbations da, de, d7, and 67. We then 
have the following perturbations depending on the purely lunar arguments 


5a = da, — 0.0016 sin g Se = de, — 0.0150 cos 2 
87 = 6/, — ".0212nt + .0059 sin g dr = br, + .0315u¢ — "272 sin 


Substituting in the derivatives we have the result that the mean sidereal motion 
of the Moon is 
nt(t — 0.0212 — $6,a) 


We now determine 6,« by the condition that the mean motion shall be repre- 
sented by x. Thus 


5,0 aN o’’.O141 5m = 0.0212" = ob 178” (33) 
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Also, the coefficient of sin g in the expression for the longitude becomes 
2€ + 07.0059 + 25. 


We now determine d,e by the condition that the expression for the coefficient shall 
remain unchanged. This gives 
de = — 07.003 


The longitudes, perigee, and node being given by the equations 
T=, + 7,t 6=86,+ 42 


the introduction of the perturbations of the elements will give rise to the increments 


Br, = in + er Se 4 m by 30, = a Set S Se + mS By 
The eftects d,e and dyy are inappreciable. Taking only 8, from (33) we have 
dr, = — .014 808.7 = — 0.000 314n 80, = — .001 016,” = — '’,.000 021” 
Taking the century as the unit, the adjustment gives 
Sr, = — 2'”.64 50, = — o’.18 and Sr = — 2.647 860 = — 0!’.18T7 


Adding thereto the secular terms of m and @, already found, we have the following 
results, tor the entire secular effect of the action of the planets on 7 and 6 


Dir Dé 
Direct action of the planets Venus to Uranus + 264''.97 — 141.00 
Indirect action of the planets Venus to Uranus — 12 .56 SEY | 
Total action of Mercury (m= 107) + 0 .45 — 0.21 
Adjustment of elements — 2 .64 — o.18 
Sum 4-253 .22 “— 137 .85 


This motion of the perigee, greater by 5’ than that found by Brown, goes to 
confirm his conclusion that the gravitation of the Earth does not deviate from 
Newton’s law of the inverse square. 


§ 62. As the reason for the last correction may not be quite clear, it may be of 
interest to state in a general way how it enters into the theory. The action of the 
planets on the Moon is found on the supposition of what we may call an undisturbed 
orbit of the Moon, meaning thereby an orbit in which the action of the Sun is com- 
pletely taken account of, on the supposition that no other extraneous action enters. 
We thus have a certain mean motion z determined from observations, and a certain 

undisturbed mean distance, a, determined by the relation a°”? = yp, which requires a 
constant Aa of correction to the mean distance computed from the action of the 
Sun, giving rise to an expression for the constant of the Moon’s radius vector 
a + Aa, = a, completely representing the action of the Sun on the supposition of 
no planetary action. 
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It is with this mean distance a, that the actions of the planets, both direct and 
indirect, are computed. But, as a matter of fact, the action of the planet modifies 
the relation between a, and z, so that we must change either the mean motion or 
the mean distance according to what values of the elements we assume. If we 
take the arbitrary constants so that the mean motion remains unchanged, then the 
actual mean distance will require a constant correction on account of the action of 
_the planets. If we regard the mean distance as an invariable quantity, then there 
will be a correction to the mean motion. 

It follows by either method that when we compute the motion of the perigee and 
node under the action of the Sun alone, we must make one or the other of these 
modifications produced by the action of the planet, and determine the effect upon 
the motion of wand @. If we regard the actually observed mean motion as that 
due to the Sun alone then we must introduce a correction to the mean distance, and 
determine its effect upon 7, and 6,. But if, which is the more natural method, we 
regard the mean distance of the Moon as the given actual element, then we must 
compute that part of the motion of the perigee and node due to the Sun alone with 
a different 2 from that given by observation; that is, with a value found by sub- 
ducting the planetary eftect from the observed value. 

We may therefore regard the corrections — 2”.64 and — o”.18 to a, and 0; as 
reducing 7, and @, to their true values under the action of the Sun alone. 


§ 63. Secular Variation of e. If we require, as we should, that the coefficient 
of sin g in the Moon’s true longitude should be represented by a function of e then 
the expression (31) shows that this element will be aftected by the secular variation 


d¢ = + 0'.00029T 


This being less than o”.o1 in a thousand years, is of no practical importance, though 
of theoretical interest. 

It may also be remarked in the present connection that the existence of this 
variation, and the approximate algebraic expression for its amount, was first made 
known by Adams.* 


* Monthly Notices, Royal Astronomical Society, vol. XIX, p. 207. 


CHAPRIER Vili 
SPECIAL PERIODIC INEQUALITIES. 


§ 64. Reduction to the moving ecliptic. Since when the Sun is the disturbing 
body the plane of the ecliptic remains fixed, the inequalities of the codrdinates so 
far reached are referred to the ecliptic of any date regarded as fixed. The only 
way in which they are affected by the motion of the ecliptic is through the secular 
variations of the coordinates of the planet arising from that motion. The effects of 
these are supposed to be too small to need consideration at present. It is, however, 
necessary to refer the elements to the moving ecliptic. I have shown in § 4 how 
this may be done by the simple device of adding to the perturbative function the 
terms 

AR = 22(pDx, — gD,9,) + 2(gy — px) De (33) 


and then integrating the portions of the differential equations thus arising. In this 
expression ~ and g are the coefficients expressing the speed of rotation of the 
ecliptic around the axes of y and w respectively, and are found by putting 

II, the longitude of the ascending node of the moving on the fixed ecliptic; 

x, the speed of rotation. 


Then 
p=x«sin Il g=«cos Il (34) 


It is to be noted that « is here used as the speed of rotation, and not as the actual 
angle rotated through. It is, therefore, of dimension 7 and the expression for 
AR is of dimensions L? 7~*, which, by introducing the dimensions of mass, become 
identical with the dimensions of P as hitherto used. 

The partial derivatives of AZ as to the lunar elements are to be taken only as they 
enter through x, y, and z,so that the D, of the Moon’s coordinates, the latter being 
called for this purpose »,, y1, and z,, are to be regarded as numerically given 
quantities. 

To form the partial derivatives of «, y, and z we use the developments of these 
coordinates in terms of the lunar elements already given, substituting in x, y, and z 
the values of €, y, and ¢. But in this part of the work it will be convenient to refer 
the codrdinates w and y toa general fixed X-axis, instead of the mean Sun, as here- 
tofore. When this is done the expressions for the ratios of the coordinates to @ 
take the torm 

—E=Zkcos iV n = 2k sin V €= 2c sin VV’ (35) 
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where JV and JV’ are of the general form 
N=il+i¢r+70+ jl + 7,0’ Na=l+it/r+tf04+ 7 +7/r' 
the indices satisfying the conditions 
t+t4+%44+7+7,=0 i ile el Mil OE ll 


In forming the D/s of these expressions we put n, n’, the ra¢zos of the motion of 
the arguments JV or JV’ to m, that of the Moon. We then have 


Dx, = — anzkn sin V D, y, = anzkn cos V DZ, = anzcn’ cos LV’ 
The values (34) of # and g then give 
pDwx, — 9D_y, = — an«&kn cos (VV — M1) (36) 


gy — px = axrk sin (V— I) (37) 


Our next step is to form the derivatives of z and gy—vx as to the lunar elements. 
The partial derivatives as to z are found from the last equation (35) 


Oz Oc Oz Oc 
— Pee / ge ae , a ae a | / , 
Dz = azD'c sin NV ae = az a, Sin IN ay az ts IV » (38) 
Oz ; Oz ; oz : 
ai azt'c cos IV’ pote adi,'c cos V’ 20 = adic cos /V’ (39) 


By differentiating (37) on the same system we have 
D (gy — px) = axzD'k sin (WV — I) 
o — o 
Uy as = and sin (V — Il) (40) 


MPs = sptechers sin (4V — II) 
Olav — 

es. = ak3ik cos (NW — 1) 

Olay — 

lent oe: = axz7,k cos (V — II) (41) 


oO oes 
a ei = axd1,k cos (V — II) 


We next have to form the products of (36) by the derivatives (38) and (39) and 
of D,z, by (40) and (41), and form their several sums. We thus find that the 
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combination of any term of argument /V with any term of argument WV’ gives rise 
to the following terms in the partial derivatives as to e and /: 


OAR Ok (a) 0 ra} 

Sap dine | ne — nb SE sin (V + WV’— Il) + ane | nleS, + nbs, | sin (WV — — Il) 
oAR : ; 

ar = a’nck{in’ — 2’n} {cos (V+ V’— II) + cos (V— W’— T1)} (42) 


The derivatives as to log @ and y are formed from the first of these equations by 
simple substitution. Those as to 7 and @ are formed from the last equation by 
writing z, and 2, for z, and 7’; and 2’, for 2’. 

The derivatives thus formed being substituted in the fundamental equations the 
integration of the latter will give the inequalities of the elements. It will be con- 
venient to use the following formule of substitution. We first put, in the combina- 
tion of any term of argument JV with any term of argument JV’: 


k,=n'cDk + nkD'c k,) = 1'cD'k — nkD'c 


Ok Oc ok Oc 

— Vf aie re i i Mes Lie Moe as 
k= wen + nko k, =n’en nk =. 
L , Ok 22 ze ; Ok Pee AS 

eee Oy te na heer oy 


k, = (¢n’ — 2’n)ck k,, = (4n’ —7/n)ck ky = (¢,n’ — @,/n)ck 


The quantities %,, 2’,, etc., will then be the coefficients of the constant factor 
a’nx in the expressions for the derivatives of the elements. Substituting AA for 
FP, in the differential equations (27), p. 18, the latter will reduce to the form 


Dax = (a,k, + ak, + Ak, « {cos (M+ WV’ — II) + cos (VW — WV’ — I)} 

Dye = (¢,k, + ek, + sho) « {cos (V+ WV’ — TI) + cos(V— WV’ — T)} (44) 

Dy = (Yk, + Vka + Yeo) * {cos (V+ WV’ — Il) + cos (VV — WV’ — I)} 
— Df, = (a4, + 6k, + 1,4,)« sin (LV — WV’ — ID) + (4,4,/4+ 6k, + 14,')« sin (V+ WV’— T) 
— Dr, = (4k, + 6k, + 7,4,) «sin (WV — WV’— Tl) + (4,h,'+ 6k + y,4,')* sin (V+ WV’ — 1) 
— DP, = (Ha + ek, + ¥,4,)« sin (VV — WV’ — Il) + (2,h,' + €,4,' + y4h,/)* sin (WV + WV'— I) 


By integrating these equations we shall have, in the case of each argument, a 
divisor which we may call nN, equal to the motion of the argument in the unit of 
time. The quotient « + N expresses the angular motion of the ecliptic during the 
time required for the argument to move through the unit radian. 

In the above differential equations we substitute for a, e,, and y,, their numerical 
values and write, for brevity, 

C, = 2.023%, — 0.017%, — 0.0229h, 
C, = — 0.03012, — 19.153%, — 0.0204, (45) 
C, = 0.0075, + 0.0026, — 5.570%, 
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with similar expressions for the accented quantities, and 


C, = 2.023%, — 0.03012, + 0.0075k, 
C, = — 0.0168%, — 19.153k, + 0.0026, (46) 
C, = — 0.0229k, — 0.0200k, — 5.570k, 
We also put for brevity 
A=M—WN’—T A’=N+WN’'—T 


The values of N and nN’, the coefficients of the time in A and A’ respectively take 
the form 
N=(n—n’)n N’ =(n+n’)n 


and the differential variations become 


D a= C,«(cos A + cos A’) — Dj, = Cx sin A + C/« sin A’ 
De =C«(cos A + cos A’) — Dr, = C,« sin A + Cie sin A’ (47) 
Dy =C;\x«(cos A + cos A’) — DO, = C,« sin A + C,/« sin A’ 


We shall then have by integration 


Sa=—C,sin A+, C,sin A’ — 84=—C,cos A+ C/ cos A! 
ya ile ae ein bros iC cos A+ =5 Cleaae 8 
=N a n’/ e a N v n’ Tv (48) 


by =< C,sin A +—; C, sin A! 80, =— C, cos A + = C, cos A’ 


The largest terms which enter into the theory are shown in Table XLIa, for 
Arg. VV, and Table XLIé for Arg. VV’. The coefficients of the principal terms of 
each have been derived trom the numbers given in Part III. 


TABLE XLIa. 


COEFFICIENTS FOR FormMING px—qy; Are. JV. 


2 

9 
= 
>. AL 


Dk | dk/de | Ok/dy 


—0.0588 
+0.4980 
— 1.4934 
+0.0142 
+0,0038 
—0.0070 
-+0.0002 
+0.0052 


NOnHHOQOOOO 
OOrRrRHOO0O0 


I 
2 
3 
4 
5 —_ 
6 
Z 
8 
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TABLE XLI4é. 


CoEFFICIENTsS FoR £; Arc. JV’. 


It should be added that the coefficients of the smaller terms show only the order 
of magnitude in each case, and not the precise numerical value. The latter will be 
required only in the case of terms found to be sensible. 

The theorem that all the inequalities have, as a coefficient, the motion of the 
ecliptic during nearly one-sixth the period of the argument will enable us to limit 
the combinations of the arguments to be considered. 

In the case of any argument VV + WV’ containing the Moon’s mean longitude, 
one-sixth the period will never materially exceed 5 days, for which we have 


K 
Pe <4 
mg .0064 


In none of the terms of this class is there a factor C'so large as to bring the coefficient 
up too.”05. It follows that all the combinations V + JV’ which contain the Moon’s 
mean longitude may be omitted. 

Of the terms which remain none can have a period several times greater than 
that of the node, for which the ratiox : N = 17.5. It follows that no combinations 
of arguments giving products of coefficients less than 0.01 need to be computed. 

Numbering the arguments JV as in the first column of the tables, these two rules 
will be found to leave the following combinations as the only ones to be considered: 


Beeiene | Wat NM a=0 = +N H8 
WN = 8 Ni+ NV! =27r-0 N,— NJ = 21’ —0 N+ NJ = 2’ -—6 


Using these numbers the computation of the formule (43) gives the following 
values of the coefficients &,, &,, etc., for the argument 0. 


Arg. Ri hy ko ka he hy 
N,— N, + .000358 o + 0.0891 + 0.1779 — 0.0102 + 1.972 
NV, — XN, + I fo) i I at OOO? + .0050 + .003 
N,— NV! o o 0000 + .0002 000 
N, + NY + I oO + .0002 + .0004 + 0000 + .013 
N+ XN; j Oi» — .0002 0000 0000 — .OOoI 


Sum + .000359 fo) + 0.0889 + 0.1785 — 0.0050 + 1.987 
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It will be remarked that the only accented coefficients are those of the last two 
lines; and that, as the combined argument @ — II is the only one included in sum- 
mation, the accented and unaccented &,, etc., may all be combined. 


For these numbers we derive by (45) and (46) 
C= + 0.3157 C,, = + 0.0506 C, = — 11.067 
C, = + 0.001393 C,= + 0.000187 Cy = — 0.4952 
We have from the adopted elements of motion of the ecliptic: 
K=O Anita II = 173° 30’ + 0’.59(¢ — 1850) 
The following are then the results for the argument 0: 


= — 1/’.396 


81, =— 0/’.441 cos (6 — IT) dr, =— 0.01 cos (6 — IT) 50, =+ 15/’.45 cos (6 — IT) 
8a =— 0/’,001945 sin(@— II) 6e=0'’.000 Sy =+ 0’’.691 sin (8 — II) 49) 


To these expressions for 8/), dz, and 80, are to be added the respective increments 
fondt  ferdt and =f 80,de 


arising from substituting the values of 62(= — $v6a), de(= 0), and dy in the ana- 
lytic expressions for 2, 7,, and 6. 
The value of da gives the inequality of 2 


52 = — 3nda = 0.00292n sin (6 — IT) 
This adds to the mean longitude the inequality 
57 = — 0'’.00292» cos (8 — IT) 


where vp is the ratio #:(0, — DU) = — 248.7. 
The complete inequality of the mean longitude thus takes the coefficient 0.285. 
We have from § 27, (74) 


di, = (.0225a — .004336y) x 
The substitution of the preceding values of da and dy gives the increments 
da, = — .00304 sin (8 — IT) and da = — 0.76 cos (6 — II) 
We find, in the same way, the increment 
60 = + 0.11 cos (@ -- II) 
The inequalities of 7, 7, and 8 now become 
d/ = + 0/.285 cos(9@— TI) dr = —0".77 cos(@—II) 886=+15/.56cos(@—TI) (50) 


The coefficients of the arguments 27 — @ and 22’ — # seem so small that we leave 
them out of consideration. 
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§ 65. Mnequalities arising from the coefficients E and F. 

These inequalities have been considered separately on account of their minute- 
ness, and on their depending on arguments different from those of the other in- 
equalities. Some special values of the coefficients Z and / for Venus are given in 
tabular form in Table XII. In these expressions the axis of X passes through the 
mean Sun, as in the case of the inequalities depending on the mean longitudes. 
But, on essaying the computation of the principal inequalities arising from and 
Ff, it was found that a fixed axis of Y would be more convenient to use. The ex- 
pressions were therefore transformed so as to refer them to the Sun’s perigee as the 
initial axis. From the form of the expressions the equations of the transformation 
for x and y are readily found to be 


x’ =x cos 9’ —y sing’ y’ =x sin g’ + y cos g’ 
where the accents refer to the fixed solar perigee. It follows that if 
EH=acosNV+ dbsin iV F=a' cos + 0! sin V 


be any pair of the terms & and / depending on the argument J, the correspond- 
ing transformed terms, which we represent by £’ and F’, will be 


E' =} (a+ b')cos(V + g') + 4(a— 8’) cos (VW — g’) 

+4(6—a')sin(V+ g') + 4(64 @’) sin(V— g’”) 
F' = 3(a' — 6) cos (V+ g’) + £(@ + 4) cos (V— g’) 

+ 4(8! +a) sin(V + g’) +4(0" — a) sin(W—g’) 


The transformed expressions thus arising are shown subsequently in Table XLII. 

As a check against any large accidental error in the development of the coefhi- 
cients, their approximate values, neglecting the small eccentricities of Venus and 
the Earth, were also computed by analytic development as follows: Taking the 
mean radius vector of the Earth as the unit of distance, and putting « for the corre- 
sponding numerical expression for the radius vector of Venus, the Laplace-Gauss 
form of development will give 

A~* = 426. cos 72 


' L being the difterence of the heliocentric longitudes of Venus and of the Earth 
which we represent for the present by Z and /’ respectively. 

The expressions for the rectangular geocentric coordinates of Venus will then 
be, when powers of the eccentricities and inclination are dropped in the development 


X=-—cos’tacosl Y=—sin’+asinJ Z=asin /sin(/—9,) 


where J is the inclination of the orbit of Venus, and 0, the longitude of its node, 
reckoned from an arbitrary fixed origin. Forming the product of the several fac- 
tors which form & and F, noting that the summation changes from positive to 
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negative, changing and transforming the indices so as to reduce the summation to 
its simplest form, the values of & and F take the following general form: 


East 


Ef (abe) — a35,) sin (LZ + Oy) + (ab, — a5.) sin (¢L — 27 + 6,)} 


Fant 


= {—(ab,) — ab.) cos (LZ + 8,) + (ab? — &b,) cos (cL — 21+ 8,)} 


If we put, for brevity 
B, = } (05, — a,) sin B/S = F(ab, — a26,4) sin 7 
we shall have 
E = 2B, sin(:L +0) 4+ 38! sin (cL — 21’ + 8,) 
F= — 28, cos (¢L + 6,) + ZB! cos (¢Z — 27’ + 8.) 
The numerical values of the coefficients 6 may be taken from any one of various 


publications. In Astronomical Papers of the American Ephemeris, Vol. V, Pt. 
IV, p. 343, are found values of c,“=a’6 for Venus and the Earth, as follows: 


t= O I 2 3 4 
c,9 == 44.88 43-64 40.61 36.52 31.99 


From these we find: 


z= —2 —I fo) +1 +2 

4464) = 15.10 15.53 15.10 14.05 12.64 
476. = 10.15 10.91 11.22 10.91 10.15 
B,~sin T= 4.95 4.62 3.88 3.14 2.51 
Bi +sinZ[= 3.88 4.62 4.95 4.92 4.64 


We thus have the following general expressions for Z and F, the axis of X, in the 
ecliptic, being arbitrary. 


We use 
sin J = .0592 
Then 
EF = + .293 sin(— 2Z + 6,) + .229 sin (— 2Z — 2/ + 6.) 
+ .273sin (—Z£+406,) + .273 sin(— Z — 2/ 4 4,) 
+ .229 sin 6, + .293 sin (— 2/’+ 6,) 
+ .186 sin (Z + 0,) + .291 sin (— LZ — 2/’ + 6,) 
+ .148 sin(2Z+46,) +4 .274 sin (2Z — 2/7 + 6,) 
Ff = — .293 cos (—2L + 4,) + .229 cos (— 2Z — 2/’ + 8) 


— .273 cos(— L + 8) + .273 cos(— L — 27’ + 4.) 
— .229 cos 6, + .293 cos (— 22’ + 6,) 

— .186 cos (Z + 6,) + .291 cos (Z — 21’ + @,) 
— .148 cos (224 6,) + .274 cos (2Z — 2/ 4 6,) 


Measuring 60, from the solar perigee, in longitude 279°.5, we have 


6, = 155°.4 ! = g! + 180° 
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The results both of this computation and of the analytic development are shown 
in tabular form as follows: 
TABLE XLII. 


F and F FoR THE ACTION oF VENUS. 


Num. 


000 
—.005 
+.116 
—.113 
+.011 
— 034 
—.008 
+.104 
—.104 


NHORHNNHORNHDHDHO 


— 058 
—,008 
+.087 


NHOHNNHHOHNNHO 


HONNNNH HH HH OOO 


oO 
oO 
Oo 
I 
I 
I 
I 
I 
2 
2 
2 
2 
2 


The largest terms arising from / and F are those whose arguments are inde- 
pendent of the mean longitude of the Moon, Sun, and Earth. These arise from the 
constant terms of & and /, which are, when referred to the solar perigee 


E = + .088 FF = + .194 


The computation of the inequalities arising from this pair of terms will be yet 
further simplified by taking the node of Venus as the axis of A. By transforming 
to this axis we shall have 
FE = .002 FF = — .216 
We may regard this value of Z& as evanescent, thus confining the terms we have 
to determine to the expression 

2Fng 

From the expressions for €, , and ¢ we find the largest terms of the products 

and their derivatives to be: 


2&6 = — .0895 sin 0 — .0039 sin (2/’ — @) + .0006 sin (27 — 8) 


2D'&o = — .1786 ** — .0135 € + .0012 ¢ 

2086 — .0137 * + .0006 se + .0218 “6 
Oe 

oe 5 —1.988 ‘“ —. 089 a + .014 es 
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anf = + .0895 cos 8 + .0039 cos (2/’— 8) — .0006 cos (27 — A) 


2D'n&= + .1786 “* + .0135 Ks — .0012 as 
a) 
pees + .0137 ‘* —.0006 % — .0218 “ 
€ 
oO 
2 + 1.988 <“* + .089 as — .O14 6 


The resulting terms of H, heretofore omitted, are 
HH = 2H Fo + 2F nf 


Taking the node of Venus as origin, we have, as shown on p. 135, the tollowing 


terms of # and & 
E = .285 sin 27’ Ff = — .216 + .285 cos 2/’ 


With these numbers we find for argument 0 


é 
H = — .0182 cos 0 D! H = — .0348 cos @ a — .0032 cos 8 
oH 9 OH of oH pee 
ee me Mat Tals ee Ce pe 1 OF 2 sin 


_ These derivatives are to be substituted in the fundamental equations (41) and (42), 
§ 21, and each equation integrated. For the latter process the factor of integration is 


v2 
8, = 248.8 


The product of this into for Venus (§ 17) is — 17.055 
We thus have the following results: 


DJ, = + .061M cos 8 Dw, = — .070M cos 6 DO, = — 2.24M cos 6 
8/, = — 0.064 sin 0 dr, = + '’.074 sin 0 50, = + 2.36 sin 0 
Dam + 000136 sind Deets <ooecay 7 qin) (0 en 
da = + 0/.000144 cos 0 5¢ = + '’.000050 cos 8 dy = — 0.107 cos 8 


To find the complete inequalities in 7, 7, and 6 we must add the respective quantities 
fonudt for,dt, f80,de 


ot which the expressions in terms of 6”, de, and dy are formed by § 27, Eq. 74. 
We thus have, dropping unimportant terms, 


52 = — $nda = — 0.000216 cos 0 dm, = —0.01486n — 0.0043n5y = + 0'’.00046n cos 8 
50, = + .00388z + .000662dy = — .000071% cos 0 
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The completed values of 8/, 57, and 60 thus become 
6/ = + 0.054 sin 8 + 8/4, = — o”.010 sin 6 
da = — 0.115 sin? + dr, = — o”.041 sin 8 (52) 
50 = + 0.018 sin 6 + 66, = + 2/’.38 sin 0 


in all which expressions 0 is reckoned from the ascending node of Venus. 

The coefficients of the term in 27 — @ are, for dy and 80, less than one hundredth 
those for 0, and the integrating factor v is less than 0.3 as great. The coefficients 
in 2/ — @ are but a fraction of those in 6, and the integrating divisor is nearly 40 
times as great. We therefore conclude that the inequalities depending on these 
arguments are inappreciable. 


§ 66. Action of Mars and Jupiter. In Mars the product J/sin J is about .08 
that for Venus. I have therefore not computed the terms. 


In the case of Jupiter the largest quantities which enter into the constant part 
of Fare 


5 
a : : 
AE = PP) YZ = 4a, sin 7 sin J = 0.0231 


Hence 
a* Ff = 1.26 x .02310° = + 000103 


The product 10°J/F is, approximately, 
For Venus — 0.92 For Jupiter + 0.170 


‘The inequalities depending on @ are proportional to this product. We conclude 
that the inequalities arising from the action of Jupiter may be derived from those 
of Venus by multiplying the coefficients by — 0.185. We thus have, from the 
action of Jupiter, 


50 = — 0.43 sin (0 — 8,) dy = + 0.020 cos (6 — @,) (53) 


where 9, is the longitude of the ascending node of Jupiter on the ecliptic. The 
inequalities of the other elements are unimportant. 


§ 67. Combination of terms depending on the longitude of the Moon’s Node. 

The inequalities (49), (50), (51), (52), and (53), all depending on the same argument 
0, may now be combined. We shall do this for the two epochs, 1800 and 1goo. 

The value of Il which I have derived in Elements and Constants, p. 186, there 


called L’, is 
II = 173° 29'.7 + 54’.47 (from 1850) 


Taking approximate values of the nodes of Jupiter and Saturn, and this value of II, 


we have 
1800 1900 


- I Dye? 2" ee yi 
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We take the nodes of Venus and Jupiter as constant, using the values for 1850 
Oy = 75°.3 Sa ak 


Carrying these values into the inequalities of the elements in question and combin- © 
ing them, we find: 
87 = + 0.029 sin 8 — 0’’.271 cos 8 
67 = —0.10sin@ +0.80cos 0 
66 = +4+2.55 sin? —147.33 cos @.-- (for 1800) 
66 = + 2.31sin@ —17.34 cos @--- (for 1900) 
dy = — 0.114 cos 8 — 0.769 sin 6 --- (for 1800) 
dy = — 0.103 cos@ —0.770 sin 6 --. (for 1900) 


§ 68. Special computation of the Hansenian Venus-term of long period. 
The tollowing are the planetary and lunar arguments whose differences make 
up the argument 


18v — 162’ —¢& 
of the term in question. 
Planetary Lunar 
(1) 18v — 189” £— 2g" 
(2) 18) = ty Bue gh 
(3) LO —alO £ 
(4) 18. = tS eek ae 


The coefficients %,,’, 2,,', etc., are computed by §§ 22 and 23. The planetary 
_ coefficients JZA, MC, and WD are found in Table X. The lunar coefficients af, 
etc., are given in the next chapter, Tables XLVIII and XLIX. For the argument 
& —g' we change the signs of a, e, g and &, as given for the argument — 9+ 9°’. 

‘I have not computed the coefficients for the argument 2 — 29°’ believing their 
effect to be insensible. Their characteristic is ee’? = .000050, and, in the principal 
term of y, this is in Brown’s theory multiplied by a factor of the order of magnitude 
.o4. The largest planetary coefficient being 0.5 + 10°, the value of 2, will be of 
the order of magnitude 1” + 10°, which would result in a term in 8/ of the order of 
magnitude 0”.02. Actually, the computation shows that the combinations (2) and 
(4) are also much smaller than (3). 

We have now all the data for computing the coefficients 2,,’, 2,,, etc., from 
the formule of § 22. The results are: 


Le “ are 5597 a ro hi =+ '’.4880 au 108 
h,, | =— .0052 + 10° h, = + .0047 +10 
h, | =— .00081 + 10° hf = — .00094 + 10° 
hyo= + .084 + 10° hy, = + -095 + 10° 


The coefficients for y and @ are much smaller, and are omitted. The coefficients 
we have given correspond to the argument 


N-—N,=¢+16g'—18v=A 
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of which the annual motion is 
ris = — 4747".8 
giving 
v= — 3649 


We therefore have the following inequalities in 7, , and e 


8/7, = — 0’’.003 sin A + 0/’.003 cos A 
dr = +0 .31 sin A—o .35 cos A 
de = —o .o19sin A —o .o17 cos A 


The term of 8/, is so minute as to be unimportant. For the term in the mean 
longitude arising from 6% we have 


log $v° = 7.3005 
which gives . 


87= — 11.18 cos A + 9.75 sin .A = 14.83 sin (A — 48° 55/.2) 
It will be convenient to use the negative of this argument in order that its motion 
may be positive. We shall therefore write 


o/ = 14’’.83 sin (18v — 16g’ — 9 + 228°55/.2) 


where v is the mean longitude of Venus measured from the earth’s perihelion. 

It will be of interest to compare this result with those reached by other investi- 
gators. The following are arranged in the order of time. Putting 

ZL, the mean long. of Venus—that of Earth 


M= 18L + 22’-¢ 


and reducing all results to the mass 1+408,000 of Venus, there has been found, for 
the direct action, by 


Hansen * 87 = 15/’.34 sin (AZ + 229°.2) 
Delaunayt = 16 .34 sin (7+ 228 .5) 
Newcomb t = 14 .80 sin (M+ 229 .5) 
Radau § = 14 .14sin (AZ + 229 .0) 


Newcomb (above) =14 .83 sin (JZ+ 228 .g) 


To judge the precision of this value we have to estimate the error to which the 
development by mechanical quadratures is liable. The circle being divided into 
60 parts, any coefficient which we have taken as Aj; is really the sum of an infinite 
series of which the first two terms are A;s+ Ay. We have dropped all the terms 
after the first. From the progression of the coefficients it would seem that the 


* Tables de la Lune, p. 9. + Conn. des Temps, 1862, App., p- 58. 
t Action of Planets, p. 286. § Inégalités Planétatres, p. 113. 
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ratio A, : A,,, is approximately 1: 1.26, whence the ratio Ajg: Ay would be about 
250. The error of the computed term may therefore well be +0’.06. It has 
been only as this work is in press that the author has looked into the possible effect 
of the slow convergence ; and while it seems Jikely that the error entering through 
the coefficients A and C will not exceed that just stated, the same may not be true 
of the coefficient D. 

A quantitative estimate of the correction may be made in various ways; but 
the author is unable to enter upon the subject in the present work. 

It is also to be noted that the term as above computed contains the effect, what- 
ever it may be, of the mutual perturbations of Venus and the Earth. A separate 
computation has been made of the fundamental numbers due to these perturbations, 
but as the final result of the coefficients amounts to only a fraction of a second, the 
computation has not been completed. The effect being included in the computed 
term, a knowledge of its amount is necessary to compare the result with that reached 
by the ordinary method of development. 

The change in the term as computed is too minute to account for the observed 
variation of long period in the Moon’s mean motion. As the period of this varia- 
tion seems to be nearly the same as that of the inequality under consideration, the 
question naturally arises whether the effect of the indirect action may be appreciable. 
This being the most important question in the lunar theory, a computation of the 
principal part of the indirect term has been made. The result being altogether un- 
important, it seems unnecessary to do more than present such a brief statement of 
the method as will enable the subject to be taken up by another in case the author’s 
conclusion is not well founded. The required perturbations of the Earth by Venus 
are most easily computed for the case in question by using, instead of the Lagrangian 
brackets, the corresponding functions of the coordinates. The formule necessary 
for the purpose are found in Moulton’s Celestial Mechanics, p. 291. The eccen- 
tricities have been dropped as unnecessary, and attention was confined to the longi- 
tude elements. The terms dependent upon the action of the planet on the Sun are 
also dropped, being appreciable only in terms depending on small multiples of mean 

13 
longitude: The development of a used in the computation is that in Action, 
pp. 248-251. The result for the indirect action is 


57 = + 0.044 cos A — 0”.036 sin A. 
This, being added to the terms already found, gives for the entire term 
87 = 14'’.77 sin (18v — 162” —g + 228° 54’) 


which is the definitive result of the present investigation. 


RADAU’S TERMS. I4I 


§ 69. The Radau terms of long period. Radau has computed certain addi- 
tional terms of long period due to the action of Venus, with the following results, 
the arguments being reduced to those adopted in the present work: 


dv = + 0.140 sin (27 + g — 20v + 19g’ + 171°) Per. = 347.8 


+0 .I10 sin (g'— 26v + 299°’ + 62°) 127.2 
+0 .056 sin (g'— 21V + 21g") 8.35 
+0 .O19g sin (7+ g — 23V+ 249" + 295°) 55: 
+0 .016 sin (7 + g-— 15v + 11g’ + 219°) WI. 
—O .O12 sin (27 — 9+ 24v — 26g” + 159°) 58. 
+0 .o12 sin (g¢— 23v + 249” + 14°) 7.6 
+0 .008 sin (r — 0+ g— 23v + 249/54 101°) 28.2 
+0 .004 sin (20 —g + 23v — 249 + 183°) 42. 
+0 .003 sin (7—g+ 21V — 219’ + 288°) 148. 


The first three of these terms are the only ones that need be considered for the 
practical applications of the lunar theory. The third might also be omitted, but is 
easily computed in connection with the first. 

For all the terms except the second the planetary coefficients A, B, C, and D 
may be derived with all necessary precision from the special values of these coef- 
ficients given in Table VII, by the following process. Putting 


L=v-— 2" 
let the value of the planetary arguments for which we desire the coefficients be 
N=hL + kg’ 


Recalling that the 720 special values of each coefficient, say A, are arranged in 
12 systems of 60 indices each, the special value of V corresponding to the /th sys- 
tem and the index z will be 


NV, = 6° x hi + 30°x 


We may mark each special value of A in the same way. The values of the 
coefficients A, and A, will then be given by the equations 


360A,= 2 A,;, cos WV,, 
3604, =2A,, sin WV,, 
The terms of A for the special argument /V will then be 
A=A,cos V+ A, sin V 


In most cases the computation may be simplified, as in the usual method of 
executing periodic developments, by adding together in advance the special values of 
A which are to be multiplied by the same sine or the same cosine. Another method 
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may be used in computing these terms by the developments found in Actzon, 
Chapter III, § 18. Some modification is, however, necessary owing to the circum- 
stance that in that work the rectangular coordinates are reckoned from a fixed axis 
passing through the earth’s perihelion or the solar perigee, while in the present 
case the axes pass through the mean sun. It is therefore necessary to use the ex- 
pressions for the geocentric coordinates of Venus referred to this moving axis, a 
development which may readily be made from the special values already given 
for the coordinates of Venus and the sun. It is necessary to transform the table 
so that the arguments shall be the mean anomaly of Venus instead of its mean 
longitude because the development for A~° which are tabulated on p. 25 of 
Action have the mean anomaly of Venus as an argument. | 

I have applied the method of development from special values to the first term 
with the following results: 


Planetary Coefficients for Arg. 20v — 21g". 


A,= + .03562 A, = + .00694 
B= — .02999 B, = — .00583 
C, = — .00563 C, = — 00112 
D,= + .00634 D, = — .03254 
K,= + .03280 K, = + .00638 
C, = — .00282 C, = — .00056 


The lunar portion of the argument is equivalent 2D — 9, of which the indices in 
Table XL are (— 1, 0, 2, — 2). From the numbers in this table we find for the 
direct action 

6/ = o/’.11 sin (g + 27 — 20v + 199” + 10°) 


a being measured from the earth’s perihelion. 
This coefficient is less than that found by Radau ; but the lunar argument is one 
to which the present method is not well adapted and a redetermination is desirable. 
None of the other Radau terms are completely computed in the present work. 
Such computations as I have made seem to indicate even smaller coefficients than 
those found by Radau. 


GHhAPTER I 
PERIODIC INEQUALITIES IN GENERAL. 


§ 70. For convenience we mention the formule derived in Part I, giving 
them the special form adopted in the actual numerical work. We recall that the 
combination of any lunar argument /V with a planetary argument JV, gives rise to 
two arguments G, V+, and V—,. For each argument there are two terms 
in the D,, of each of the elements, one a cosine term; the other a sine term. We 
represent the coefficients of these terms for the element a by 


Rao Hoa *,,/; and kh, 
with a similar notation for the remaining elements, 
é, ¥, 1, , and 8, 


except that the coefficients for the angular elements have the negative sign. 

The expressions of these coefficients for the direct action are given zz extenso in 
Part I by the equations (46), (47), (48), (50), and (51). For the indirect action the 
coefficients are given in (64) and (65), but we may use the equations for direct 
action by making the substitution indicated in § 25 (66), which gives the expres- 
sions for the sum of the two actions. 

For convenience in computation the coefficients are so used as to give the result 
in terms of o”.oo1 as the unit. The numerical values of the planetary coefficients 
practically used for the purely periodic inequalities are these 


Kl =10(MK,—m'G) C! =10°(4MC.+m'J) Di! =10°(MD,+m'/) 


with corresponding values of A,’, C,’, and D,’. 

Since each combination of a lunar with a planetary argument gives rise to two 
combined arguments, one equal to their sum the other equal to their difference, 
the coefficients relating to the latter are distinguished by accents. 

The numerical values of the planetary coefficients, as derived from the numbers 
of Part II, and just defined, are shown in the following tables. 
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Values of the Planetary K'-Coeffictents, Combining Direct and Indirect Action. 
TABLE XLII. — 


ACTION OF VENUS. 


tack om la a Wt Fd 


Ps 


NWO AN COW NANO AND WARMNA HHOWH ON 


balst 


I 
I 
I 
2 
2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
5 

“S 
5 
5 
6 
6 
6 
6 
ai 
7 
of 
8 


Nore. — The units in these tables are 0”.oo1. 
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TABLE XLIV. 
AcTION oF Mars. 


es at a 


Amn AdDNUM PHhHR WW HNN AH 


len! 


TABLE XLV. 
ACTION OF JUPITER. 


TABLE XLVI. 
ACTION OF SATURN. 
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§ 71. The lunar coefficients fall into two classes, one determining the elements 
a,e, and y and called, for brevity, the a-coefficients; the other determining J/, x, 
and 6, and called the Z-coefficients. Those of the first class are computed by 
the formule of § 20 and § 22; those of the second class by the formule of § 23, 
Eq. (50). In the computation we write & for &,. 

The a-coefficients are the nine products of the factors a, e, and-g defined in § 22, 
Eq. 43, into ~, g, and &. 

From § 22, (46) to (48), it will be seen that by using the planetary factors in the 
form just given and taking the a-coefficients 


ap, aq, fa&, etc. | 


the coefficients of the terms of D,,(a, e, and y) will each be the sum of three prod- 
ucts of two tactors each. But the quantities we actually compute are the values 
of 28¢ and 28y. We therefore double the coefficients for de and dy, using 

2ep, 2eg, ek; 2p, 2g¢g and gk 


We have also multiplied the inequalities of 7 and @ by the factors 2e and 2y, 
required to reduce them to inequalities of the actual longitude and latitude. To do 
this we take for the nine Z-coefficients 


LY do 405 2eP, ter eF ft AI os CE aie 


Each of the coefficients to form a term of D,,J,, 2eD,.m or 2yD,,4 will then be 
the sum of three products formed by taking one factor from one of the Tables XLII] 
to XLVI, and the other from Table XLIX, the product D’Z, being divided by 2. 


TABLE XLVII. 


DATA FOR a-COEFFICIENTS. 


Arg. 5 
gg! 8 3 ay Arg po gag a e £ 
0 250. 40.400 oO Ou AD4150 0.0000 00.0000 00.0000 
05.1.0 L260 g 040-0 0.0000 00.0000 00.0000 
I-—I oO oO g-—“ I-I oO +2.0520 +19.137 —00.0029 
FCRONNO 2.0 g I-I oO +2.0529 +10.137 —00.0029 
T<< 5 vO! ALO gt?’ I—I oOo +2.0529 +19.137 —00.0029 
242.0) O' hao 2g 2—2 0 +4.106 +38.274 —00.0058 
—2—0 2-2 2D—2g 0.2." 0 —0.0602 —38.307 —00.0400 
—I o2-2 2D—g ee 2 ee 85) +1.9927 —19.170 —00.0429 
o Oo 2-2 2D 2) io 10 +4.0456 —00.0336 —00.0458 
I 0 122 2p+g 3-—I Oo -+6.098 +109.103 —00.0487 
O-—I 2-2 2D—g’ Bi 26 +4.046 —00.0336 —00.0458 
Oo I 2-2 2p+¢’ 2 yO. .0 -+4.046 —00.0336 —00.0458 
—I 02 O 2r\—g tof 2 -+1.978 —I0.175 -+-11.0971 
O° "02 “0 2Xr 2 0-2 --4.0306 —00.0388 +11.0042 
TeO. (2 270 2r\+g 3 —I —2 +6.083 -+19.008 +II.09013 
Oneneis0 2.2 2X’ o o-2 +0.015 — 0.005 -+I1.140 


VALUES OF THE LUNAR COEFFICIENTS. 


TABLE XLVIII. 
LUNAR a-COEFFICIENTS FOR a, @€, AND 7. 


TABLE XLIX. 
LuNAR Z-COEFFICIENTS FOR 7, z, AND 6. 


Arguments. 
a a Yak e e ek 
Mer 2,02) 7 | * | % de ata 
aa oO, oO 0 oOo Oo fe) fe) fo) fe) fo) ° 
I 0 O O+I—I OO 0/—0.03209 |—.111 47 |—0.034 81 |—0.299 1 |—1.0391 |—0.3246 
2 0 0 O+2-—2 ©O O0/—0.005 13 |+.001 97 |—0.004 99 |—0.047 84/-++0.018 37 |—0.046 50 
—I I O O—I +1 O +1)/+0.000 13 |—.000 73 |+-0.000 08 |-+-0.001 24/—0.006 79 |-+-0.000 77 
I I 0 O+I —I_ O +1/—O0.00I1 39 |+.000 56 |—0.001 38 |—0.012 92/++0.005 26 |—0.012 82 
—I 0 2 O-+1 +1 —2 0|—0.00004 |—.000 32 |+-0.000 Io |+-0.000 38|-+-:0.003 17 |—0.000 96 
0 0 2 O0+2 0-2 0/—0,00077 |+.024 10 |—0.000 77 |+0.000 01/—0.000 23 |-++-0.000 oI 
I 0 2 O+3 —I —2 0\/—0.00006 |+-.001 99 |—0.000 06 |—0.000 19|-++-0.006 30 |—0.000 19 
—2 0 2-—2) 0+2 0 —2)—0.000 235|/—.000 054/—0.000 216|—0.149 20|—0.034 28 |—0.137 90 
—I 0 2-—2/4+1 +1 0 —2|—0.16243 |—.018 53 |—0.16295 |+1.562 6 |+0.1783 |+1.5675 
0 0 2-—2/}4+2 O Oo —2/+1.9949 |—.028 26 |+1.904 70 |—0.016 56/+-0.000 23 |—0.016 56 
I 0 2-—2/}4+3+1 oO —2/+0.1660 |—.oo1 28 |-+0.1660 |-+0.519 98/—0.004 01 |-+0.519 98 
0 I 2-—2\4+2 0 0 —1|—0.006 43 |+.000 06 |—0,006 41 |+0.000 05| 35+ 10° |-++0,000 05) 
O-—I 2-2) 2 oO 0 —3)/+0.00651 |—.000 12 |-+-0.006 35 |—0.000 05] 708 + 10° |—0.000 05 
© 0 0 2) O Oo —2 +2/+297+10'|/—63+ 101] —297+10"| —99+ I0!| +21+107 |4+99+ 10! 
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gp | gg | ¥gk 

fe) fe) oO 
-++.000 05)-++.000 16/-+-.000 05 
-+.000 O1 0}-++-.000 of 

o fr) fe) 

fe) fo) fe) 
—.000 22} —.001 78|-+-.000 56 
—.002 11|+.066 34|/—.002 I1 
—,000 11|+-.003 66/—.000 I1 
—.000 16|/—.000 04|—.000 14 
+.003 50|-+.000 40|++.003 51 
—.022 58/-++.000 32/—.022 58 
—.00I 32|-++-.000 01|—.001 32 
+.090 07/687+10°|+-.000 07 
—.001) 07 | 137--108| —,000 07 
+-.022 26|—.004 68)—.022 06 


Arguments. 
Sy ere Li TAL LE, zek* } 2ePl! ) ek SFR) DE ede 
ee wet, zt, 0, 2 
0 0 O Of O O O  O.—0.082 04 |-+2.004 31 |-------rr-r---+ —0.116 35 |—O.181 O6 |-------------------- —=.003 85 [-+.135 12 |---ccveceveeo 
I 0 O O}F1 —I © O0/—0.12305 |—0.199 14 |—0.275 07 |+0.505 03 |+-2.05609 |+-0.6404 |—.002 46 |—.012 85 |—.002 50 
2 0 0 o4+2 —2 oO o|—0.01005 |+0.002 48 |—0.019 74 |+0.077 07 |-++-0.057 30 |+0.0728 |—.00001 |....-.------------ —,.000 04 
—I I oO o—1 +r oO 4/—0.00032 |—0.003 16 |-+0.002 44 O [0.006 73 |--r------soz-ss0ee-|seeeneecenescnsane|eassnecrsnvesnnsee|eeeeneeesnesenseee 
© I 0 Of O Oo Oo +1|—0.005 454|/-+0.001 241|—0.014 128|—0.004 743|—0.001 172;—0.006 53 |—.000 073|-++.000 041/—.000 12 
I I oO O41 —1 Oo +1/—0.005 59 |+0.002 42 |—0.010 86 |+-0.026 51 |—0.000 39 |+-0.027 0 _|-------------+-0--|e-sseeeeneeesneee|- dpeceecenorseesse 
—I 0 2 oOj41 +1 —2 0]—0.00009 |+0.000 II |+-0.000 38 |-------------------- ALO.024 BB |--ncn----von-neosoee |seovenncneneoensce +.014 50 |.-------- Neneneene 
© 0 2 of+2 o-—2 0|—0,00099 |+0.01775 |—0.002 03 |-+-0.000 02 |-+-0.003 15 |+0.000 02 |-+.004 33 |—.137 90 |-++.003 78 
I 0 2 O43 —I —2 0/—0.000 16 |+0.001 05 |—0.000 32 |------------------- 0.008 24. |---o-------n-ne0er0: |eanensenenenansore —.004. QO |---------0---220" 
—2 0 2-2! o +2 +0 —2/+0.013 67 |+0.006 84 |-++-0.023 51 |—0.208 75 —0.275 19 |+.000 04 |-+.000 01 |+.000 04 
—I o 2-—2/4+1 +1 o —2/—0.30223 |—0.07022 |—0.612 74 |+3.117 20 +3.1174 |—.005 00 |—.001 36 |—.005 03 
0 0 2-—214+2 o o —2/+1.99222 |—0.07697 |+3.984 14 |-+0.298 00 +o.2981 |+.045 17 
Io 2—2/4+3 —1 0 —2/+0.10262 |—0.002 34 |+0.205 24 |—I.027 38 —1.0273 |-+.001 80 
2 0 2-—2/+4 —1 0 —2/+0.005 12 |—0.00011 |+0.010 24 |—0.114 62 —0.1146 |+.00001 
—I I 2—2/4+1 +1 © —1/—0.003 614 —0.000 172|—0.007 273|-+-0.015 989 ---|-+0.015 785|—.000 003 
© I 2 —2/4+2 0 0 —1|—0.009 22 |+0.00094 |—0.018 40 |-+-0.000 02 |-------------++-00-|--e-reereer|- 
I I 2-—214+3 —1 0 —1/—0.001 58 |+0.00001 |—0.003 16 |+-0.006 73 +0.006 3 
—1-—1t 2-—2/+1 +1 0 —3|-++0.001 810 —0.003 176/-++-0.003 661/—0.009 902/-++0.015 462/—0.010 I 
o-—I 2-2! 2 0o 0 —3/+0.00943 |—0.004 14 |+0.018 66 |—0.000 02 |+-0.000 OI |—0.000 02 
I—I 2-—2| 3 —1 0o —3/+0.00227 |—0.000 15 |+0.004 54 |—0.008 927/—0.004 64 |—0.008 8 
Se 2) —L) --I —2 -1-2!—0.000 II, | —0.000.07 _|—O.000 22) |-------se-nn--0snr0-|-=s-snn-anaeewawenns|nroenreccaenecsarers|asenencerssnaensns 
0 0 Oo 2| 0 0o —2 +2)/-+0.005 65 |—0.001 69 |—0.011 29 |—0.000 23 |+-0.000 04 +0.000 22 |—.048 75 +.048 80 
IO 0 —2/41T —1 —2 +2/—0.000 37 |—0.000 95 |--0.000 QO |---------------000-|eesessersscssoseess [arverensrenernsences rs es 
a KI 2 a feeeee ceeeee -sees- -----| 0,000 019|-+0.000 130|—0.000 207|-+-0.000 915|—0.002 766) -+-0.002 976 ° o 0 
2 2 —Derecce eneee eneeee ----++|-+-0,000 I01|—0.000 006|-++-0.000 224|—0.002 797|—0.000 042|—0.002 966 o o fo) 
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§ 72. From these two tables the four coefficients for each element are formed by 
the following computation, an adaptation of (46) to (51) 

The inequalities of e have received the factor 2, and those of w the factor 2e in 
order to transform them into the principal terms of the true longitude without 
further multiplication. 

Two other points which may be recalled are these: (1) We use & instead of «, 
in the formule; (2) it is to be recalled that C and Cy contain only $C, as that 
symbol is used in Part I. 


Element a 
a,= K,/ap — C,/aq a,= — K Jap + C/aq 
hye =}DJak + a, h,, | =4D//ak—a, 
hp = 4+ 4D,/ak h,,| =a,—434D,{ak 
Element e 
€= 2K ‘ep —2C/eg €,= — 2K /ep+2C/eq 
2h, , = D,/ek + ¢, 2h, = DiJek = e, 
2h, ,= €, + Dek 2h, 4 = €,— Dek 
Element y 
Y= 2 /ep— 20 e9 1; = — 2K /gp + 2C./e¢ 
2h, .=D/gk+y, 2h, =D,/gk—, 
2h, s=.+ D gk 2h,, rf = y,— D,/ gk 
Element 1, 
ru — Y : Gi ET Bisi0 Bas ry = KIL’ —C lL" 
hye= 2, —3D/'L, hy = + 3D L, 
hy, = a, Ly a2 ry hy, = D/L, = ry 
Element 7 
mee DIMER ene Cer. a,= 2h 'eF! —2C ler” ~ 
2h, jen or, — D) er, 20h Sem, + ter, 
2h, =D) eP A 1, beh eer ee 
Element 6, 
6,=2K,'yR! —2C/yR" 6, = 2K ,/yR! —2C,'yhR" 
27h¢,¢ = 0, aa Din te, 2yho, m es 9, mE Dyk, 
2yh,,= D,'yR, + 9, ayh, | = D,/y¥R,— 9, 


In the exceptional cases when one of the constituent factors of either class, 
planetary or lunar, is a constant, there will be a merging of the accented and unac- 
cented arguments and terms. 
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For the case V = 0, a, e and g all vanish, and we have 
D i= D ¢= D y¥=0 k=O 
while (49) of § 23 may be written 
— Dy = (2K! Lj! —2C/ Ly!) cos N,+ (2K! Lj! —2€/L,!) sin XN, 
We have, therefore, in this case, only to double the values of the Z-coefficients 
for argument o. 


In the combination of a constant planetary factor (4V, = 0) with a periodic lunar 
factor we may use, instead of (46) 


h,,, = —2K Jap + 2C/ag 


a, 8 


Then 

da = — vh, , cos V 
with similar equations for e and y, formed by writing e and g for a. We also have, 
instead of (51) 

hy, 2K L'—2C/ bh" 

Then 

8/, = — vh,, sin VV 
with similar equations for 7 and 6. 

As neither D nor / has aconstant term, there are only cosine-terms of this class 
in a, e, and y, and only sine-terms in /, 7, and @. 

From these coefficients for the D,, of the elements we have those for the ele- 
ments themselves by multiplication by the integrating factor vy. The motion of the 
lunar argument is 

in +0, +20,+ jn' =N 
and that of the planetary argument 


k'n' + kn, =N, 


We compute 
n I 
Pp == = 
NG eee 1 
n I 


Then the coefficients which we compute are 


a, = vk, , a,=—vh,, a,’ =vh, a, =— wh, 
2¢, = 2vh, , 2€, = — 2vh, , 2¢,! == 2u'h, o! 2¢,! = — 2v'h, ,! 
2y, = 2vh, , 2y, = — 2vh,, 2y,/ = 2h, ,! 2y,' = — 2h, ,! 


d, = $rh,, ax Vh,¢ — v(gvh, ah hy, «) 
1,=$”h,. +vh,.= v(gvh, + 4,,) 
2er, = —v X 2¢h, , 


2em7, = +v x 2eh,, 


with similar forms for 6 when required. 
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The inequalities of the elements are then 


dJ =/, cos (V+ WV,) + Z, sin(V + WV) + 2! cos (MV — WV,) + 7,’ sin (WV — ,) 
ox = 7, i Suh + 7,! i + 7,’ Ke 


66 = é. 6c ak e, 66 =e Pd 73 ae e 66 


A similar computation was made for y and @; but the results were unimportant in 
all but one of the arguments. 


§ 73. The motions of the arguments from which the integrating factors v or v’ 
are to be computed are the following. ‘The sidereal motion for a Julian year is 
given in revolutions for the lunar, and in seconds for the planetary arguments. 
Then follows the ratio of each to the mean motion of the Moon. 


Motions of Arguments. 


Mot. in 3657.25 n 

&3 &i=  13"-255 523 0.991 5452 
43 a= 13N396RSy 8 

3; 7,= 0.112 990 0.008 4518 
0; 06,=— 0.053 765 — 0.004 0218 
Venus 2106 641'.38 0.121 5913 
Earth 1295 977 -43 0.074 8013 
Mars 689 050 .g 0.039 7707 
Jupiter 109 256 .6 0.006 3061 
Saturn 43 996 .2 0.002 5394 


_The elemental inequalities computed from these formule are shown in tabular 
form on the following pages. On making the computation it was found that the 
coefhcients for a were so minute that no terms in the parallax would need to be 
considered, and only in some exceptional cases, generally terms of long period, did 
the inequality of y affect the longitude. The coefficients for these elements are 
therefore omitted in the tables of longitude elements. The given coefficients are 
those for the mean longitude, 8/, 28e, ea. It must be remembered that the accented 
e’ and 7’ do not refer to solar elements, but designate only the coefficients depending 
upon the differences between the lunar and the planetary arguments, while the 
unaccented coefficients depend upon their sum. 

It was also’found that the inequalities of y and 6 were insensible in nearly all 
cases. The few terms of these elements found to be sensible are therefore given 
separately. 


§74. Terms with purely Lunar Arguments. We here make a single com- 
putation for the combined action of all the planets. To include the effect of the 
indirect action, we have only to modify the values of IZA, etc., as indicated in (66). 


INEQUALITIES OF ELEMENTS. I51 


Then, from the values of the constant term already given for the four principal dis- 
turbing planets in § 54 we find 


10° 2 MK, = + 6.070 102MC, = — 5.76 
— 10°’G, = — 0.459 10°" J, = + 0.153 
10°K,/ = + 5.611 10°C)! = — 2.724 


For the terms in question we now have, for each lunar argument 


hs = — 11".22ap — 5/".45ag 
h., = — 11''.22ep — 5".45e9 


and 
hy, = +11.22L! + 5.45 L" 


Reg = 19 .22P! +5 .453P" 
the terms in y and @ being omitted as unimportant. 
The inequalities of 4, e, and 7 may now be computed as in §§ 26 and 27. The 
most condensed formule of computation are 
10°7, = — v°(16".8ap + 8’.2ag) — o(11".2L’ + 5.4L’) 
10%em, = — K11".2eP’ + 5.4eP") 
10%, = + o(11'’.2ep + 5.4eg) 
The elemental inequalities then are 
iJ=/ sin V cor = er, sin VV Se = €, cos V 
The results of this computation for the only terms which I have found to give 
any appreciable result are, in units of 0.001; 


Arg. 10%/, 108, 103eT, 

£ 3.8 — 9.0 — 9.0 
2D— 2 + 1.5 + 14.0 — 13.6 
2D — 28 + 8.2 + 21.6 — 21.5 
2D — 22.0 — O1 — 0.9 
2r' + 0.4 + 2.0 + 2.0 


The only corrections of the true longitude to be considered are the following 
to the evection and variation. 
dv = + 07.036 sin (2D — g) + 0”.021 sin 2D. 
$75. Elemental Inequalities. The miscellaneous inequalities of the mean 
longitude, the eccentricity and the perigee, as given by the preceding formule and 


data, are tabulated in the following pages. 
It may be repeated that the mean longitudes, v, M, J, and s, are measured from 


the solar perigee, 
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Periodic Elemental Inequalities in Untts of 0." 007. 


TERMS INDEPENDENT OF THE LUNAR ARGUMENTS. (V=o0.) 


Action of Venus. Action of Mars. 


Arg. Z 


Vv 2 M + 25.1 
v—2’. : M—g’ — 28.6 
Vv—2g d 2M—x’ +211.0 
2V—22" i 2M—22” — 14.27 
2V—32 3M—2g’ | — 33.0 
2v—4g" . BM—38. 7 — 9.5 ep ie 
3V—32" . 4M—2g" | +105.5 se 
3V—42" . am—32 | — 15.3 + 32 
SV-5e . 5M—32 | — 30.1 + 23 
5vV—8g’ —6 | 15M—8g’ | —540.5 + 39 
8v—13¢ . —74 


Action of Jupi 


R ieanerctd Rie v! | 2) a | d | 2, | 2, | 2¢,| 2e/ | 2en, | 2e, | 2ez,!|2en! 
v—2’ +0.9631 | +1.0585 | + 1 | —o]| +16 (9) o | —13 o | —63 | —13 o | —63 (o) 
2v—3g | +00808 | +1.0281 | — 4), 41/+6|/+1/+1)/+5|/+5| —22}/+5]—1]|—22|/—5 
2v—2g’ | +0.9216 | +1.1137 | — I o | —22 fe) o/+1 o|+77/+ 1 Oo} +77 fe) 
3V—52" |i +-1,0180, | .-+-0.0003. | -- 2.) +1.) = 2) t+ 3) iS | + 3] —193 | S38) — Sa 
3v—4g’ | +0.9460 | +1.0800 oj oj/+4 oO Of 8 | ra 23 an o | —23| — 4 
3v—32 | +0.8814 | +1.1750| + 3 o|—I fo) Oo | —13 o;+ 1] —13 o|+ 1 {e) 
2M—2g’ | +1.0853 | +0.0420] — 6| o|+1 Co) o | +29 o| + 5| +29 0} +5 Co) 
am—g’ | +1.0038 | +1.0134/} + 2] o|—2|]—7|/—6/|+9|-—1 O,+7\|+5\+91/45 
J—g’ | +1.0834 | +0.9434 | — 23 fC) co) Oo} + 2| +08%— 1] +10 | -++97 | — 2) +r oO 
ij -+1.0022 | +1.0150 Oo} +5 3\/+5 
2j—2g’ | +1.1703 | +0.8861 | +150 fo) te) .e) 
2y—2’ +1.0761 | +0.9490 | + 40 | —1 8/—8 
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Lunar ArcumentT NV = 2D — 29 = 22 — 2g! (EVECTION-TERMS). 


Planetary 
Argument, 


Vicar 
2V—32 
2V—22 
gV—52 
3V—42" 
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6v—8g’ 
5v—8g’ 

me 
2M—22” 
2M—g’ 
3M—3¢2" 
3M—2g" 
4M—3g" 
4M—2g" 

15M—8”’ 
6M—52’ 
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Sie 
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2j— 
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Lunar ARGUMENT 2D = 29+ 27 — 29’. 


Planetary t / / 
Argument. sy ¢. 2ET: | 2€T,| 2ET,’ | 2ET, 


V2; 
2V—22" 
2M—2g" 

Te 

ef 
23 —2g’ 


ono COO 
| 
onooo°o 


Nensag y v! L120) 0! \i gertme jae!) 2’ | 2en, | 26x, |\2en? ee 
v—g +.346 +.358 | +1/0|—4]/0 o|—3/] 0 +22 —4 oO +23 (a) 
2vV—2g’ +.341 +.364 —I}o}+6/0 o/+8]| 0 —3I1 +8 te) —3I1 oO 
2M—2g’ +.361 +.343 | +2/0]—r/0o o|—I1r|] o +2 —II fe) +2 (9) 
ee. 2 4.9605) | 463440 | 7 10) 2) © 18190] Oth 7 eee) Ae o 
2J—22’ +.370 -+.336 —3|0/]—r/0 +18] o +65 +18 oO +5 oO 


§ 76. Reduction to inequalities of true longitude and collection of results. 

To complete the work it is necessary to transform the elemental inequalities into 
inequalities of the codrdinates. As already remarked, the parallax appears to 
contain no sensible terms arising from the action of the planets; only inequalities 
of longitude and latitude are therefore considered. In the case of terms of very 
long period the transformation to true longitude is unnecessary, because these terms 
can best be used and compared as elemental inequalities. A precise classification 
can not, however, be made between the terms which are to be transformed and those 
which are not. What has actually been done is to retain as elemental inequalities 
those depending on the longitude of the Moon’s node, because though they may 
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ultimately be transformed for use into the inequalities of the codrdinates, they are 
to be combined with terms arising from the compression of the Earth having the 
same argument. The two Venus-terms of very long period have not been trans- 
formed because, as already remarked, they can be most conveniently applied to the 
elements. To transform the other terms put Sz, the perturbations in longitude in 
orbit. Then 


v =/+ 2e sin g + $e’ sin 2g 

dv = 01 + 28¢ sin g + Sede sin 29° + 268g cos g + Se*Sg cos 2g 
Substituting 
J=/cosG+/l sinG br =7,cosG+7,sinG de=e,cosG+e,sinG 


i/—br@=bg=g, cos G+ G, sin G 
we shall have 


dv = 6/ + 2e, sin G sin g + 2e, cos G sin g 

+ 2eg,cos G cos g + 2eg, sin G cos & 
+ $ee, sin G sin 29° + gee, cos G sin 2g 
+ $e’g cos G cos 2g'+ $e’g, sin G cos 2 

= 6/ — (e, — eg.) cos (4 + g) +(e, + eg.) sin (G + g) 
+ (¢, + 6) cos (@ — g) — (¢, — eg,) sin (@ — g) 
— fe(e, — eg.) cos (G + 2g) + fee, + eg,) sin (@ + 2g) 
+ $ele, + eg.) cos (G — 2g) — $ele, — eg,) sin (@ — 2g) 

In nearly or quite all cases we may drop terms of the second order in e and use 


su =/ cosG+/ sin G+ [e(Z, — 7.) —e,] cos(G +g) + [e(/, —7,) + e,] sin(G + g) 
+ [eZ, —,) + ¢,] cos (@ — g) + [e(¢, —7,) — e,] sin(@ —g) 


The subsequent processes are so simple and familiar as to scarcely need statement. 
All terms of Sv depending on the same argument are combined into two, one 
depending on the sine, the other on the cosine of the argument. Their values are 
shown for each argument in the following table. The two terms are then combined 
into a monomial satisfying the equation 

v, sin G + v, cos G = dv sin(G + A) 


Terms of which the coefficient 6v was less than 0”.003, have generally, but not 
always, been dropped. It will be seen that even exceeding this limit there are 
more than 150 periodic inequalities. These are so arranged that any one argument 
can, it is hoped, readily be found on a system which will be evident by a little 
examination. 

The constituents of the arguments, including 7, are all measured from the 
Earth’s perihelion (7=99°.5). The secular variations of the coefficients of the 
periodic terms are omitted, because they can better be derived by varying the 
eccentricity of the Earth’s orbit in the expressions for the inequalities due to the 


Sun’s action. 
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Periopic INEQUALITIES OF THE TRUE LONGITUDE. 


ACTION OF VENUS. 


Argument. | Argument. 


v—2g’ H R . g+2nr—3v+2" 

v—“ 4 ‘ g+27r—3V+22’ 

Vv R ‘ f g+2r—3V+32 
2vV—42 : x zl g+27r—2v 
2vV—32° ‘ : gt+e2r—2vt+y 
2v—2¢' ‘ ; g+2r—v—g’ 
BVe—5E. : : ‘ &+2r-+ Vv —32 
3v—48" . . . g+2m+2v—52 
BVi——3ee ’ ‘ ; §+2m+2v—42" 
5v—8y’ ‘ : g+2r+3V—72 
&+27+3V—5e" 
e—5V-boy ‘ ‘ : gt2m+5v—8e’ 
g—3V +32" j ‘ 2 f g-+27r+6v—I0g’ 
&—3V +42" 
R—SVal oes : ; 
g—2v+2g' “ 5 ; 2gt+2nr—3V+2" 
g—2V1+32" J 3 ‘ A 2g+2ar—3V +22’ 
2g-+247—3V +38 
g-—v 2 ‘ ‘ i 2g+27—2V 
g—-Vt+e Z i . 2gt2nr—2vt+e2 
g—v +22’ - i . 2g+e2nr—v —g’ 
e+ v —22’ i ‘ x . 2gt+e2nr+ v —3g’ 
getv—<2g 4 ‘ 3 2g+2nr+2v—52’ 
e+v ‘ x . 2g+2nr+2v—4g’ 
2g-+-20+3V—72 
g+2v—32’ : : A i 2g+2r+3v—6y’ 
g+2v—2g nx é ‘ : 2g+2r+3V—52’ 
g+3v—52" 
eo 40 
e+3Vv—32 i A R i 3g+27—2V 
g+sv—8e’ ‘ : ; 3E--25— V'—Z 


2m—2V i ‘ 
2mr—2v+2" é i 4g+27r—2V 

24r— Vv —g’ Hl : x 4g+2nr—v —g’ 
2m+2v—4g" 
2m-+3V—5e" 


2m— g+3V—52" 
2mr-+6v—I0g’ f : 2m— g+6v—Ioy’ 
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ACTION oF Mars. 


Argument. Argument. 
M—g’ oor —or I ‘oI I 174.3 27r—2M—g’ ‘000 +002 002 0.0 
M —.001 | —.030 | .030 | 181.9 
2M—2¢” .000 | —.224 | .224 180.0 27 —2M—4g” .000 | —.004 | .004 | 180.0 
2M—g —.103 +-.317 | .372 | 3287 
3M—32" 000 | +.014 | .OI14 0.0 g+27—4M -+-.011 —.001 .OII 95.2 
3M—2’ —.031 +.029 | .042 | 313.1 g+2mr—4M+ 2’ —.004 | —.003 | .005 | 233.2 
4M—32” —.035 -+.032 .047 312.4 g+27r—3M —.004 —.004 .006 | 225.0 
4M—2g’ +.005 | +.002 | .005 88.8 g+2nr—3M+ 2" .000 | +.006 | .006 0.0 
5M—3g" —.020 | +.023 | .030 | 319.0 g+27—2M+2’ —.026 | —.034 | .043 | 217.4 
g-+-27—2M .000 +.017 .O17 0.0 
g—4M-+29’ +.017 | —.002 | .o17 06.8 e2r— Me 000 | +.004 | .004 0.0 
g—4M+3¢’ —.007 | —.007 | .o10 | 225.0 Fa ea od de 18 .000 | —.005 | .005 | 180.0 
g—3M-+22’ —.006 | —.006 | .009 | 225.0 g-+-27-+-2M—4" 000 | —.066 | .066 | 180.0 
g—3M+-3¢’ 000 | —.003 | .003 | 180.0 §+27-+2M—3g" —.023 | +.034 | .041 | 325.9 
g—2M-+2’ 4035 ||, —=.042 | 055 | 2104 g+27-+3M—5e" 000 | +.003 | .003 0.0 
g—2M-}29’ 000 | +.043 | .043 0.0 g+2mr+3M—4e" —.006 | +.006 | .009 | 315.0 
g—M .000 | +.003 | .003 0.0 g+27+4M—5e" —.009 | +.009 | .013 | 315.0 
g—M-+g’ 000 | +.004 | .004 0.0 g+2mr-+4M—4g’ -+.009 | +.001 | .009 | 83.7 
g+M—g’ .000 | —.004 | .004 | 180.0 
g+™M 000 | —.003 | .003 | 180.0 2g+27—4M+g" —.004 | —.003 | .005 | 233.2 
g-+-2M—2¢’ .oo0 | —.048 | .048 | 180.0 2g-+-237—2M—g" —.035 | —.046 | .058 | 217.3 
g+2m—g’ —.036 +.042 055 310.4 2g+27—2M .000 | +.006 | .006 0.0 
g+3M—2¢’ —.006 | +.006 | .009 | 315.0 2g+2r+2M—4e’ .000 | —.050 | .050 | 180.0 
&+3M—39" 000 | +.003 | .003 0.0 2g-+-27-+-2M—32" —.030 | +.042 | .052 | 324.5 
g+4M—2g’ +.017 -+-.002 .O17 83.2 2g+2mr+4M—5se’ —.020 | +.019 | .028 | 313.5 
&+4M—3¢" —.007 | -+.007 3g+-27-+-2M—4g" 
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ACTION OF JUPITER. 


Argument. Uv, Us dv A Argument. v, v, dv A 
'y —2g’ +004 —o15 ‘016 165.1 g+2r—3J — 445 —o.0I5 0.445 268.0 
‘j—z +.015 | —.741 | .741 | 1788 g+2r—3J +2’ ooo | +0018 | oo18 0.0 
J -+.070 | +.169 | .183 22.5 g+2r—2J —2’ —.o10 | —o0.016 | 0.019 | 212.0 

23 —32’ .000 | +.006 | .006 0.0 g+27r—2J —.005 | —I.140 | 1.140 | 180.2 
2] —2¢’ —.0oor | +.242 | .242 | 350.8 
2J—2 —059 | +.183 | .103 | 342.2 gtenr— Jj —22’ +.062 | +0.008 | 0.062 82.7 
33 —32’ -+.001 | +.009 | .009 6.4 g+2r—jJ—g .000 | +0.064 | 0.064 0.0 
3) —22’ +.042 | —.002 | .042 | 177.2 g+2r—J +.o10 | +0.015 | 0.018 33-7 
33 —2 —.024 | +.005 | .o24 | 281.8 ge+2r+ jy —4g’ +.oor | —o.018 | 0.018 | 176.8 
gtort J —3¢ +.004 | —0.230 | 0.230 | 179.0 
gtort Jj —2g’ +.060 | —0.003 | 0.060 92.9 
g—33 +2’ +.002 | —.002 | .003 | 135.0 g+2r+2j—42’ +.o01 | -+0.098 | 0.098 0.7 
g—3) +22’ +.o010 .000 | .OIO 90.0 g+2r+2j—32’ —.o18 | +0.045 | 0.048 | 3382 
g—33 +32 000 | —.004 | .004 | 180.0 gt2r+3j—52’ +.001 | +0.030 | 0.030 1.9 
g—2j+2’ +.005 —.032 | .032 170.1 g+2nr+3)—42 +.021 —O.00I | 0.021 92.8 
g—23 +22’ 000 | —.045 | .045 | 180.0 8120-33-32. +.004 | +0.00I | 0.004 75.9 
cI +e -.004 | +.140 | .140 1.6 
g— jy +22’ +.001 | -++.006 | .006 9.6 2g-+-27—3J —.007 0.000 | 0.007 | 270.0 
g—J +.036 | +.011 | .038 73.0 2gt+en—3j3 +2’ 000 | —o.018 | 0.018 | 180.0 
g+ J —2¢’ +.001 | —.006 | .006 | 170.4 2g+2r—2J —g’ —.008 | —0.013 | 0.015 | 211.6 
e+jy—g +.004 | —.163 | .163 | 178.6 2g+27r—2J .000 | +0.018 | 0.018 0.0 
e+'y +.036 | —.o1r | .038 | 107.0 2g+2r— J —2g’ +.040 | +0.006 | 0.040 | 81.5 
g+2j—22’ .000 +.064 064 0.0 2g+2r—jJ —g .000 +0.016 | 0.016 0.0 
gt2y—2 +.005 | +.036 | .036 7.9 2g-+27-+ J —Ag’ +.005 | —0.038 | 0.038 | 172.5 
g+33—32’ 000 | +.003 | .003 0.0 2ag+2r+ J —3g’ +.006 | —0.168 | 0.168 | 177.9 
g+33 —2¢’ +.010 000 | 10 | 90.0 2g+2r-+ J —2g’ +.036 0.000 | 0.036 | 90.0 
g+33—2 +.002 | +.002 | .003 | 45.0 2g+2r+2) —5g" +.002 | +0.019 | 0.019 6.0 
2g+2m-+2]) ~4g" —.00I | +0.092 | 0.092 | 359.3 
: 2g-+2r+2j —3¢’ —.035 | +0.082 | 0.089 | 336.90 
2r—3J —.258 | —.008 | .258 | 268.2 2g+27-+3) —5e +.003 | +0.074 | 0.074 2.3 
24—2J ooo | +.256 | .256 0.0 2g+2r+3) —42’ +.042 | —0.003 | 0.042 04.0 
2r— J —2g’ +.004 000 | .004 90.0 2g+27r+3J —32 +.010 | +0.002 | 0.010 78.5 
2r+ J —32’ 000 | —.OII | .OII 180.0 3g+2r+ J —32’ 000 | +0.01I~| 0.011 0.0 
ar+ J —2¢’ +.004 .o00 | .004 | 90.0 3g+2r+2] —42’ 000 | —0.006 | 0.006 | 180.0 
2mr-+2]—42’ .000 +.004 -004 0.0 2r— g—2J -000 +0.010 0.010 0.0 
2mr+2] —32’ —.001 | +.003 | .003 | 341.6 QT =f —— 8h —.015 | —o.oor | 0.015 | 183.8 


ACTION OF SATURN. 


Argument. v V, dv A Argument. v, v 


s +.016 | +.048 | .o51 18.4 gts +.001 | -++0.004 | 0.004 14.1 
s—g’ 000 | —.040 | .o40 | 180.0 g+s—g’ .000 | —0.008 | 0.008 | 180.0 
2s—g’ —.0or | +.o11 | .orr | 354.8 
2s—2g’ 000 | +.008 | .008 0.0 g—s -+.001 | —0.004 | 0.004 | 165.9 
Zos2s 
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$77. Inequalities of the elements which have not been reduced to tnequalt- 
ties of the longitude. 


Mean longitude. 
= 1,+nt +5".807°%+ 0.00207? + 14”.77 sin (18v — 16g’ — g + 228°54’) 
+ 0'.247 sin (Sv — 139 + 86°.4) + 0.030 sin 8 — 0.273 cos 0 


Longitude of Perigee. 


w= 7, + 7,t + 253/’.22 L— 38”.49 7? — 0.013 T° + 0.47 sin (18v — 16g'/— 9 + 228°.5) 
— 0.67 sin (8v — 13¢’+ 86°.4) — 0.10 sin 8 + 0.80 cos 6 


Longtitude of Node. 
@ = 6, + O,¢ — 137.85 7 + 7.62 T? + 0.0026 T° + 2/.55 sin 8 — 17.33 cos @ (1800) 
+ 2/’.31 sin 8 — 14’’.36 cos 8 (1900) 


Sin % Inclination. 
dy = — 0.115 cos 8 — 0.769 sin 8 (1800) 
— 0.104 cos 8 — 0’’.770 sin 8 (1900) 
Hence: 
Inclination. 


87 = — 0.230 cos 6 — 1’’.539 sin 8 (1800) 
— 0'’.208 cos 8 — 1/’.541 sin @ (1900) 


It may be found advisable, in the construction of new lunar tables, to include 
also the term 
87 = o/’.256 sin (27 — 2,/) 


in the mean longitude. The effect of including this term in the preceding trans- 
formations is that the Jovian evection, and the coefficient of the term of argument 
2a — 2] — g, have each received the increment + 0”.014. Hence, if the term 
were included in the mean longitude, the coefficient of the Jovian evection would 
be — 1’’.154, and of the other term named — 0’.004. 


§ 78. Remarks on the Possibility of Unknown Terms of Long Period. In his 
Researches on the Motion of the Moon, published in 1878,* the author found that 
the representation of the Moon’s mean longitude during the period from 1650 to 
1875 showed a discrepancy between existing theory and observation which might 
be represented by a term having a period of two or three centuries, and a coefficient 
of about 15”. This coefficient may be somewhat reduced by the introduction of 
_ the improved values of the terms of short period now available, but it does not 
seem likely that the deviation can be brought below 10”. One hypothesis on 
which the discrepancy might be explained is that of minute fluctuations in the 


* Washington Observations for 1875, App. Il, p. 268. See also Monthly Notices, Royal Astronomical Society, 
vol. rx1u1, March, 1903, p. 316. 
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Earth’s diurnal rotation, which might be produced by the motion of solids and fluids — 
on its surface. Observations of transits of Mercury leave scarcely more than a 
possibility of changes in the measure of time having the magnitude required to 
explain the deviation. The observed phenomena, therefore, point very strongly 
to the inference that there must be some term of long period still. undiscovered 
in the actual mean motion of the Moon. The preceding researches seem to 
remove the possibility that there can be any undiscovered term in the action of the 
planets. It is true that there are two possible classes of inequality which are not 
considered in the present work. One of these has the solar parallax as a factor, 
and may arise from two sources; one the development of the potential to terms of 
higher order than the principal ones; the other to the parallactic terms in the 
Moon’s codrdinates. The author had intended to carry the development of # and 
Q, one step further, so as to include these terms. But, on examining the periods 
of the inequalities that might thus arise, none were found that could lead to any 
important term. 

Yet another class of terms comprises those of the second order arising from the 
action of the planets being modified by their mutual perturbations. An examina- 
tion which I believe to be exhaustive was therefore made for terms of long period 
of this class. None have been found, and the writer believes that none can exist 
more important than one of 0.018 computed by Radau. This term has the argu- 
ment 5.S'— 2/ of the great inequality between Jupiter and Saturn. In this connec- 
_tion it may be again remarked that, in determining the action of Venus in the 
present work, the mutual perturbations of Venus and the Earth have been taken 
account of. But no change is thus produced except in the Hansenian term of long 
period. 


C/E 


- R 
> » ; 7 
‘ ’ 
’ 
-) 
‘ 
« » 
iM, . f 


ib a i S Va oy : = a 


@ 
Ny 


- 


\ 
o ; 
ie bal 


; sie ie 


~*~ anil, 
A) $45 9%= 


i 


en 


Lee 


eo : 
z a . 


\ 


< Gaping: Noto 
ee on 


“I 


aces Y 


ws | 
y Ty: 
ap) 


en 
4 an ns 
i ; 


cece) 


